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UNIVERSAL BOUNDS FOR EIGENVALUES
OF A BUCKLING PROBLEM II

QING-MING CHENG AND HONGCANG YANG

ABSTRACT. In this paper, we investigate universal estimates for eigenvalues of
a buckling problem. For a bounded domain in a Euclidean space, we give a
positive contribution for obtaining a sharp universal inequality for eigenvalues
of the buckling problem. For a domain in the unit sphere, we give an important
improvement on the results of Wang and Xia.

1. INTRODUCTION

Let M be an n-dimensional complete Riemannian manifold and Q@ C M a
bounded domain in M with piecewise smooth boundary 0€2. A Dirichlet eigen-
value problem for the Laplacian is given by

Au=—=Au, in
(1.1) { u =0, on 01,
which is also called a fized membrane problem, where A denotes the Laplacian on
M. The spectrum of this eigenvalue problem is real and discrete.

The following eigenvalue problem of a biharmonic operator is called a buckling
problem:

A%u=—AAu in Q

(1.2) o2 = du
Ulpn = o

)

=0,
o0
which describes the critical buckling load of a clamped plate subjected to a uniform
compressive force around its boundary, where v is the outward unit normal vector
field of the boundary 0. It is known that the spectrum of the buckling problem
is also real and discrete.

When 2 C R" is a bounded domain in an n-dimensional Euclidean space R",
Payne, Pélya and Weinberger [17] and [I8] proved the following inequality for eigen-
values of the eigenvalue problem (1.1): for k =1,2,...,

k
4
(1.3) Mes1 = Ak < Z} A
One calls it a universal inequality since it does not depend on the domain 2.
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6140 QING-MING CHENG AND HONGCANG YANG

On the other hand, Payne, Pdlya and Weinberger [I7] and [I8] also studied
eigenvalues of the buckling problem on a bounded domain £ in R™ and intended
to derive a universal inequality for eigenvalues of the buckling problem. But it is
very hard to deal with this problem. They only proved, for n = 2,

Aoy < 3A;.
As an open problem, Payne, Pdlya and Weinberger [17] and [I8] proposed the

following:

Problem. To determine whether one can obtain a universal inequality for eigen-
values of the buckling problem (1.2) on a bounded domain in a Euclidean space,
which is similar to the universal inequality (1.3) for the eigenvalues of the fixed
membrane problem (1.1).

For lower order eigenvalues, Hile and Yeh [14] and so on improved the result of
Payne, Pélya and Weinberger to
n? + 8n + 20
A< ——
Tt 2)?
Furthermore, Ashbaugh [3] (cf. [2]) has obtained

A

n
Z A1 < (n+ 4N
i=1
and he has commented that to obtain a universal inequality for eigenvalues of
the buckling problem remains a challenge for mathematicians since 1955. Many
mathematicians have intended to attack this problem, but it has remained open for
almost 50 years.
As one knows, in order to obtain a universal inequality for eigenvalues of the
buckling problem, it is a key to find appropriate trial functions. Cheng and Yang [g],
by introducing a new method to construct trial functions for the buckling problem,

have obtained the following universal inequality for eigenvalues of the buckling
problem (1.2):

- 4n+2)

2
(1.4) ;(AkJrl )T S Zl(AkJrl —Ai)A;.
Thus, the problem proposed by Payne, Pélya and Weinberger has been solved affir-
matively. By making use of the asymptotic formula of Weyl for eigenvalues of the
Dirichlet eigenvalue problem of the Laplacian and one of Agmon [I] and Pleijel [19]
for eigenvalues of the clamped plate problem, we can have the asymptotic formula
of eigenvalues for the buckling problem according to the variational characterization
for eigenvalues of the buckling problem:

4 2

(1.5) Ay ~ %k%, k — oo,

(wpvol2)n
where w,, denotes the volume of the unit ball in R™. By the results of Li and Yau
[16] and the variational characterization for eigenvalues, one can obtain a lower
bound for eigenvalues of the buckling problem (cf. Levine and Protter [15]):

