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In this paper, we study n-dimensional hypersurfaces with constant mth mean curvature
in a unit sphere S”*1(1) and construct many compact nontrivial embedded hypersur-
faces with constant mth mean curvature H,, > 0 in S"T1(1), for 1 < m < n — 1.

Moreover, if the 2nd mean curvature Ho takes value between

—7,)2 and =2 for any

(t

integer k > 2 and n > 3, then there exists an n-dimensional compact nontrlv1al embed-
ded hypersurface with constant H> (i.e. constant scalar Curvature) in S?T1(1); If the 4th

mean curvature Hy takes value between 11) - and for any integer k > 3 and
k

B4
(tan n(n— 4)
n > 5, then there exists an n-dimensional compact nontrivial embedded hypersurface
with constant Hy in S"+1(1).
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1. Introduction

It is well known that Alexandrov ([1]) and Montiel-Ros ([10]) proved that the stan-
dard round spheres are the only possible oriented compact embedded hypersurfaces
with constant mth mean curvature H,, in a Euclidean space R for m > 1. On
the other hand, one knows that standard round spheres and Clifford hypersurfaces
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SHa)x S"7H(b), 1 <1 < n—1 are compact embedded hypersurfaces in a unit sphere
S +1(1). Hence, it is natural to ask the following:

Question. Do there exist compact embedded hypersurfaces with constant mth mean
curvature H,, in S"tY(1) other than the standard round spheres and Clifford
hypersurfaces?

When m = 1, namely, when the mean curvature is constant, Ripoll ([13]) has
proved the existence of compact embedded hypersurfaces of S*(1) with constant
mean curvature (H # O,ié) other than the standard round spheres and the
Clifford hypersurfaces. Then, Brito—Leite ([2]) have proved that there exist compact
embedded hypersurfaces with constant mean curvature H in S"*1(1), which are not
isometric to the standard round spheres and the Clifford hypersurfaces. Recently,
Perdomo ([12]) has proved that there exists an n-dimensional compact nontrivial
embedded hypersurface with constant mean curvature H > 0 in S"*1(1) if mean

2
kn?/2]32v7n1—1’ where any n > 2 and any

curvature H takes value between T L =5 and <
3

tan
integer k > 2.

For m = 2, that is, when the scalar curvature is constant, Leite ([6]) has proved
that there exist compact nontrivial embedded hypersurfaces with constant scalar
curvature R satisfying (n — 1)(n — 2) < R < n(n — 1) in S"T1(1). Furthermore,
Li-Wei ([8]) have proved that there exist many compact nontrivial embedded hyper-
surfaces with constant scalar curvature R satisfying R > n(n — 1) in S"T1(1),
recently. But for m > 2, one knows little about existence of compact embedded
hypersurfaces with constant mth mean curvature H,, in S"*1(1). In this paper,
we prove that there exist many compact nontrivial embedded hypersurfaces with
constant mth mean curvature H,, > 0 in S"“(l)7 for 1 <m < n—1. In particular,
for m = 4, we prove that there exist a lot of compact embedded hypersurfaces with

constant 4th mean curvature Hy in S™*1(1) if it takes value between ﬁ and
k

t

% for any integer £ > 3. Furthermore, for m = 1, our results reduce to the con-
clusion of Brito-Leite ([2]). For m = 2, we prove that there are many new compact
embedded hypersurfaces with constant scalar curvature satisfying R > n(n — 1) in
S +1(1), other than ones of Li-Wei ([8]).

2. Preliminaries

Let M be an n-dimensional hypersurface of a unit sphere S"*!(1) with constant
mth mean curvature H,,. We choose a local orthonormal frame {e4}1<a<p+1 in
S+l with dual coframe {wa}1<a<n+t1, such that, at each point of M, ey,..., e,
are tangent to M and e, is the positively oriented unit normal vector. We shall
make use of the following convention on the ranges of indices:

1<ABC,....<n+1;, 1<4,jk,....,<n.
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Then the structure equations of S"*! are given by

n+1
dwa = ZwAB/\w& waAB +wpa =0, (2.1)
B=1
n+1
dwap = ZwAc/\wCB—wA/\wB. (2.2)
C=1

When restricted to M, we have w,+1 =0 and
n
0=dwnt1 = Zw"“i A w;. (2.3)
i=1
By Cartan’s lemma, there exist functions h;; such that
n
Wint1 = hiwj, hij = hji. (2.4)
j=1

This gives the second fundamental form of M, B = Z” hijwiwjent1. The mean
curvature H is defined by H = 1 3. hj;. From (2.1)~(2.4), we obtain the structure
equations of M (see [4, 7])

dw; = Zwij ANwj, wij +wj = 0, (25)
j=1
n 1 n
dwij = ;wik N Wgj — 5 k;1 Rijklwk A wy. (2.6)

and the Gauss equations
Rijii = 0ir0ji — 0udj + (hivhji — hahji), (2.7)
R—nn—1)=n(n-1)(r—1)=n?H?* -5, (2.8)

where R;ji; denotes the components of the Riemannian curvature tensor of M,
R = n(n — 1)r is the scalar curvature of M and S = szzl h; is the square norm
of the second fundamental form of M.

