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Q.-M. Cheng et al.

1 Introduction

Let 2 be a bounded domain with smooth boundary in an n(> 2)-dimensional Riemannian
manifold M and denote by A the Laplace operator acting on functions on M. Let v be the
outward unit normal vector field of 9€2, and let us consider the following eigenvalue problems

Au=—iu in Q. u=0, on 99, (1.1)
9

A% =—AAu in Q. u= al =0, on 9. (12)
v

They are called the fixed membrane problem and the bucking problem, respectively. It should
be mentioned that the buckling problem (1.2) has interpretations in physics, that s, it describes
the critical buckling load of a clamped plate subjected to a uniform compressive force around
its boundary. Let

D<A <l <A3<---,

O0<Ai=Ar<A3=---
denote the successive eigenvalues for (1.1) and (1.2), respectively. Here each eigenvalue is
repeated according to its multiplicity. An important theme of geometric analysis is to estimate

these (and other) eigenvalues. When €2 is a bounded domain in an n-dimensional Euclidean
space R”, Payne, Pélya and Weinberger (cf. [32,33]) proved the bound

k
4
)L;H_]—}ka@ZAi, k=1,2,.... (1.3)

i=1

Inequality of this type is called a universal inequality since it does not depend on 2.
On the other hand, Payne, P6lya and Weinberger also studied eigenvalues of the buckling
problem (1.2) for bounded domains in R" and proved (cf. [32,33])

As/Ay <3 for Q@ C R%
For @ C R”, this reads
Ar/Ay < 1+4/n.

Furthermore, Payne, P6lya and Weinberger proposed the following

Problem 1 (cf. [32,33]). Can one obtain a universal inequality for the eigenvalues of the
buckling problem (1.2) on a bounded domain in R"™ which is similar to the universal inequality
(1.3) for the eigenvalues of the fixed membrane problem (1.1)?

With respect to the above problem, Hile and Yeh [27] obtained

Ay n*+8n+20
— << _

IR for Q Cc R".

Ashbaugh [2] proved :

DA <+ )AL (14)

i=1
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Inequalities for eigenvalues of the buckling problem of. . .

This inequality has been improved to the following form in [30]:

4(A
ZA,+1 (2+4 D < (a1 4A,. (1.5)

By introducing a new method of constructing trial functions, Cheng and Yang [12] have
obtained the following universal inequality:

k k
4 2
D (Ars1 — A < % D (Aks1 — ADA;. (1.6)

i=1

Thus, the problem proposed by Payne, Pdlya and Weinberger has been solved affirmatively.
By making use of the asymptotic formula of Weyl for eigenvalues of the Dirichlet eigenvalue
problem of the Laplacian and one of Agmon [1] and Pleijel [34] for eigenvalues of the clamped
plate problem, we can have the asymptotic formula of eigenvalues for the buckling problem
according to the variational characterization for eigenvalues of the buckling problem:
472 2
Ay ~ ———kn, k— o0,
(wnvol(22))"

where w, denotes the volume of the unit ball in R”. By the results of Li and Yau [31] and the
variational characterization for eigenvalues, one can obtain a lower bound for eigenvalues of
the buckling problem:

1 & n 4r? 2
Z Aj > 3 kn.
j=1 (a)nvol(Q))W

On the other hand, by making use of the recursion formula of Cheng and Yang [14], one can
obtain an upper bound for eigenvalues of the buckling problem, which is sharp in the sense
of the order of k, if one can get a sharp universal inequality for eigenvalues of the buckling
problem as the following:

Conjecture. Eigenvalues of the buckling problem on a bounded domain in a Euclidean space
R” satisfy the following universal inequality:

k k
4
Z(Am =A== (Aksr = AD A, (1.7)

i=1

which is proposed by Cheng and Yang [14]. Therefore, the next landmark goal for the study
on eigenvalues of the buckling problem will be to prove the above sharp universal inequality.
Recently, Cheng and Yang [17] have made an important breakthrough for it. They have
obtained

ﬂ k
Z(Ak+1 A < ( e ts) D (Aest = A)A;. (18)

i=1 i=1

In this paper, we will investigate eigenvalues of the buckling problem of arbitrary order:

(—A)u = —AAu, in Q, L9
u_gﬁ:---_g/v,l“_o on 9%, (1.9)