(1.6)

| =

k

4 2
YA LSS
) n+2 (wnvolﬂ)ﬁ
]_
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On the other hand, by making use of the recursion formula in [9], one can obtain
an upper bound for eigenvalues of the buckling problem, which is sharp in the sense
of the order of k, if one can get a sharp universal inequality for eigenvalues of the
buckling problem as the following (cf. [§]):

Conjecture. FEigenvalues of the buckling problem on a bounded domain in a Eu-
clidean space R™ satisfy the following universal inequality:
k L
Z(AkJrl —AN)* < - Z(Ak+1 — A)A,.
=1 i=1
Therefore, the next landmark goal for the study on eigenvalues of the buckling
problem will be to prove the above sharp universal inequality.
In [8], we decompose zPVu,; into

(17) 2PVu; = Vhpi + Wi,

where the notation used may be found in section 2. We make use of the function
hip to construct appropriate trial functions. In order to get our universal inequality,
we estimated the L?-norm of w,,; in [§]. As one knows that to find new appropriate
trial functions is very difficult, many years were spent constructing appropriate
trial functions in [8]. In this paper, we shall also use the trial functions constructed
in [8] and our main observation is to introduce new functions ¢,; and a careful
exploitation of Vg,; = V(2Pu; — hy;) and Awp,;. Furthermore, the estimate on the
lower bound of the L?-norm of Vg,; will play an important role in the proof of our
Theorem 1.1. In this paper, we will prove

MY IVap* >
p=1

If one can prove that the L2-norm of Vg, satisfies

W ot

n
(1.8) A Vgl > 3,
p=1

then the sharp universal inequality in the above conjecture will be obtained (see
Remark 2.1 in section 2). In order to prove inequality (1.8), we have spent several
years. But we still cannot prove it. Hence, we hope to share our new ideas with
mathematicians who are interested in this field such that the landmark goal in the
study on eigenvalues of the buckling problem will be finally realized, which also is
one of our main purposes to publish this paper.

Theorem 1.1. Let A; be the i-th eigenvalue of the buckling problem (1.2) for a
bounded domain @ C R™. Then, we have

k k
(1.9) D> (Mg —Ai)? < Z Apr1 — Ni)A.

i=1 i=1

Remark 1.1. Since our universal inequality is a quadratic inequality of the eigen-
value Ax11, we can obtain an upper bound of the gap between two consecutive
eigenvalues as in [§] from (1.9). We will not give the details.

When M is an n-dimensional unit sphere S™(1), Wang and Xia [20] have studied
the buckling problem on a domain  in S™(1). They have obtained a universal

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6142 QING-MING CHENG AND HONGCANG YANG

inequality for eigenvalues of the buckling problem; namely, they have proved that
eigenvalues of the buckling problem (1.2) on a domain 2 in the unit sphere S™(1)
satisfy

k

(1.10) 2> (Apsr — Ay)?

i=1

b ) 52(A; — (n—2))
(1.11) < ;(Am —Ai)*{oA; + m}
k 2
(1.12) + %Z(Ak“ — Ag) (A + @)7

=1
where § is an arbitrary positive constant.
According to our knowledge, we think that eigenvalues of the buckling problem
on a domain in S™(1) should satisfy

k L 9

App1 = A2 < =S (Apgr — A (A + ).
Zz:;( k+1 z) n ;( k+1 z)( % 4 )
Since one needs to use covariant derivatives for the unit sphere, in order to exchange
the orders of covariant derivatives, one must use the Bochner formula, which is
different from the case of the Euclidean spaces. Thus, one needs to deal with the
terms of Ricci curvature. Hence, it will be very hard work to obtain the above
universal inequality. The second purpose in this paper is to give an important
improvement for the result of Wang and Xia.

