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In this paper, we study eigenvalues of the closed eigenvalue problem of the differential
operator £, which is introduced by Colding and Minicozzi in [Generic mean curvature
flow I; generic singularities, Ann. Math. 175 (2012) 755-833], on an n-dimensional com-
pact self-shrinker in R®*P. Estimates for eigenvalues of the differential operator £ are
obtained. Our estimates for eigenvalues of the differential operator £ are sharp. Fur-
thermore, we also study the Dirichlet eigenvalue problem of the differential operator £
on a bounded domain with a piecewise smooth boundary in an n-dimensional complete
self-shrinker in R®*P. For Euclidean space R, the differential operator £ becomes the
Ornstein—Uhlenbeck operator in stochastic analysis. Hence, we also give estimates for
eigenvalues of the Ornstein—Uhlenbeck operator.

Keywords: Mean curvature flows; self-shrinkers; spheres; the differential operator £ and
eigenvalues.

Mathematics Subject Classification 2010: 58G25, 53C40

1. Introduction

Let X : M™ — R™P be an isometric immersion from an n-dimensional Riemannian
manifold M" into a Euclidean space R"?. One considers a smooth one-parameter
family of immersions:

F(-,t): M™ — R"*?
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satisfying F'(-,0) = X (-) and

dF (p, 1)\~
(%) = H(p7 t)v (pvt) € M x [07T)7 (11)
where H(p,t) denotes the mean curvature vector of submanifold M; = F(M",t)
at point F'(p,t). Equation (1.1) is called the mean curvature flow equation. A sub-
manifold X : M™ — R"™"? is said to be a self-shrinker in R"? if it satisfies

H=-XxV (1.2)

where XV denotes the orthogonal projection into the normal bundle of M™
(cf. [10]). Self-shrinkers play an important role in the study of the mean cur-
vature flow since they are not only solutions of the mean curvature flow equa-
tion, but they also describe all possible blow ups at a given singularity of a
mean curvature flow. Huisken [11] proved that the sphere of radius /n is the
only closed embedded self-shrinker hypersurfaces with non-zero mean curvature.
For classifications of complete non-compact embedded self-shrinker hypersurfaces,
Huisken [12] and Colding and Minicozzi [6] proved that an n-dimensional complete
embedded self-shrinker hypersurface with non-negative mean curvature and poly-
nomial volume growth in R™*! is a Riemannian product S* x R** 0 < k < n.
Smoczyk [14] has obtained several results for complete self-shrinkers with higher
codimensions.

For study of the rigidity problem for self-shrinkers, Le and Sesum [13] and Cao
and Li [1] have classified n-dimensional complete embedded self-shrinkers in R"*?
with polynomial volume growth if the squared norm |A|? of the second fundamental
form satisfies |A|? < 1. For a further study, see [4, 5, 7-9, 15] and so on.

In [6], Colding and Minicozzi introduced a differential operator £ and used it
to study self-shrinkers. The differential operator £ is defined by

Lf =Af—(X,Vf) (1.3)

for a smooth function f, where A and V denote the Laplacian and the gradi-
ent operator on the self-shrinker, respectively and (-, -) denotes the standard inner
product of R"™”. We should notice that the differential operator £ plays a very
important role in studying of n-dimensional complete embedded self-shrinkers in
R with polynomial volume growth in order to guarantee integration by part
holds as in [6].

The purpose of this paper is to study eigenvalues of the closed eigenvalue prob-
lem for the differential operator £ on compact self-shrinkers in R"? in Secs. 3 and 4
and eigenvalues of the Dirichlet eigenvalue problem of the differential operator £
on a bounded domain with a piecewise smooth boundary in complete self-shrinkers
in R™*? in Sec. 5. We shall adapt the idea of Cheng and Yang in [2] for studying
eigenvalues of the Dirichlet eigenvalue problem of the Laplacian A to the differ-
ential operator £ by constructing appropriated trial functions for the differential
operator £. Since the differential operator £ is self-adjoint with respect to measure
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2
e_%dv, where dv is the volume element of M™ and |X|? = (X, X), we know that
the closed eigenvalue problem:
Lu=—Mu on M" (1.4)

for the differential operator £ on compact self-shrinkers in R™*? has a real and
discrete spectrum:

0:)\0<)\1§)\2§§)\k§_)007

1 where each eigenvalue is repeated according to its multiplicity. We shall prove the
2 following theorem.