@ Springer



Q.-M. Cheng et al.

where €2 is a bounded domain in a Euclidean space and / is any integer no less than 2. Yang
type inequalities for eigenvalues of the problem (1.9) have been obtained recently in [29].
We conjecture that the following sharp universal inequality:

k k

21
> (Akpr — A)* < ~ > (Akp1 — ADA; (1.10)
i=1

i=1
holds for eigenvalues of the problem (1.9). The main purpose of this paper is to attack the

above problem. We prove the following:

Theorem 1.1 Let A; be the ith eigenvalue of the buckling problem (1.9), where Q is a
bounded domain with smooth boundary in R". Then for any positive non-increasing monotone
sequence {(Si}le, we have

k
nYy (Akpr— A
i=1

k
14\ 8 e
<D 8yt — A (212+<n—?)l+§—n> ¢=2/0=0 (1.11)
i=1

k

1 /(-1

+Z§i(1\k+1—1\i)1\,-/( ).
i=1

Remark 1.1 Taking

k 1/(-1) 172
S (Aks1 — ADA,;
51 =06 =0 = ’—1( k+1 i) i }

{ (212 + (” - %) [+ % - ”) Zi‘(:l (Aks1 — Ai)zAzQ_Z)/(l_l)
in (1.11), we have

202+ (n—2) 1+ 8 —n)"?
n

k
D (Ars1— A <

i=1

k
[-2)/(1—-1
x{Z(AkH—AoZAE & )}

i=1

(1.12)

1/2 1/2

k
1/(1—1
{Z(AM—AL»)A/( >} :

i=1

which improves the inequality (1.13) in [29]. From (1.12), we can obtain a quadratic inequality
about Ay, ..., Agy1-

Corollary 1.1 Forany k > 1, the first k + 1 eigenvalues of the buckling problem (1.9) with
Q C R” satisfy the following inequality

42 +(n—-H148—n) &
~ : D (Akpr — ADA;. (113)
: i=1

k
D (Agg1 = A)* <
i=1

Remark 1.2 When [ = 2, (1.13) becomes Cheng—Yang’s inequality (1.8).

Furthermore, we prove the following universal inequality for eigenvalues of the buckling
problem of arbitrary order on spherical domains.

@ Springer



Inequalities for eigenvalues of the buckling problem of. . .

Theorem 1.2 Let ] > 2 and let A; be the ith eigenvalue of the buckling problem:

(=A)u = —AAu, in Q, L14)
w="=...= T _0 onaQ, '
where Q2 is a domain with smooth boundaryin S". Foreachq = 1, . .., define the polynomials
@, inductively by
D1t ) =t—1, Dr(t) =1t> — (n+5)1 — (n — 2), (1.15)
Dy(t) = 2t =2)Py1(1) — (t* 42t —n(n — D)®y21), g=3,.... (1.16)
Set
O ()=t =g ot T (=) Py — (n—2) (1.17)

k

Then for any positive integer k and any positive non-increasing monotone sequence {8;};_,,

we have

k n—2
D (Agsr — A’ <2+ )
i=1

1/a—1)
A —(n-2)

k k 2
Akt = AD (1o (1=2)
=Y e = A%+ %(AJ/“ ”+T>, (1.18)
i=1 !

i=1

where

-2
1 - j/(1—1
Si=Ai | 1= —77p + D =22+ el AN 19)
A; —(n—2) =
with aj = max{a;, 0} and when | = 2 we use the convention that le;zl a;rAlj/(l_l) =0.

Remark 1.3 When [ = 2, the inequality (1.18) is stronger than one of Cheng and Yang in
[17].

Remark 1.4 Universal inequalities for eigenvalues of various elliptic operators have been
studied extensively in recent years. For the developments in this direction, we refer to [1—
30,33-42] and the references therein.

2 Proofs of the results

First we recall a method of constructing trial functions developed by Cheng—Yang (cf. [12,29,
37]). Let M be an n-dimensional complete submanifold in R”. Denote by ¢, ) the canonical
metric on R” as well as that induced on M. Denote by A and V the Laplacian and the gradient
operator of M, respectively. Let €2 be a bounded domain with smooth boundary in M and let
v be the outward unit normal vector field of d2. For functions f, g € W(; ’2(9) the Dirichlet
inner product (f, g)p of f and g is given by

(f, &b =/Q(Vf, Vg).