Theorem 1.2. The eigenvalues A; of the buckling problem (1.2) on a domain §2 in
the unit sphere S™(1) satisfy

k k
Ak+1
1.1 2 A -2)
(1.13) ;( k1 — (n ; N (2
K n—2
k

Ak+1 (n—2)?

1.1 Ai R
(1.15) +; + )

for an arbitrary positive non-increasing monotone sequence {8;}¥_,.

Remark 1.2. Tt is obvious that our result is sharper than one of Wang and Xia
[20] even if we take ; = § for any 4. Since our universal inequality is a quadratic
inequality of A1, we can obtain an explicit upper bound for the eigenvalue Ay
from (1.11).

In particular, when n = 2, we have

Corollary 1.1. The eigenvalues A; of the buckling problem (1.2) on a domain
in the unit sphere S%(1) satisfy

k k
(1.16) Z(AkJrl Z A1 — M)A
i1 =1

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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1
Proof. Since n = 2, from Theorem 1.2 and taking §; = o fori=1,2,...,k, for
i
which {8;}F_; is a positive non-increasing monotone sequence, we finish the proof
of Corollary 1.1. O

Remark 1.3. For recent developments in universal inequalities for eigenvalues of
the Dirichlet eigenvalue problem of the Laplacian and the clamped plate problem,
readers can see [4], [B], [6], [7], [@], [12], [13] and [21].

2. PROOF OF THEOREM 1.1

For the convenience of the readers, we review the method for constructing trial
functions introduced by Cheng and Yang [8]. In this section, € is assumed to be
a bounded domain in R™. For functions f and h, we define the Dirichlet inner
product (f,h)p of f and h by

(f.1)p = /Q (Vf,Vh).

The Dirichlet norm of a function f is defined by

1/2
1£llp = {(£. Np}* = (/ Zlvaf|2> .

Let u; be the i-th orthonormal eigenfunction of the buckling problem (1.2) corre-
sponding to the eigenvalue A;; namely, u; satisfies
Ay = —N;Au; in Q,
— Ouy —
(21) 'U/i|BQ - 8_’7, o0 — 0)
(ui,uj)D = fQ<Vuz, Vu]> = 5”

H2(Q) defined by
H2(Q) = {f: [,Vaf,VaVsf € LXQ), a,f=1,...,n}

is a Hilbert space with norm || - ||2:

1/2

1£ll2 = / I / VIS (VaVi)?

B,a=1
Let H3 () be a subspace of H3 (€2)defined as

1300 = {1 € B2 flow = 1 f

—of.
9Q

The biharmonic operator A? defines a selfadjoint operator acting on H. 22 () with
discrete eigenvalues {0 < Ay < Ay < --- < Ay < ---} for the buckling problem
(1.2), and the eigenfunctions defined in (2.1),

{u;i 12, = {ur,ug, ..., ug, ...},

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6144 QING-MING CHENG AND HONGCANG YANG

form a complete orthogonal basis for the Hilbert space H227 p(). We define an
inner product (f,h) for vector-valued functions f = (f*, f2,...,f") € R™ and
h = (h',h?,... h") € R" by

(f,h):A(f,h>_/§l;fah“.

The norm of f is defined by

n 1/2
Il = (£.£)/2 = { / Z(f%?} .

Denote a Hilbert space H?(£2) of the vector-valued functions as
HI(Q) = {f: f*,Vaf* € L*(Q), for a,B=1,...,n}

with norm || - ||1:
1/2

it = (1614 [ 3 warr
a,B=1

Let H} ;,(€2) € H3(Q) be a subspace of H(Q2) spanned by the vector-valued func-
tions {Vu;}72,, which form a complete orthonormal basis of H3 1, ().

It is easy to see that for any f € HQQ’D(Q), Vf e H%’D(Q) and for any h €
H? (), there exists a function f € H3 () such that h = V.