Theorem 1.1. Let M™ be an n-dimensional compact self-shrinker in R"P. Then,
eigenvalues of the closed eigenvalue problem (1.4) satisfy

k k 2n — minpyn | X|?
D k1 =A< = (kg — A) (/\i + 4M ) (1.5)

=0 =0

S|

3 Remark 1.1. The sphere S™(y/n) of radius v/n is a compact self-shrinker in R"*7.
4 For S™(y/n) and for any k, the inequality (1.5) for eigenvalues of the closed eigen-
5 value problem (1.4) becomes equality. Hence our results in Theorem 1.1 are sharp.
6 Furthermore, from the recursion formula of Cheng and Yang [3], we can obtain
7 an upper bound for eigenvalue .

Theorem 1.2. Let M™ be an n-dimensional compact self-shrinker in R"P. Then,
eigenvalues of the closed eigenvalue problem (1.4) satisfy, for any k > 1,

At o2n — miZM” |X? < (1 + a(min{n, k — 1})) (2” - mizM” |X2) g2/,
n

where the bound of a(m) can be formulated as:

a(0) < 4,
a(1) < 2.64,

1
a(m) < 2.2 —4log (1—|— %(m—f%)), form > 2.

In particular, for n > 41 and k > 41, we have

Nt 2n — min | X|? < 2n — min | X|? 2/
4 4
8 Results for eigenvalues of the Dirichlet eigenvalue problem of the differential
9 operator £ are given in Sec. 5.
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2. Preliminaries

Suppose X : M™ — R™"P is an isometric immersion from Riemannian manifold
M™ into the (n + p)-dimensional Euclidean space R"*?. Let {E4}4"" be the stan-

dard basis of R"*?. The position vector can be written by X = (z1,z2,...,Zn1p).
We choose a local orthonormal frame field {e1, ea,...,€n,€nt1,...,n4p} and the

dual coframe field {wi,wa,...,wn,Wnt1,--.,wnip} along M™ of R"P such that
{e1,€2,...,e,} is a local orthonormal basis on M™. Thus, we have
woa =0, n+l1<an+p

on M". From the Cartan’s lemma, we have
n
(6% «@ (6%
Wi = E hijwj, hij = h’ji'
j=1

The second fundamental form h of M"™ and the mean curvature vector H are
defined, respectively, by

n+p n

h= Z Zh%wi®wjeaa

a=n+11i,j=1

n+p n

H= > Y hiea.

a=n+1 1=1

One considers the mean curvature flow for a submanifold X : M"™ — R"*?. Namely,
we consider a one-parameter family of immersions:

F(.,t): M" — R"?
satisfying F'(-,0) = X (-) and

OF (p,t)\ "
() =60, o= ) (2.)
where H (prt)adenotes the mean curvature vector of submanifold M; = F(M™, t) at

point F(p,t). An important class of solutions to the mean curvature flow equation
(2.1) are self-similar shrinkers, which profiles, self-shrinkers, satisfy

H=-Xx%

)

which is a system of quasi-linear elliptic partial differential equations of the second
order. Here XV denotes the orthogonal projection of X into the normal bundle
of M™.

In [6], Colding and Minicozzi introduced a differential operator £ and used it
to study self-shrinkers. The differential operator £ is defined by

ef = Af — (X, V) (2.2)

for a smooth function f, where A and V denote the Laplacian and the gradient
operator on the self-shrinker, respectively. For a compact self-shrinker M™ without
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boundary, we have

/ f£ue*¥dv = fAu— (X, Vu))e™ % dv

Mmn

x|2?

2
= fdiv <e|X2|Vu> dv = / u}lfe*lev,
M’L n
that is,

fﬂue_%dv:/ u}lfe_%dv, (2.3)

Mn n
for any smooth functions u, f. Hence, the differential operator £ is self-adjoint with

1x? .
respect to the measure e~ 5 dv. Therefore, we know that the closed eigenvalue
problem:

Lu=—-u on M" (2.4)
has a real and discrete spectrum:
O0=X <A< < - <A< — 00,
Furthermore, we have
Laxa=—x4. (2.5)
In fact,
Lra=AX,Eq) —(X,Vay)
= (AX, Ba) — (X, EY)
= (H,Ba) — (X, E})
= (XN, E)) — (X,EY) = —x4.