@ Springer
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The Dirichlet norm of a function f is defined by

12
1A1lp = {(f. fp)? = (/QIVf|2> .

Consider the eigenvalue problem

(—A)u=-Adu,  inQ, 2.1)
w=1 = =Ll on 9. @

Let
O0<AI <Ay =<A3=---

denote the successive eigenvalues, where each eigenvalue is repeated according to its multi-
plicity.
Let u; be the ith orthonormal eigenfunction of the problem (2.1) corresponding to the
eigenvalue A;,i = 1,2, ..., thatis,
(=M)u; = —A;jAu;, in Q,
. =1,
up =94 =...= 24 =0, on 3R, 2.2)

-1 —

(i uj)p = [o(Vui, Vuj) =8, Vi, j.
Consider the subspace Wol”lz(Q) of Wc}’z(Q) defined by

0
Wi = {f W@ fla= 2

B alflf

= 7
10 AV

- o} . 2.3)
IQ

The eigenfunctions {u; }72 | defined in (2.2) form a complete orthonormal basis for the Hilbert

space W,/ (). 1f ¢ € W7 () satisfies (¢, u;)p = 0, Vj = 1,2, ..., k,then the Rayleigh—
Ritz inequality tells us that

Aaliollh = [ #-a)o. @4
Q
For vector-valued functions F = (f1, f2, ..., fm), G = (1,82, --.,8m) : 2 —> R™,
we define an inner product (F, G) by
m
r.6)= [ (7.6 = [ 3 fuse 2.5)
L v a=1

The norm of F is given by

m 172
IFIl = (F, F)'/? = {f fo} .
Qoc:l

Let
L2(Q) = {F : Q — R™, ||F|| < 4+00}.

Observe that a vector field on 2 can be regarded as a vector-valued function from 2 to R”.
Let L%_ 1(82) C L2(2) be the subspace of L2(Q) spanned by the vector-valued functions
{Vu;}72,, which form a complete orthonormal basis for the Hilbert space L(z)y 1(£2). For any
f € Woz_’](Q), we have Vf € Lg’l(Q), and for any X € L%’I(Q), there exists a function
f € Wg (Q) suchthat X =V f.
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Inequalities for eigenvalues of the buckling problem of. . .

Lemma 2.1 (cf. [29,30]) Let u; and Aj,i = 1,2, ..., be as in (2.2), then
0< / wi(=Au; < ACVED = -1 (2.6)
Q

We are now ready to prove the main results in this paper.

Proof of Theorem 1.1. With the notations as above, we consider now the special case that Q2
is a bounded domain in R”. Denote by x1, . .., x, the coordinate functions of R" and let us
decompose the vector-valued functions x, Vu; as

Xo Vi = Vhg + Wei, (2.7)

where hyi € Wy (), Vhg is the projection of xo Vue; in L3 | (2) and Wy L L2 | (€2). Thus
we have

Wailoso = 0, and (Wy;, Vu) = / (Wyi, Vu) =0, forany u € W&I(Q) 2.8)
Q

and from the discussions in [12] and [37] we know that

div Wy; =0, 2.9)
where for a vector field Z on €2, div Z denotes the divergence of Z. O
Foreacha =1,...,n,i =1, ..., k, consider the functions ¢4; : 2 — R, given by
k
Goai = hgi — Zamjuj, (2.10)
j=l1
where
aij =/xa<Vui,Vuj> = dgji- 2.11)
Q
We have
Iui ' pui
Moy — - ... =0, 2.12
¢ozt |dQ v . 3\)171 . ( )
(¢aisuj)D:/(v¢aiyvuj>:O, Vi=1,..., k. (2.13)
Q

It then follows from the Rayleigh—Ritz inequality for A4 that

Ak+1/ |V¢a,-|2s/¢ai<—A>’¢m-, Va=1,...m i=1.. .k (14
Q Q

After some calculations, we have (cf. (2.36) in [29])