Let P for p =1,2,...,n be the p-th coordinate function of R". For the vector-
valued function z?Vu;,i = 1,...,k, we decompose it into
(2.2) 2PVu; = Vhy + Wpi,

where hy,; € H () and Vh,,; is the projection of #PVu; onto HF 1, (Q) and wy; L
H? 5(€). Thus,

(2.3) (Wpi, V) / Zwmv u =0, for any u € H2 p(Q).
it

Therefore, since H227D(Q) is dense in L?(Q2) and C'(Q) is dense in L?(£2), we have,
for any function h € C1(Q) N L3(Q),
(2.4) (Wpi, Vh) = 0.
Hence, from the definition of wp; and (2.4), we have
% = 07
(25) Wrilon = | o
[divwy, |2 =0 (divwy; = >0, Viwy,).
We define the function ¢,; by
k

(2.6) Ppi = hpi — Z bpijty,
j=1

where

bpij = / P(Vug, Vug) = byji.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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It is easy to check, from definition (2.2) of hy;, that ¢, satisfies

Dopi
(2.7) wpilon = =5 lon =0 and (¢pi,u5)p = (Vippi, Vuy) = 0,
for any j =1,2,...,k. Hence, we know that ¢,; is a trial function.

In order to prove our Theorem 1.1, we prepare three lemmas.

Lemma 2.1. For any p and i, we have
(2.8) 1+ 2]|(Va?, Vug) |2 = Q/xpui(pr,V(Aui)>.
Proof. From the Stokes’ formula, we have
/(x”uiVmp, V(Au;))
= —/div(a:puipr)Aui
= —/uiAui —/prui<pr,Vui>,
/prui<V:Ep,Vui>
= —/(Va:p,VuZ)Q - /xp<Vui,V<Vx”,Vui>>
= —|(VaP, Vu,)|? —I-/div(xpV(pr,Vui>)ui
— (T2 V| + [ (Va7 V(Va, Fuyus + [ auiA(Va?, V)

= (Va?, V| — / (VaP, V) + / 2Pus(Va?, V(D).

Since || Vu;]|? = 1, we have

1+ 2|(VaP, Vu)|? = 2/xpui<V:Ep, V(Au;)).

According to zPVu; = Vhy; + wy; and V(zPu;) € HY (), we have
(2.9) w;VaP = V(axPu;) — Vhy — Wy = Vg — Wy,
with Vg = V(2Pu;) — Vhy; and gy € H3 (€2). Hence, we derive
(2.10) luill® = [V apill® + l[wpsl|.
Lemma 2.2. For any p and i,
Aglui ).

1
(2.11) B{Va?, Vuy)||* = 2A: [ Vayil|* = 3

N | =

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6146 QING-MING CHENG AND HONGCANG YANG

Proof. Since, from the Stokes’ formula,

/ 2P0 (Va?, ¥ (Auy)
_ / A(aPu;)(Va?, Vuy)
- _/<uiwp,v(A(wpui))>
_ / (Vapi, V(A(zPu;)))  (from (2.4) and (2.9))
- / 4pi A% (2P u;)
_ / Gpi (4(V2?, V(D)) — Aga? Auy)

= —4/Aui<qui,pr> —Ai/qm-:cpAui
and

—Ai/Qpiﬁprui = Ai/Wf]m,ﬂ?pVUz? +Ai/qpi<pr,Vui>
= A / (Vapi, ?P V) — A; / (Vapi, u; VaP)
Y / (Vapi, 27V uz) — Ai| V|,
_4/Aui<qu,V:cp>
— 1 [(V(Ag),uiVa?)
_y / Agyi(Va?, Vi)
= —4/<qui,V<Vl’p7VUz'>>

= —4/<uipr,V(Va:p,Vui>>
= 4[[(Va?, Vuy) ||,

we obtain
(2.12)

/IPUKV@J)’ V(Auy)) = 4[(Va?, Vu) |* + A /<V(1piaxpvui> — i Vgl
From Lemma 2.1 and the above equality, we have