Denote the induced metric by g and define Vu - Vv = g(Vu, Vv) for functions u, v.
We get, from (2.5),
n—+p
LIXPP =) (2walra +2Vaa Vaa) =2(n—|X[). (2.6)
A=1
Here we have used
n+p
Z Vza -Vryg=n.
A=1

Proposition 2.1. For an n-dimensional compact self-shrinker M™ without bound-
ary in R"P, we have

1350011-5
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2
Proof. Since £ is self-adjoint with respect to the measure e_%dv, from (2.6), we

have
_1x? 5 _1x12 . 2 _Ixi2
n ez dv= |X|?e™ 2 dv > min | X| e~z dv.
n n M’L n

Furthermore, since

AIX|? =2(n+ (X, H)) = 2(n — [X"]?), (2.7)
we have
n < max | XV|2
M’n
It completes the proof of this proposition. O

3. Universal Estimates for Eigenvalues

In this section, we give proof of Theorem 1.1. In order to prove our Theorem 1.1, we
need to construct trial functions. Thanks to £X = — X, we can use coordinate func-
tions of the position vector X of the self-shrinker M™ to construct trial functions.

Proof of Theorem 1.1. For an n-dimensional compact self-shrinker M™ in R"*?,
the closed eigenvalue problem:
Lu=—- u on M" (3.1)

for the differential operator £ has a discrete spectrum. For any integer j > 0, let
u; be an eigenfunction corresponding to the eigenvalue A; such that

EU]' = —/\jUj, on M"
_x2 . (3.2)
/ usuje” 2 dv = dy;, for any i,7.
From the Rayleigh-Ritz inequality, we have
1|2
—/ pLpe” 2 dv
Mey1 < - (3.3)

2 b
/ @26_%&)

2
for any function ¢ satisfies [, gpuje_%dv, 0<j <k Since X : M™ — R"P is
a self-shrinker in R**?, we have

H=-X". (3.4)
Letting x4, A = 1,2,...,n + p, denote components of the position vector X, we
define, for 0 <i <k,
r 1x|?
ot =z qu; — Zaf}uj, af} = / Tauuje” 2 dv. (3.5)
]:0 n

1350011-6
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By a simple calculation, we obtain
x|
/ wiple S dv =0, i,j=0,1,... k. (3.6)
From the Rayleigh-Ritz inequality, we have

2
—/ vy e dv

/ (80’24)26,\)(2\2 do

Akr1 <

Since

Lot = Mgt — (X, Vi)

k k
=A acAul-—g af}uj —<X,V xAui—g af}uj >

=0 =0

AQ: Please check

= xaAu; + uiAx g + 2V g - Vu; — (X, 24Vu; + w;Vaa) ) ’
the edit of equation

k k
=D ajAu; + <X7Za;;.vuj> (3.8).
=0

=0
k

= —Nixau; +uiLra +2Vra - Vu; + Z af‘j/\juj, (3.8)
j=0
we have, from (3.7) and (3.8),

1x]2

Car — Al 0A)2 < — /M A Sra +2Vaa - Vi) dv = WA, (3.9)

where

2
letP = [ ofe " a,
Mfl
On the other hand, defining

2
bé = —/ (’U,j£xA + 2V;1;A . Vuj)ui€,|x2l dv
Mﬂ.

we obtain

by = (A — Aj)ag;. (3.10)

ij

In fact,

X2
)\iaA-:/ Aiuujrae” 2 dv

)

1350011-7
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1x]2

:—/ ui(zaluj +ujlaea +2Vea - Vujle” 2 dv

A A
= )\jaij + bij,
that is,

A A
Hence, we have
A A

From (3.6), (3.9) and the Cauchy—Schwarz inequality, we infer

1x|?

wA = —/ gpf(uinA +2Vza - Vu)e” 2 dv

7

k 2
= —/ gpf‘ uiLxrxs +2Vra - Vu; — beljuj e~ = dv
n =0
k
< || [|uiLra + 2V a - Vu; — Zb?juj
§=0
Hence, we have, from (3.9) and (3.12),
k
Mkt = M) W2 = Qgr — )0 |1? |[uilaa + 2Vaa - Vu; — Y biju;
§=0
2
k
< W [wilwa +2Vaa - Vu, — > blu,
§=0
Therefore, we obtain
. 2
(M1 = X)W < (Mg = N) ||uilaa +2Vay - Vu; — Z bijus
§=0

Summing on ¢ from 0 to k for (3.13), we have

k

D>k = X)W

=0
2

k k
S Z(/\k-_H — )\1) uinA + 2VZ‘A . Vul — Z bf}uj
=0 7=0

1350011-8
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By the definition of bfj and (3.10), we have