/ G (— 1) pai = / D!+ D A+ 12— 414 3)(A ) i)
Q Q

+Ai{/ x§|vu,.|2_/ u%}—ZA,-agij. (2.15)
Q Q ;

k
Jj=1

It is easy to see that

k
e Vati 1 = [Vhai P+ Wil % 11 Vhaill® = [1Veail® + Y _agij.  (2.16)
j=1
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where for a vector field Z on €, || Z||* = [, |Z|>. Combining (2.14)~(2.16), we infer

(Aks1 — AD|I Vil
5/(—1)’{(—l+1)u,~AHul~+(212—41+3)(A’*2u,-),au,-,a}
Q
k

— NIl = (Wi 1) + D (Ai = Ajal;.
Jj=1

2.17)

Observe that V(xyu;) = u; Vxg 4 X Vit; € L | (R). Set yai = Xqut; — hgi; then

uiVxy = Vygi — Wy;.

and so

i 1> = |t Ve 1? = | Wei 1> 4+ 11V yai |- (2.18)

Substituting (2.18) into (2.17), we get
(Aks1 — ADI Vil
< / -1y {(—l D A g+ 1 — 4+ 3)(A’—2ui),au,-,a]
Q

k
—AilIVyail P+ Y (A — Ajak;.
j=1

Summing on « from 1 to n, we have

(A1 = AD) Y 11Vl

a=1

5/(—1)’ n(—l—|—1)u,-A1_1ui—|—(212—4l+3)(V(Al_2ui),Vui>}

A Z yalP+ Y ZU\ Oaij

a=1j=1

(212+(n—4)l+3—n>/”z( A luj — A Z”Vyou” +ZZ(A'—A./)%2@~
a=1 a=1j=1
(2.19)

Using the divergence theorem, one can show that (cf. [12,29])

- 2/ Xo{(Vui, V{(Vu;, Vxq)) = 1. (2.20)
Q

Set
daij = / (V(Vu;, Vxg), VMj),
Q

then dy;j = —dyj; and we have from (2.7), (2.8), (2.10) and (2.20) that

@ Springer



Inequalities for eigenvalues of the buckling problem of. . .

1= —2/ (Vhai, V(Viti, Vxa))
Q

k

= =2 [ (Vui. 9 (Vi 9301) = 2 iy
Q =
Thus, we have
k
(Aks1 = AD* | 142 agijduij
j=1
k
= (A1 — A)? / (-2) <V¢ai, Vitig = Y daijVu ,>
Q ;
j=1

1
= 6i(Akp1 = A IV uil P + (At = M) | [ Vaill® Z s e2n
1

where u; = (Vu;, Vxy). Summing on « from 1 to n, we have by using (2.19) that

n k
(Akpt = AD* | n+2) > dijduij

a=l1 j=1

n
< 8i(Ags1 — A’ ((212 + (=4l +3- n)/ wi(=A)""ui = A Y NIV yail?
Q2 a=1

1
+ Z Z(A agi; | + 5, (Bt = A
a=1 j=I1
n
> IVuiall? - Z Z s
a=1 a=1 j=1
Summing on i from 1 to k and noticing the fact that ay;; = agji, duij = —dqyji, one gets

k n k
n Z(Ak+l — AP -2 Z Z (Ag1 — AN — Ajagijdyij

i=1 a=1i,j=1

k
sZ (A1 — A <(212+(n—4>1+3—n>fu,< A luj — A, an,nz)

a=l1

n

k
—Z Z 8i(Akr1 — AD(A; — Aj)Tag,; — Z Z —(Ak+1 Apdg;;

alzjl

n
- Z —(Ak+1 AD) Y VU6l

i=1 8i a=1
+Z Z 8 (Aky1 — AD(A; — Aj)Pa 5U+Z Z 8i (A1 — AP (Aj — Ajag,;.

a=1i,j=1 a=1i,j=1
(2.22)
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Since {§; }i'{=1 is a non-increasing monotone sequence, we have
n

k n k
SN S — A = ADPa; + YD 8kt — ADA(A; — Ajak;

a=1i,j=1 a=l1i,j=1

1 n k
=52 2 Bkt = A)(Aist = A (AL = AP = 8))ag;; < 0.
a=li,j=1

We conclude from (2.22) that
k
nY (Aes — A
i=1

k n
<) 8i(Aep—A)? ((212+(n—4)1+3 - n)fgm(—A)’—]ui —Ai Yy ||Vyw-||2>

i=1 a=1

n n
1
+) jgmkﬂ — AD D Vi ol (2.23)
i=1 ! a=1

It follows from the divergence theorem and Lemma 2.1 that

k k
2
Sl = = [ Y g
a=1 2 a=1

[ [
5—— *
M= 2

= 1M

g =

QD 2

= >

=
5

2
= | (Au))
Q
= / u,-Azui
Q
< Al.l/([_l),
2,
where u; 4o = %x“z’ . Thus, we have
o