(2.13) 6]/ (Va?, Vaus) |2 — 24| Viagps |2 — 1 = —24, /(qui7x”Vui>.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Furthermore, from (2.4), 2?Vu; = Vhy,; +wp; and Vg, = V(2Pu,;) — Vhy,;, we have
/(qui,x”Vuz)
— [ (Vi V)

B /(quia V(@Pui) = Vpi)

(2.14)
— [ (Va, Taru)) = [Vl
— [ e Varu) - Vol
= |lug|* + /(uipr,xqui> — IVl
Since
/(uipr,xqui> = —||lug|* - /(uipr,xqui>,
we obtain

1
/(uipr,xqui) = —§||ul-||2.

According to (2.13) and (2.14), we have

1 1

30V, Vus? — 284/ Vall? = 5 — 2 Adlh”
This finishes the proof of Lemma 2.2. O
Lemma 2.3. For any i,

n
(2.15) 0wl = (n = 1)
p=1

holds.
Proof. Since
(2.16) V(2P Vau;) — Vo (2P Vu;) = Vgwy, — Vawgi,

where wp; = 2PVau; — Vahpi denotes the a-th component of wp;, we infer, from
div(wp;) = 0, that

n
IVwuill* = D [ Vawp|?
a,B=1

1O o ,
o =5 2 IVswp = Vaup | + [[div(wp)||”
: a,B=1

1 n
=3 Y Vs Vaui) = Va(a?Vgu) ||

a,f=1
=1—[Vyul*

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Furthermore, we have
«
Awp; = A2V ou; — Viahy)

= A(@PVau;) — Va <div(th-)>

= A(xPVu;) — Vg <div(xqui)>
=V, Vau; — Vol Au,.

Thus, we obtain

(2.18) Aw,; = V(V2P, Vu;) — Au; VP,

For any positive constant ¢;, we have

Vw12 = - / (Wi, Av)
(2.19) =— /(wpi,V<pr,Vui) — Au; VaP)

i 1
< Slwpill® + 5 1V(Va?, Vus) — AuVa? |2

Since, from (2.17),

n

Y oAIVwulP =n—1, D IIV(Va?, Vu)|* = A

p=1 p=1
by taking the sum on p from 1 to n for (2.19), we have

n

—1
i 2,
(n—1) EZ [lwpill” + 2, A;.

Putting

SESEVES T TEE

>t 1wl ?
we obtain
Ay Wyl = (n— 1),
p=1

This completes the proof of Lemma 2.3. ]

Proof of Theorem 1.1. Since p; is a trial function, from the Rayleigh-Ritz inequal-
ity, we have

(2.20) A1 Vepi|* < /@piﬁzwm‘ = —/VSOpi'V(Aw)pi-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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By making use of the same arguments as in Cheng and Yang [8], we have, for any
p and 4,

(2.21)
k
(At — ATl < 1+ 3IVpil2 = A(lual® — wpil2) + S (s — Ay,
j=1
k
(2.22) 142 by = =2 | (Ve V{Va?, V),
=1
where

Cpij = /<V<VZEP, Vui>, vu]'> = —Cpji-
Hence, we have, for any positive constant d;,

k
(AkJrl — A1)2(1 + 2 Z bpijcpij)
j=1

= (Mg —A)? /Q —2(Vippi, V(VaP, V) Zcp”Vu]

k
< 0i(Akr1 — A)* [ Vipil® + (Ak+1 A | IV(V2?, Vu|? =~ &,

j=1
From (2.21) and [|u;||? = [|[Vapil|? + |[wpi||?, we obtain
k
(A1 = A2 (142 byijcpij)
j=1
k
223 <0l - A1 31Tl - AT + (A - A )
]:
1
5_1(Ak+1 AZ) ||V<pr Vul ||2 Zcplj
By taking the sum on p from 1 to n, we derive
n k
(A1 = A)>(n+2D > byijcpij)
p=1j=1
21 <h(w - AP (n+3- A Z Tl + 3230~ ) %)