2

k
w;Lxra +2Vra - Vu; — Z bf}u]
§=0

= |uilra +2Vza - Va2

k ) k
2% 0 /Mn (wilza +2Vea - Vaguje™ 2 dv+ Y (bf)?
j=0 j=0

k
= |uilaa + 2V 4 - Vug||? — Z(bf})z
7=0
k
= |[ui€za +2Vza - Vuil* = D (A = Aj)*(aj)*. (3.15)
7=0

Furthermore, according to the definitions of W/ and ¢?*, we have from (3.10)

X2

WiA = —/ @f(uinA + 2V 4 - Vuy)e™ 2 dv
]\ n

1x]2

k
—/ TAU; — Zaf}uj (uifra +2Vaa - Vu;)e” 2 dv

1x]2

= —/ (acAu?ExA + 2z 4u;Vra-Vuy)e” 2 dv

X2

+Za1j/ uj(uiLaa +2Vaa - Ve 2 dv

= —/A i (xASxA—%S(xA)Q)u e IXI dv—l—ZaAbA

= Vs - Vrauie” = dv + Z )(af})z. (3.16)
Ailb j 0
Since
k k
23 O = M) N = M) @) = D7 ern — )2 (N = Aj)(a))?
i,j=0 i,j=0

N
=) Qe = A2 (N = A)(af)?

i,j=0

1350011-9



Page Proof

April 11, 2013 7:41 WSPC/S0219-1997 152-CCM 1350011

Q.-M. Cheng € Y. Peng

k
—— Z (M1 — Ai + Apr1 — Aj) (N — /\j)Q(af})Q
i,j=0

k
= =2 (M1 — M) — Ay)2(afy)?,

i,j=0
(3.17)
from (3.14)—(3.17), we obtain, for any A, A=1,2,...,n+p,
k 1X |2
Z(/\k’“ — )2 Vzy- VJ;Aufe_Tdv
i=0 Mn
k
<D (k1 = Mi)[wiLaa + 2V a - Vs> (3.18)
i=0
On the other hand, since
n+p
Lra=—x4, Z(VxA . Vui)2 = Vu; - Vuy,,
A=1
we infer, from (2.6),
n+p n+p 5
Z luiLxa + 2V, - Vui||2 = Z / (uiLxa+ 2V, - Vui)267 ] dv
A=1 A=1/M"

n-+p
= Z/ (uf(z4)? — du;zaVaa - Vu,
A=17M"

1x]2

+4(Vaa - Vu)He 2 dv

n-+
L 1x|?

= g (u?(ac,q)2 — V(acA)2 ~Vu?)ei z (v
]\ n
A=1

2
+4 Vu; - Vuie_%dv
Mn

X2

:/ (SIX]? + | X[2)uZe 5 dv + 4
]\47l

| X

2
:/ (2n — | X [P uie” 7 dv + 4\

< <2n—nj\}i,{1|X\2> AN (3.19)
Furthermore, because of
n-+p
> Vaa-Vaa=n, (3.20)
A=1

1350011-10
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taking summation on A from 1 to n + p for (3.18) and using (3.19) and (3.20),

we get
~ 5 4 u 2n — minym | X|?
;()\kﬂ =) < - ;()\kﬂ - \i) <)\i + 1 )
1 It finished the proof of Theorem 1.1. |
2 4. Upper Bounds for Eigenvalues
3 The following recursion formula of Cheng and Yang [3] plays a very important role
4 in order to prove Theorem 1.2.

A recursion formula of Cheng and Yang. Let p1 < po < -+ < pugy1 be any
positive real numbers satisfying
k

k
4
Z(NkJrl — pi)? < > Z,ui(/ikﬂ — ).
i=1 i=1

Define

Then, we have

Fip1 < C(n, k) <—) ’ F, (4.1)

where

2 4
1 PN <1 + —) (1 + —)
B n n
Cn,k)=1— — 1
(n, k) 3n <k+1> CE
Proof of Theorem 1.2. From Proposition 2.1, we know
2n — mingm | X|?
Mit1 = A + z leM X1 > 0,
for any ¢ =0,1,2,.... Then, we obtain from (1.5)
k L
> (e — m)? < - D (tkrn — i) s (42)
i=1 i=1

Thus, we know that u;’s satisfy the condition of the above recursion formula of
Cheng and Yang [3]. Furthermore, since

Lrp=—-x4 and rae” 2 dv=0, forA=1,2,...,n+p,
M’V‘L

A =1 1is an eigenvalue of £ with multiplicity at least n + p. Thus,

A< A << S L

1350011-11
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Hence, we have
(a1 =) = Y _Aj <0 < 20— min| X|* = dpy (4.3)
=1 j=1

J

because of miny |X|? < n according to Proposition 2.1. Hence, we can prove
Theorem 1.2 as in [3] almost word by word. For the convenience of readers, we shall
give a self-contained proof. First of all, according to the above recursion formula of
Cheng and Yang, we have

4

ko\" 2
F. <C(n,k—1) (ﬁ) Foo1 <knFy = Ek%/ﬁ.