k
nY (Aps1 — A
i=1

k n
<D (A=A’ ((212+(n —4)l+3 —n) / HCINETED Y Al-||Vyw-||2)
i=I & a=1

k
1 /(-1
+>° 5 Ak = AHAED, (2.24)

i=1 "'

Before we can finish the proof of Theorem 1.2, we shall need two lemmas.
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Inequalities for eigenvalues of the buckling problem of. . .

Lemma 2.2 For any i, we have
n
(n—21— 2)/ wi (=) " up = nAillui|* =48 Y 11V vl (2.25)
2 a=1

Proof When | = 2, the above formula has been proved by Cheng and Yang [17]. We only
consider the case that / > 2. In this case, we conclude from the boundary condition on u;
that yyilag = Vywilae = Ayailaq = 0. Using the divergence theorem, we have

/Qxau,- <an,V<Al_lui>>
:/QxauiA’”(an,vM,-)
:/QAI_I(xaui)(an,Vui)

[ (v v (8 )

- —/Q<Vyw-,V(Al_l(xaui))>

= [ sui! )

= / Vai (21 <V (Al_lui) ; an> +xaAlui)
Q

=-21 / AU (Vyai, Vag) + A (=D / YaiXaAuj, (2.26)
Q Q

/ YaiXo Al
Q

= —/ (VYai, xaVu;) —/ Yai{VXa, Vu;)
Q Q

- / (Vs %aVits) + / (Vyars 145 Vxa)
Q Q

- / (Vs %aVitr) + 1V yai P (2.27)
Q

/ (VYai, xoaVui)
Q
:/(Vyaithai>
Q
=/<Vyaisv(xa”i)_vym>
Q
- / (Y Yot V Ceatt)) — 11V yai 2
Q

= / (i Vxg, V(xgu)) — [|Vyaill?
Q
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_ ||ui||2+/g<u,-wa, xaVitg) — 1V yai 1
1
=||u,<||2—1/9u%Ax§—||Vym»||2

1
= 5||u,~||2 —IVyaill? (2.28)
and
/ A7 (Vygi, Vi)
Q
= —f Vai <V <Al*lui> , an>
Q
- [y e (). v
Q
= [ (o9 v (4 20). v
Q
= / <ul-an, \Y <V (Alfzu,) R an>>
Q

= — /Q <an, \Y (Al’2u,~)> (Vui, Vxg) .

It follows from (2.26)—(2.29) that

/ Xo Ui <an, \% (Al_lui»
Q

1
=21 [ (Va0 ¥ (&720)) (V. Vi) + 1) (—Enuinz - 2||Vyo,,»||2) :
Q

(2.29)

(2.30)
Since
A (qui) = 20 — 1) <v (A’*Zu,-) , an> Fxg A,
we get
/ XoUj <an, \Y% (Alilu[»
Q
= / xau,'Alfl(Vu,', Vixg)
@ (2.31)

- [ A () (Vi Vi)
Q
- / (2(1 1 <v (A[_zu,-) , an> +xaA[_1ui) (Vi Vi) .
Q
On the other hand, we have
A -1\ _ . .
/xau, <on,,v(A u,)>_—f AV i+ xe (Vitg, Vxg)). (2.32)
Q Q

We obtain from (2.31) and (2.32) that
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/xaui <an,V(Al_1ui>>
Q
=/M{(l—1)< (Al -2 ) an><vM,,an>—%u Al-1 } (2.33)

Combining (2.30) and (2.33), we infer

/M{(l—l)(m,v(A’ 2 ))(an,Vu)—%uiAl_lu,-}

1
=21 [ (V0. (8720} Vs, V) + (-1 (—5||u,-||2+2||Vym-||2>.
Q

(2.34)

Summing on «, we get (2.25). O
Lemma 2.3 For any i, we have

Z Wi l1® AT L . (2.35)