p=1j=1
1 n
s i — M) [ A — > Z Cpi
v p=1j=1
From Lemma 2.2, Lemma 2.3 and

luill® = 1 Vapll* + w1,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6150 QING-MING CHENG AND HONGCANG YANG

we infer that
n
AD IVl > %
p=1

Thus, we obtain, for any ¢,

n k
(Ak+1 — Ai)2(7’b + 2 Z Z bpijcpij)

p=1j=1
4 n k
(2.25) < 6i(Apyr — Ai)Q (n + 3 + Z Z (A; — Aj) pw)
p=1j=1

n

k
1 2
+ (5_1'(Ak+1 - Az) AZ — Z . C;m'j

p=1j=

By taking the sum for ¢ from 1 to k and noticing that bp;; is symmetric and cp;; is
antisymmetric on i, j, we have

nz Apy1 — — 22 Z (A1 — Ag)(Ai — Aj)bpijicpis

p=14,5=1
4 & U]
<(n+ g) ; §i(Apr — Ni)* + ; (5_1-(Ak+1 — A)A;
n k k 1
(2.26) - Z Z Gi(Apyr — Ai)(As — A5)%02,; — Z E(Akﬂ — Ai)ep;
p=14,j=1 =1 "
n k
+Z Zél(AkJrl_A)(A — A ) plj
p=14,5=1
n k
+ Z Z 85 (A1 — Ai)*(Ai = )by
p=11i,j=1
Since, for a non-increasing monotone sequence {&;}*_,,
n k
Z Z Ak+1 )(A A p’L] + Z Z 5 Ak+1 ) (A — A ) 2]
p=114,j p=14,5=1

%ZZ (Arr = A (Arr = A) (A = 45)(6: = 6;)b%; <0,

we conclude from (2.26) and the above formula, for a non-increasing monotone
sequence {d;}*_;, that

k k k
4 1
n;mkﬂ — AP < (nt ) ;MAM —A)?+ g 5 (e = A
In particular, putting
5 — n
t 2(n+ %)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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for any 7, we obtain

k 4 k
D (Mg —Ay)? < Z Apgr = M)A
i=1 i=1
This finishes the proof of Theorem 1.1. |

Remark 2.1. If one can prove, for any 4,

Aiz IVapil|® > 3,
p=1
one will infer that
k k

4
D (B = A0 < =% (Mg = M)A,

i=1 i=1
which solves the conjecture.

3. PROOF OF THEOREM 1.2

For the unit sphere

n+1
S (1) = {(acl,xQ, S atty e R Z(xpf = 1}7

i=1
we denote the induced metric on S™(1) by the canonical metric (-,-) on R"™ also.
For any p, we have
(3.1) V:VjaP = —g;;aP, Az? = —na?,

where g;; denotes the components of the metric tensor of S™(1). Let u; be the
i-th orthonormal eigenfunction of the buckling problem (1.2) corresponding to the
eigenvalue A;; namely, u; satisfies

Au; = —N;Au; in Q,
(3.2) uilog = 24|, =0,

(’U,i7 ’U,j)D = fﬂ <Vu“ Vuj> = 61]
For constructing trial functions, we use the same notation as in section 2. We would
like to remark that vector-valued functions in this section have n + 1 components.
Although the orders of differentiations of functions in the Euclidean space can be

exchanged freely, we must do it very carefully for the covariant differentiations of
functions in the case of the unit sphere.