Furthermore, we infer, from (4.2)

2 2 4 2 2
[Mk+1—<1+—>1\k:| §<1+—)Fk——<1—|——)/\ﬁ.
n n n n

Hence, we have

2 2
— ) 1+ — 4 2 4
i+ — 2 (e — 1+ = ) A ) <1+ =) Fk.
4 4 n n
14— 14—
n n
Thus, we derive
.Uk+1§<1+—) ng§<1+—>k’"u1 (4.4)
Define
1
4 8 8 2
n|l+— 14 +
n n+1 (n+1)2
al(n): 2 —n,
(nt D)7

as(k,n) = k% (1—!—

n

4n+k+4) B
n?+5n—4(k—1) ’
as(k) = max{a(n, k), k <n <400},

4
az(k) = 3 —2logk,

' 300
a(k) = max{ai(k),az(k +1)),as(k +1)}.

Case 1. For k > n + 1, we have

4 8 8 \?
1+—)(1+ +
- n n+1 (n+1)2 2

kn
HE+1 = (n+ 1)% M1

_ <1+ %) = (4.5)

1350011-12
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where a1 (n) < 2.31. In fact, since pp41 satisfies (4.2), we have, from (4.1),

n 4\ n 4\? ko\"
Hi+1§§<1+ﬁ> Fk§§<1+5) <n+1) Foia. (4.6)

On the other hand,

29 = (i — An+1)2
i=1

1
(1 — Apy1)® + E(’“ — Apy1)?
n+1

—An+1)2). (4.7)

is an increasing function of A, 1. From (4.3),

IN
3|
=
SN
s

Il
| Do
S
=
3N
+
=
|
—~
=
fin

2
It is obvious that A2, — W

we have
P14 o+ p2 < (04 4)p. (4.8)
Thus, we derive
A1 < 1+ 1 (4.9)
n+l > n+ 1 M- .
Hence, we have
n 8 8
—F.< (1 2, 4.1
2 +1<+n+1+(n+1)2)“1 (4.10)
1 From (4.6) and (4.10), we complete the proof of (4.5).

Case 2. For k£ > 55 and n > 54, we have

P11 < k%,ul. (4.11)

If k> n+1, from Case 1, we have

1 4\?
eyl S ————— <1+ —) k* .
(n+1)n

Since

2
(n+ 1)% = exp (— log(n + 1))
n
2 2 )
> 1+ - log(n +1) + ﬁ(log(n +1))

> (1 + %log(n + 1))2 : (4.12)

1350011-13
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we have

4 2
14—

n

L1 < ko . (4.13)

1
1+ —log(n+1)
n
Then, when n > 54, log(n + 1) > 4, we have
prs1 < k7.

On the other hand, if k¥ < n, then Ay < A, ;1. Since
k

D (i = A)?

N A2 M=t
gk =M= 3 k
k 2
{Z(Ni—Ak)}
_A,Q =2
<A2_ﬁ(’“ K+ k1
k=9 k
_A)Q
< 2_(#1 k
< Aj 5

we have
2

4
4 1 4\ 2 1+~
e < (14 2)J2h< — (14+2) ki< | —2_ | k30
n 2 ke n log k
14+ —=
n

Here we used k= > (1+ %)Q. By the same assertion as above, when k > 55, we
also have

2
Hr1 < k.

Case 3. For k£ <54 and k < n, we have

max{az(k),as(k)} )

Hr+1 < <1 + ko .
Because of k < n and k < 54, from (4.3), we derive
1
< - — kALY, 4.14
/J/k+lfn_k+1{(n+5)ﬂl k} ( )

Since formula (4.2) is a quadratic inequality for pgy1, we have

4
Prt1 < (1 + E) Apr. (4.15)

1350011-14
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Since the right-hand side of (4.14) is a decreasing function of Ay and the right-hand
side of (4.15) is an increasing function of Ay, for ﬁ{(n—%)m—kﬂk} = (1+2)Ay,
we infer