Proof Using the definition of W,; and the divergence theorem and noticing (2.20), we have
/ (Vxo, Wai) Au;
Q
== [ (Vi VTx0 W
Q

= —/ (Vu;, V({(xq Vi — Vhyi, Vxy)))
Q

—||(Vui,an)||2—/Xa(Vui,V(Vui,an))-F (Vui, V(Vhgi, Vxa))
Q

—II(Vui,an>||2—/xa(Vui,WVui,an))— ui A(Vhai, Vg)
Q

ui(V(Ahgi), Vxa)

STSSTS g

= —[[(Vui, Vo) |I* —/ Xo(Vui, V(Vui, Vxg)) —
Q

= —[l{Vui, an)llz—/ (xaVui, V(Vui,anH—/ ui{(V((Vxa, Vui)+xq Aui), Vig)
Q Q

—||<Vu,»,an>||2—/Q<V(xaui),V<w,»,wa>>—/Qu,-W(xaAui),vm

—||<wi,an>||2+/Q<Vui,anm(xaui)+/QxaAu,-<wi,an>
= ||<w-,an>||2+2f9xaAu,»<wi,vm

= Vs, Vo) P —ZfQWui, V(e (Viti, Vo))
=—||<w,»,an>||2—Z/Qxa<Vu,»,V<wi,an>>

= —[(Vui, Vag)||* + 1. (2.36)
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On the other hand, for € > 0, we have

/ (Vs W) Aty = / (AU Vg — V(Vitg, V), Wai)
Q Q

IA

€ 1
SIWeill® + 118w Vxg = V(Vui, V)l (2.37)
From (2.36), we have
n
Z/ (Vxg, Wai)Au; =n — 1. (2.38)
a=1 Q@
Also, one can check that

n
> AU Vg — V{Vui, Vi)l = (n — 1)/ widu; < (n— DAY (239
Q

a=1

Thus we have from (2.37)—(2.39) that

n
€ 2 =1 e
n=1= 5 ) Wil 4+ — =477 (2.40)
a=1
Taking
(n— DAY
€= | —=—Lt—,
Dot 1Waill?
we get (2.35). This completes the proof of Lemma 2.3. O
Let us continue the proof of Theorem 1.1. Since Nuill? = [|Wail |2 + ||Vym~||2, we have
from (2.35) that
n n
nAllui])* = A Y Wail P+ Ai Y 11V yaill?
a=1 a=1
1-2)/(—1 .
> (= DAY L A Iyl 2.41)
a=1

which, combining with (2.25), implies that
n
(n—21-2) _ (n—1)  q-2)/0-
— A Y I Vyaill? < ff ui(=8) "y = == AN 242
Q
a=1

Substituting (2.42) into (2.24) and using Lemma 2.1, we get

k
nYy (Akpr— A
i=1

k
—21-2
< > 8i(Agr — A ((212 + =4 +3—n+ "f) [ i (— )
i=l1 Q

n—1) a-20-1
B

@ Springer



Inequalities for eigenvalues of the buckling problem of. . .

k n
1 1/a-1)
+ Z S*i(AkJrl —Aj) (; A;

k
n=20-2 =1\ 2
Z i(Ai1— ((212+(n—4)l+3 nt’ T ("3 )>A§’ /0 ”)

k

1/(-1
+Z—(Ak+1 ApAD
i=1

k 14 8
_ Z&'(Akﬂ . A,»)z (212 + (n . ?> I+ - n) Afl_z)/(l_l)
i=1
ko
/(1)
— (A — A)A. .
+;8,( k+1 i) i

This completes the proof of Theorem 1.1.

Proof of Corollary 1.2 By induction, one can show that

k k
T —
iZ(Ak—H } {Z(Akﬂ Ai)Ai>,

which, combining with (1.12), gives (1.13). o

Proof of Theorem 1.2 We use the same notations as in the beginning of this section and take
M to be the unit n-sphere S”. Let x1, x3, ..., x,+1 be the standard coordinate functions of
the Euclidean space R"*! then

n+1
S = {(xl,---,xn+1) ER"“;Z)@: 1}.