Since 2P for p = 1,2,...,n + 1 is a coordinate function of R"*!, for the vector-
valued function 2PVu,,i = 1,..., k, we decompose it into
(3.3) 2PVu; = Vhp + Wpi,

where hy,; € H3 ,(2) and Vhy,; is the projection of 2P Vu; onto HF 1, (Q2) and wy; L
H? p(€). Thus, we have, for any function h € C*(Q) N L*(Q),

Hence, wy,; satisfies

(55) { o D

||d1vw,n-||2 =0

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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We define the function ¢,; by
k
(3.6) Ppi = hoi — > bpiju,
j=1
where
bpij = /x”(Vui,Vu]) = bpji.
It is easy to check that ¢,; satisfies

Oppi
Opiloa = %bsz =0 and (ppi,uj)p = (Vpi, Vuy) =0,

for any j = 1,2,...,k, that is, ¢p; is a trial function. Since 22211 (2P)? = 1, from
(3.3), we have, for any i,

n+1 n+1
(3.7) L= Vil + D llwll*.
p=1 p=1

Lemma 3.1. For any i, we have

n+1 A .
(3-8) Z [wpil]? < X (n_2

p=1
Proof. From 22;1 (2P)? = 1, we have

n+1

L= [(Va?, Vuy) |
p=1
n+1

=— Z /xpdiv{<V:Ep, Vu;)Vu; }

n+1 n+1
=— Z /xp(pr,Vui>Aui - Z /(xqui,V<pr, Vu,))
p=1 p=1

n+1

= _Z/<Vhpivv<vxp’vui>>'

For any positive constant ¢;, we have

n+1 n+1
1
2 2
(39) 1< 6 3 IVl + o 3 199", TP

According to the following Bochner formula for a smooth function f:

SAIVS = V1P + (V1. V(A) + Rie(V1, V)
= V212 + (1, V(AN) + (0= DIV,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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where Ric and V2 f denote the Ricci tensor of S™(1) and the Hessian of f, respec-
tively, we can derive, from (3.1) and by making use of a direct computation,

(3.10) A(VzP Vu;) = =22P Au; + (VP V(Aw,)) + (n — 2)(VaP, Vu,).

Hence, we have

n+1
D IV(Va?, V)|
. n+1
=— Z /(Va:p,Vui>A(3:p,Vui>
p=1
n+1
=-— Z /(pr, Vui){—prAui + (V2P V(Au;)) + (n — 2)(VaP, Vuﬁ}
n+1
= — Z{/<Vi€p, VU1><V.’IJP, V(Auﬂ) =+ (’I’L — 2)<V;[;p7 Vuz>2}
=— /(Vui,V(Aui» — (n—2)|Vu||2
= Az — (7’7, — 2),
that is,
n+1
(3.11) D IIV(Va?, Vu)|? = A; — (n - 2).

Here we have used
n+1

> /<W, Vu; ) (Va?, V(Au;)) = /(Vui,V(Aui».

Therefore, from (3.9), we obtain

n+1
1
1<¢g Z thpi||2 + Y (Ai —(n— 2))

p=1

From (3.7), we have

n+1

1

1+ €; Z ||sz||2 S € + 4_61<A1 — (TL — 2))
p=1

Taking

Il )

= 5 ,

we complete the proof of Lemma 3.1. O

€

Proof of Theorem 1.2. By making use of the trial function ¢,; and the same argu-
mants as in Wang and Xia [20], we have, for any p and 4,

k
(3.12) (Aky1 = A)IVepill* < Ppi+ [(Va?, V) 1”4+ Al |wpi |* + > (As — A;)b25,
j=1
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where
P, = /(V(x”)z,uiV(Aui) + Aju; V).

Defining

n—2

Zpi =V (VP Vu;) —

Cpij = /(Vuj, Zpi) = —Cpji

xPVu,,

has been proved in Wang and Xia [20]. Since

Vi = —2/(33 Vi, Zy;)

= —2/<Vhpl + Wpia Zp1>

k

= _2/<V‘Ppi + D bpiy Vg + Wi, Zyi)
j=1

k k

= —2/<V</in7 Zypi = epigVus) =2 bpijcpig + (n = 2) [y,
j=1 j=1
we have
k k

Vpi +2Y  bpiCpij = —2/<V<Ppu Zpi = Y i Vug) + (0= 2) [ wyi|*.