1 4(n—|—k+4) 2
1< =1 hr
Pl = 53 ( +n2+5n—4(k_1)) "

k
- (1 4 a2lkn) ’”)) k™ . (4.16)
n
From the definition of as (k) = max{a(n, k), k < n < 400}, when n < 400, we obtain
k
Prt1 < (1 + aQT()> k% . (4.17)

When n > 400 holds, from (4.4), we have

4
Hi1 < <1 + —) 1
n—k

Since n > 400 and k < 54, we know%logk< %.Hence7 we have
_2 — 200k 2 1 2 2
kmn=e n%"=1——logk+ = —logk) —---

n 2\ n

2 1/2 2
<1——logk+—<—logk> .
n 2\ n

Therefore, we obtain

4 2 4 2 1/2 ?
1 n <1 1—-—1 —| =1
<+n—k>k _( +n—k)< nogkz+2<nogkz>>
k
<4/<1— —) —2logkj>
<1+ 400 .

n

Hence, we infer

4
fer1 < (1 - )kikﬁm

n—=k
k
<4/(1 — —) — 2logk>
< |1+ 100 kg
n
- (1 + a?’T(k)) ke . (4.18)
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AQ: Please check | > Table 1. The values of a1(k), az(k + 1)
. and az(k + 1).
the edit of Table 1.

k al (k) as (k + 1) as (k + 1)
1 <231 < 2.62 < 2.64
2 <227 < 2.05 < 1.84
3 <22 < 2.00 <1.27
4 <212 < 1.96 <0.84
5 <2.03 < 1.90 <0.48
6 <1.94 < 1.84 <0.18
7 < 1.86 < 1.77 < —-0.07
8 < 1.77 < 1.70 < —-0.30
9 <1.69 < 1.63 < —0.50

10 <1.61 < 1.56 < —0.68

11 < 1.53 <1.49 < —-0.84

12 < 1.46 < 1.42 < -0.99

13 <1.39 <1.35 < -1.13

14 <1.32 < 1.29 < —1.26

15 <1.25 <1.22 < -1.37

16 <1.18 < 1.16 < —1.48

17 <1.12 <1.10 < —1.59

18 < 1.06 < 1.04 < —1.68

19 < 1.00 < 0.98 < —1.78

20 <0.94 < 0.92 < —1.86

21 <0.89 < 0.87 < —-1.94

22 <0.83 <0.82 < —-2.02

23 <0.78 < 0.76 < -2.10

24 <0.72 <0.71 < =217

25 <0.67 < 0.66 < —2.23

26 <0.62 < 0.61 < —-2.30

27 < 0.58 < 0.57 < —2.36

28 <0.53 < 0.52 < —2.42

29 <0.48 <0.47 < =247

30 <0.44 <0.43 < —2.53

31 <0.39 <0.38 < —2.58

32 <0.35 <0.34 < —2.63

33 <0.31 < 0.30 < —2.68

34 <0.27 < 0.26 < =272

35 <0.23 <0.22 < =277

36 <0.19 <0.18 < —2.81

37 <0.15 <0.14 < —2.85

38 <0.11 < 0.10 < —2.89

39 <0.07 <0.07 < —2.93

40 <0.03 < 0.03 < —2.97

41 < —0.00 < —0.01 < —3.00

By Table 1 of the values of a1(k), a2(k + 1) and ag(k + 1) which are calculated
by using Mathematica, we have a1(1) < a2(2) < a3(2) = a(l) < 2.64 and, for
k>2,

ag(k’ + 1) S CLQ(k? + 1) S al(k:).
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Hence, a(k) = a1 (k) for k > 2. Further, for k > 41, we know a(k) < 0. Hence, for
k > 2, we derive

i -1 2
i < <1+ a(mln{TZk’ })) e

and for n > 41 and k > 41, we have

fiksr < ko
When k =1,a(0) = 4 from (4.4). It is easy to check that, when k > 3, by a simple

calculation,
k—3
k) <22—41 1+ ——).
ok < 22 atog (1+ 5%
1 This completes the proof of Theorem 1.2. |
2 5. The Dirichlet Eigenvalue Problem

For a bounded domain 2 with a piecewise smooth boundary 0f2 in an n-dimensional
complete self-shrinker in R"™?, we consider the following Dirichlet eigenvalue prob-
lem of the differential operator £:

Lu=—Au in Q,
(5.1)
u=>0 on 0f).
This eigenvalue problem has a real and discrete spectrum:
O0< A <A< <A< =00,
3 where each eigenvalue is repeated according to its multiplicity. We have following

4 estimates for eigenvalues of the Dirichlet eigenvalue problem (5.1).