a=1

It is well known that
Axy = —nxg, a=1,...,n+1. (2.43)
As in the proof of Theorem 1.1, we decompose the vector-valued functions x, Vu; as
XaVutj = Vhgi + Wy, (2.44)
where hg; € W(}”ZZ(Q), Vhyi is the projection of x, Vu; in L%,I(Q), Wyi L L&l(Q) and
Wailose = 0, div Wy =0. (2.45)

We also consider the functions ¢,; : 2 — R, given by

k
bai = hai — Zbaijuj» byij = / Xa(Vui, Vuj) = byji. (2.46)
— Q
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Then
_ a[_l¢ai
a0 A PP

(d’ai»”j)D:/(V‘ﬁai’vuj):O, Vi=1,....k
Q

a¢ai
av

Puilye = =0,

and we have the basic Rayleigh—Ritz inequality for Az :

Ak+1/ IV¢>m|2§/¢ai(—A)l¢ai, Ya=1,....n, i=1,... k. (2.47)
Q D

We have
A¢ui = (Vxa, Vit;) + xqAuj — me}Au, (2.48)

and from (2.56) in [29],

/ bai (—A) i
Q
k

/( D! (Vi Vitg) + %o M) A2 (Vitg, Vitg) + xoAuii) = Y Ajb2;. (2.49)
j=1

For a function g on €2, we have (cf. (2.31) in [37])
A(Vxy, Vg) = —2x4A8 + (Vxo, V(A +n —2)g)). (2.50)

For each ¢ = 0, 1, ..., thanks to (2.43) and (2.50), there are polynomials F, and G, of
degree ¢ such that

AT(Vxg, Vui) + xq Aup) = X0 Fy (A) Aui + (Vxg, V(G4 (A)uy)). (2.51)
It is obvious that
Fp=1, Go=1. (2.52)
It follows from (2.43) and (2.50) that
A(xqAu; + (Vxg, Vi) = xg(A — (n +2))Au; + (Vxg, VI(GA + 1 —2)u;)),(2.53)
which gives
Fit)y=t—(n+2), Gi(t) =3t+n-—2. (2.54)
Also, when g > 2, we have (cf. (2.65) and (2.66) in [29])

Fy(t) = (2t —=2)Fy_1(t) — (> + 2t —n(n — 2))Fy—2(t), ¢ =2,..., (2.55)
Gy(t) = 2t —=2)Gy—1(t) — (> + 2t —n(n —2))Gy-a2(t), ¢ =2,.... (2.56)
O
Foreachqg = 1,2, ..., letus set

qu(t) = th—l(t) - Gq—l(t)~
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We conclude from (2.52), (2.54)—(2.56) that the polynomials ®,, ¢ = 1,2, ..., are defined
inductively by (1.15) and (1.16). Substituting

A2 (Vixg, Vi) + xg Aup) = xo Fi—2 (D) At + (Vxg, V(Gi_o(Au))  (2.57)
into (2.49), we get

/ bai (—A) Pai
Q

= /Q(—l)l((an, Vui)(Vxa, V(G1-2(A)u;))

+ (xa Vg, Aui V(Gi—2(A)u;) + (Fi—2(A) Aui) Vu;))
k

+ f (=1)'xg Aui Fr o (A)(Aui) = Y A b, (2.58)
Q ;
j=1
Summing over « and noticing
n+1 n+1
D oxe =1 D (Vata, Vui)(Vag, V(G2 (B)up) = (Vui, V(Gra(Bup),  (2.59)
a=1 a=1
we infer
n+1
Zf%&ﬂ%
a=1 &
n+l k
= / (=D (Vui, V(G2 (Auy)) + f (=D Aui Fra(A) (Auy) = DY~ Ay
Q 2 a=1j=I1
n+1 k
= / (=D Ui AGr2 (D)) + / (=D ui A(Fi-2(A)(Au)) = Y D Ajbyy;
Q@ £ a=1j=1
n+l k
= / (=1 (AF2(A) = Gra(A)) (Aui) = D Y A b
£ a=1j=1
n+1 k
= / (=D ui @1 (A)(Awy) = Y Y Ajb;
@ a=1j=1
= f (=D (A7 = @2 A2
Q
n+1 k
+ (DA — 1= 2'72) () = 30 DA,
a=1 j=1
-2 n+l k
=Ai+ (D' =22+ a; / wi(—=A) Ty =Y N A b (2.60)
=1 79 a=1 j=1
Set
-2 )
Hi = (—D'(n =22+ 3" ata]/ ", .61)
j=1
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then it is easy to check from Lemma 2.1 that
D' =272+ f ui (=8 u; < Hy. (2.62)
. Q
j=0