j=1 j=1

Hence, for any positive constant §;, we have, according to (3.12),

(3.13)
k

(i — Ai>2(vm- n QpriijiJ) (= 2)(Aegs — AWl
j=1
k
< 6i(Ayr — Ma)P [ Veopill* + (Alc+1 A) | 121> - Zczzn'j

< 0hur = A B 1T TuP+ o+ ZA - M) |

k
1
5 e = 80 [ 1200l = 35y
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By taking the sum on p from 1 to n, we derive

n+1
(Ak+1 —A; ) Z <7pz +2 Z bpzjcp1j> —('TL - Ak+1

p=1 j=1
n+1
< 0i(Agyr — Ai)? Z{Ppi + [(Va?, V) |?
=1
(3.14) .
+A||Wp2||2+ZA —4;) m]}
Jj=1
1 n+1 k
J_(Akﬂ A;) Z ||Zpi||2 - Zczzn'j
? p=1 j=1
Since

Tpi = _2/<xpvuivzpi>

= —2/<xqui,V<pr,Vui> -

-2
xPVu;)

6155

n+1

Z 1w |*

=2 /<pr, Vu;)? + Q/Aui@pV:z:p, Vui) + (n —2) /(:L‘p)2<Vui, V),

we have

n+1

Z VYpi = N.
p=1

From the definition of Z,;, we have

n+1
Z 1Zpi®
n+1
= Z/W (VaP, Vu;) — xquz\z
n+1
= Z{IIWW, Vug) || = (n - 2) /(WW, Vug), 2P V) +
p=1
_ 2
0+ P22 (fom (3.11)).

4
Since Py; = [(V(2P)?,u;V(Auw;) + Aju; Vu,), we have

n+1

> Pi=0.
p=1
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From Lemma 3.1 and (3.14), we obtain
n+l k
Ai — (n — 1)
(A1 — Aq)? (n + 2;::1 ; bpijcpij) —(n = 2)(Ags1 — Ai)zA—Q)

C_(y— n+1
< 6i(Apa — Ai)Z{l ; A% Y. Aj)bz}

1 n—2)2\ 1 W
+5—Z(Ak+1—Az)<Al+( 1 ) >__l(Ak+1_A7;) 202 )

that is,

(3.15)
2(Aks1 = A0 + (n = 2)%
n— e
< 6i(Agt1 — Ai)2{Ai - %}ﬁ—é(/&kﬂ — Ai)(Ai I ( 42) )

n+l k

n+l k
SIEIE 3 UTHERIININIL) 3 IVFRLE
p=1j=1 p=1j=1

n+l k

5 (A1 — Z Z Cpig-

p=1j=1

Since, for a non-increasing monotone sequence {§; }*_;,

n k
> Z (A1 — A)(A; — A)) W+Z Z 8i (A1 — )2 (A — A)b2,
1igo1

p=1i,j=1
1 n k
= 52 Z (A1 = D) (Ar = A)(As = Aj) (6 = )by <0
p: :
and
k n+l k k n k
-2 Alc+1 Z Z bpwcpu Z 5i(Ak+1 - Ai) Z Z ng
i=1 p=1j=1 i=1 p=1j=1
k 1 n+l1l k
- Z 5. (A1 — Z ZCIMJ
i=1 ' p=1 j=1
n ( 1 2
=-> (A1 — M) (As = Aj)bpij — —=V (A1 — Ai)Cpij) <0,
p=14,5=1 \/5_1
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by taking the sum on i from 1 to k for (3.15), we obtain

- (A — A)?
9 A A2 _9 Mkl 7 i)
;( k+1 z) —I-(’I’L ); Ai—(n—2)
k
_ 2)
3.16 < S 6 (Aper — A2 fa, - =2
(3.10) I L P el
k
1 (n—2)2
+ ; E(Ak—&-l —A;) <Ai + T)
This completes the proof of Theorem 1.2. O
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