Theorem 5.1. Let Q be a bounded domain with a piecewise smooth boundary OS2
in an n-dimensional complete self-shrinker M™ in R™P. Then, eigenvalues of the
Dirichlet eigenvalue problem (5.1) satisfy

k

4 2n — infq | X|?
A P<=Y (A ANi+—mM8M8M—— ).
Z( k1 — fnz k1 — <z+ 1
i=1 i=1
5 Proof. By making use of the same proof as in the proof of Theorem 1.1, we can
6 prove Theorem 5.1 if one notices to count the number of eigenvalues from 1. O
7 From the recursion formula of [3], we can give an upper bound for eigenvalue

8 Akt1-

Theorem 5.2. Let Q be a bounded domain with a piecewise smooth boundary OS2
in an n-dimensional complete self-shrinker M™ in R"P. Then, eigenvalues of the

1350011-17
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Dirichlet eigenvalue problem (5.1) satisfy, for any k > 1,
s 2 : _
2n — infq | X| < (1 N a(min{n, k 1}))

A
k+1 1 n

: 2
(s BRI

where the bound of a(m) can be formulated as:
a(0) <4,
a(1) < 2.64,

1
a(m) < 2.2 —4log <1 + %(m —3)) , for m>2.

In particular, for n > 41 and k > 41, we have

2n — infq | X |2 < <)\1 N 2n_ierX|2) 2/

Akt1 1

Remark 5.1. For the Euclidean space R"™, the differential operator £ is called
Ornstein—Uhlenbeck operator in stochastic analysis. Since the Euclidean space R™
is a complete self-shrinker in R™*!, our theorems also give estimates for eigenvalues
of the Dirichlet eigenvalue problem of the Ornstein—Uhlenbeck operator.

For the Dirichlet eigenvalue problem (5.1), components z4’s of the position
vector X are not eigenfunctions corresponding to the eigenvalue 1 because they
do not satisfy the boundary condition. In order to prove Theorem 5.2, we need to
obtain the following estimates for lower-order eigenvalues.

Proposition 5.1. Let Q be a bounded domain with a piecewise smooth boundary
O in an n-dimensional complete self-shrinker M™ in R"TP. Then, eigenvalues of
the Dirichlet eigenvalue problem (5.1) satisfy

Z()\j+1 — )\1) S <2n — inf |X|2> + 4)\1.
=1 ¢
Proof. Let u; be an eigenfunction corresponding to the eigenvalue ); such that
SUJ‘ = —)\juj in ©

U; = O, on 69 (52)

1X |2 .
/uiuje_ 2 dv=29;; foranyi,j=1,2,....
Q

We consider an (n + p) X (n + p)-matrix B = (bap) defined by

_1x)?
bap = Tauiuprie 2 dv.
Q

From the orthogonalization of Gram and Schmidt, there exist an upper triangle
matrix R = (Rap) and an orthogonal matrix = (gap) such that R = @B.

1350011-18
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Thus,

n+p

Rap =) qacbos
c=1

n+p
/ Z gacrcuiupy1 =0 for 1< B<A<n+p. (5.3)
Qo=1

Defining y4 = Y. ¢!y gaczc, we have

n-+p

/ YAULUB+1 z/ Z gacrcuiups1 =0 for 1< B<A<n-+p (54)
Q Qi

Therefore, the functions ¢4 defined by
oA = (ya —aa)ui, as= /QyAufefgdv forI<A<n+p
satisfy
/Q<PAUB=0 for1<B<A<n+np.

Therefore, ¢4 is a trial function. From the Rayleigh—Ritz inequality, we have, for
1<A<n+np,

—/g&A&pAe_Tdv
As1 < Q2 T . (5.5)
/(@A)ze_Tdv
Q

From the definition of ¢4, we derive
Lpa = Apa — (X, Vpa)
= A(ya —aa)ur} — (X, V{(ya —aa)ur})

=yaLus +ur1Lya +2Vyas - Vu; —asLuy

= —\yaul —urya + 2Vya - Vuy + aa 1ug.