Substituting (2.62) into (2.60), we have

n+l n+l k
Z/ Poi (— A boi < N+ H =Y Y b (2.63)
a=1 j=I

Observe from (2.44) and (2.46) that

k
X Viti | = [|Vhai | + [|WailI* = | Vepai |I* + [ Wai > + mej- (2.64)
j=1
Summing over «, one gets
n+1
1= " 11Vail* + || Wail +Zba,, : (2.65)
a=1 j=l1
Combining (2.47), (2.63) and (2.65), we get
n+1 n+1 n+l k
D (kg1 = ADIVeail* < H; +ZA IWail P4 Y ) (Ai = Ajbl;;. (2.66)
— a=1 j=I
Set
n—2
Zai = V(VXq, Vui) = ——XaVitis Caij = | (Vitj, Zai); (2.67)
Q
then ¢yj = —cgji (cf. Lemmain [37]). By using the same arguments as in the proof of (2.37)

in [37], we have

k
(As = A0 (2||<an,w,->||2+/ (v, A”ivui>+(n—2)||xavui||2+2Zbaijcaij)
Q

j=1

k
A i
<6 (Mgt — A || Vebai |2 + % (nzmn2 - Zcf;i,-) + (1= 2) (A1 — A Wai |2
! j=1
(2.68)
Since
n+1
Z||<an,w,~>||2:f IVui> =1, (2.69)
a=1 Q

we have by summing over « in (2.68) from 1 to n + 1 that
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n+1 k
Akt = AD> [ n+2) > baijcai)
a=l1 j=1
n+1 Mgt — A n+l k
3 2 +1 — A 2 2
<5 Z(Akﬂ — A Vepai | + 37; 1 Zai —anu
n+1
+ (=2 Y (Akg1 — AD* || Wai |2 (2.70)
a=1
The following inequalities have been proved in [29]:
1/(-1)
A, —(n—2)>0, (2.71)
n+1 2
1ya-1n , (m=2)
Dol1Zaill? = A0 4 = 2.72)
and
n+1 1
Do Wil < 1= —7a— : 2.73)
— Ai - (}’l - 2)
Thus, we have by combining (2.66), (2.70), (2.72) and (2.73) that
n+1
(Ak+1 — Ai)2 n+2 Zzbaqcal}
a=1 j=1
n+1 k
<8 (M1 — A [ Hi+ ) ) (A — Apb;
a=1 j=I
Apat — A n+l k n+l1
++87 NZaill* =D ki) +Z(Ak+1 A SiAi 41— 2)||Wei
a=1 j=1
n+1 k
< 8i(Ars1 — AD* [ Hi+ D) (A — Aj)by;
a=1 j=1
Apy1 — A -1 , (n 2) fang
+1 — D a-n , -
(e 0227 s
! a=l1 j=1
1
+(App1 — AD*GiAi +n—2) (1 - = . (2.74)
A, —(n-2)
Since {§; }f.‘zl is a positive non-increasing monotone sequence, we have
n+1
2y Z (Aks1 = M) baijCaij
a=1i,j=1
n+1 n+1 Ak =
= Z 8i (At — AP (A — AbL; — > Z + ’cgu (2.75)
a=1i,j=1 a=11i,j=1
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Hence, by summing over i from 1 to k in (2.74), we infer

k
nYy (Air1— A

i=1
1
YD)
A, —(n=2)

k
<Y (Akpr — A |8 Hi + Gidi +n—2) (1

i=1

k 2
Z Ajy1 — A -1y  (=2)
i=1 !

That is

d n—2
Z(Ak“ - A |2+ /0=
iz A; —(n—=2)

k
<> (A1 — A8 [ Hi+ A |1 -
i=1

k
(A1 — A (1ya-1  (n—2)?

1
1/a—1)
A, —(n—2)

k k 2
B 2 (Ak+1— D) (10—, (n—=2)
= El(Ak+1—Ai) 3i55+§187i A, +T ,
1= 1=

where S; is given by (1.19). This completes the proof of Theorem 1.2.
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