Thus, (5.5) can be written as

1x)2

Aas1 = M)llpall® < /Q(yAul —2Vya - Vur)pae™ 2 do. (5.6)

From the Cauchy—Schwarz inequality, we obtain

2
_1x|?
( [ wam = 2Vua Vuppae 5 dv) < o alP lyats — 2Vya - Va2
Q

Multiplying the above inequality by (Aat1 — A1), we infer, from (5.6),

2
1x)2
Aa+1 — A1) (/ (yaus —2Vya - Vuy)pae™ 5 dv)
Q
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< (Aap = M) llpallPllyaws = 2Vya - Vs ||?

< (/Q(yAul —2Vya - VUl)@Ae_XTQdU) lyaus —2Vya - Vur|*.  (5.7)
Hence, we derive

_1x2 9
(Aa+1 — A1) / (yaur —2Vya - Vur)pae™ 2 dv < ||lyaur —2Vya - Vuq||®. (5.8)
Q

Since
n+p n+p
yi =) ah =X
A=1 A=1
we infer
n+p
Z ||yAu1 — 2VyA . VU1||2
A=1

n+p
= Z / (y4u? — dyauiVya - Vug +4(Vya - Vug)?)e™ 2 dv
A=17%

= / (| X [*uf — V|X|? - Vui +4Vuy - Vuy e~ v
Q

X2

:/(|X|2u%+£|X|2u?+4Vu1-Vul)e* 2 dv
Q

2
- / @2n — |X|P)uZe S dv + 40 < <2n ~ inf |X|2> TN (5.9)
Q
On the other hand, from the definition of ¢4, we have

2
/(yAu1 —2Vya - Vuy)pae™ = dv
Q

X2

= / (y3u} — aayaui + 2a4u1Vya - Vug — 2ysu1Vya - Vur)e™ 2 dv
o

1 _1x)?
= / (2/?4“% —aayaui — aalyaui + §£yiu%> e 2 dv
Q

2 9, Lao o) _IXP
= yAu1—|—§£yAu1 e 2 dv
Q

Ix|?
z/ Vya - Vyauie 2 dv. (5.10)
Q
For any point p, we choose a new coordinate system X = (Z1,...,Zp4p) of R"TP

given by X — X(p) = XO such that (a%l)p,...,(%)p span T,M™ and at p,
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g(a(Zn MJ) dij, where O = (0ap) € O(n+ p) is an (n + p) x (n + p) orthogonal
matrix:
n+p

Vya-Vya =9g(Vya,Vya) = Y qanqacg(Vap, Vae)
B,C=1

n-+p n-+p n-+p
Z qgaBg4acy (Z opVip, Z OECV$E>

B,C=1

n+p

= Y qaBoppqacoscy(Vip, Vi)
B,C,D,E=1

n n+p 2
Z (Z (IABOjB> <1

=1

Since OQ is an orthogonal matrix if @ and O are orthogonal matrices, that is, we
have

Vya-Vyas < 1. (5.11)
Thus, we obtain, from (5.10) and (5.11),
e X2
Z()‘AH - /\1)/(yAu1 —2Vya -Vui)pae™ 2 dv
A=1 R

n+p
1x|?

(Aat1 — M) /VyA VyAule 2z du

M

S

=1

2
(Njg1 — /\1)/ Vy; - Vyjufe_%dv
Q

[
M:

<.
—

g 1X2
+ Z Aat1 — A1) /VyA VyAule 2 dv
A=n+1

n

_1x?
> (A —Al)/ Vy; - Vyjuie” = dv
Q

j=1
n+p Ix2

+ Z Ant1 — A1) /VyA VyAule 2 dv
A=n+1

n 2
=Y (N1 — )\1)/ Vy; - Vyju%f%dv
i=1 @

n 2
+ (Ans1 — )\1)/ n—Y Vy;-Vy, wde T dv
Q -
j=1
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n

1X |2
=Y (N1 — )\1)/ Vy; - Vyjuie” = dv
Q

1

<

| 2

n x|
+ (Mng1 — )\1)/ > (1= Vy;-Vyuie 2 dv
(o
Jj=1

M=

> S (A1 — M) (5.12)

I
—

J

According to (5.8), (5.9) and (5.12), we obtain

NE

. — _. 2
1(/\J+1 A1) < <2n 1?2f|X| >—|—4)\1.

<.
Il

This completes the proof of Proposition 5.1. O

Proof of Theorem 5.2. By making use of Proposition 5.1 and the same proof as
in the proof of Theorem 1.2, we can prove Theorem 5.2 if one notices to count the

number of eigenvalues from 1. O
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