Let hjji, denote the covariant derivative of h;;. We then have

Z hijkwk = dhij + Z hkjwki + Z hikwkj. (2.9)
k k k
Thus, by exterior differentiation of (2.4), we obtain the Codazzi equation
hiji = hikj. (2.10)
We choose ey, ..., e, such that

hij = Xidij. (2.11)
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Let H,, be mth mean curvature of M, then we have

C™H,, = > Ny - Ais (2.12)
1<) <ia< - <im<n

where C7T = WLTR)‘

In [11], Otsuki proved the following

Lemma 2.1 ([11]). Let M be an n-dimensional hypersurface in a unit sphere
S"TL(1) such that the multiplicities of principal curvatures are all constant. Then
the distribution of the space of principal vectors corresponding to each principal
curvature is completely integrable. In particular, if the multiplicity of a principal
curvature is greater than 1, then this principal curvature is constant on each integral
submanifold of the corresponding distribution of the space of principal vectors.

From Lemma 2.1, we can easily obtain the following theorem.

Theorem 2.1. Let M be an n-dimensional oriented complete hypersurface in a
unit sphere S"T(1) with constant mth mean curvature H,, and with two distinct
principal curvatures. If the multiplicities of these two distinct principal curvatures
are greater than 1, then M is isometric to Riemannian product S*(a) x S"~*(b),
2<k<n-2.

3. A Representation Formula of Principal Curvatures

Now, let us consider that M is an n-dimensional oriented hypersurface with constant
mth mean curvature H,, and with two distinct principal curvatures in S™+1(1). If
multiplicities of these two distinct principal curvatures are all great than 1, then we
can deduce from Theorem 2.1 that M is isometric to S*(a)x S"7#(b),2 < k < n—2.
Hence, we shall assume that one of these two distinct principal curvatures is simple,
that is, we assume

/\1:/\2:"‘:/\n—1:)\; )\n:H~ (31)
Since H,, is constant, we obtain from (2.12) that
CMH,, = Cm™ X"+ Cmam=1y, (3.2)

By Lemma 2.1, let us denote the integral submanifold through = € M, correspond-
ing to A by M} (x). We write

AA =) Niwi, dp=Y pjw;. (3.3)
i J

If m > 2 and A = 0 at some point p, then H,, = 0, it follows that A = 0 on M
(also see [14]). If A = 0, the sectional curvature of M is not less than 1 from Gauss
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Eq. (2.7), then we have from [15] that M is totally umbilical. This is a contradiction.
Hence we can assume that A > 0 on M if m > 2. Then (3.2) yields

 CV'Hpy, — OV N nHy — (n—m)A™

R = @
From Lemma 2.1 and (3.4), one has
Ap=-=A,_1=0. (3.5)
From the formula
A= MY ) (3.6)
we obtain that
A" —H,, #0. (3.7)
By means of (2.9) and (2.11), we obtain
D higkwr = 0i3dX; + (i = A)wij. (3-8)
k
We adopt the notational convention that
1<a,bye,...<n-—1.
From (3.1), (3.2) and (3.8), we have
hije =0, ifi#j, X=X\, (3.9)
haav =0, haan = A, (3.10)
hnna =0, hnpn = fin- (3.11)
Combining this with (2.10) and the formula
> haniwi = dhan + > hinwia + Y haiwin = (A = (1)wan, (3.12)
we obtain from (3.10) and (3.6)
- AA_’nuw“ _ nr(r;Am’"_lgl)wa, (3.13)
Therefore we have
dw, = Zwm Awg = 0. (3.14)

Notice that we may consider A to be locally a function of the parameter s, where s is
the arc length of an orthogonal trajectory of the family of the integral submanifolds
corresponding to A\. We may put

wn, = ds.



1002 G. Wei, Q.-M. Cheng € H. L

Thus, for A = A(s), we have
d\ =X ,ds, A, =N (s). (3.15)
From (3.6) and (3.13), we get

omATIA, _ mAT N (s)
T A — Hp) e T a(v — Hyy)

wa = {log|A™ — H,, |V} w,, (3.16)

wan

which shows that the integral submanifolds M["~!(x) corresponding to A is umbilical
in M and S"*1(1).
On the other hand, we can deduce from (3.16) that

n
Ve, n = Zwm(en)ei =0.
k=1

According to the definition of geodesic, we know that the integral curve of the
principal vector field e,, corresponding to the principal curvature p is a geodesic.
This proves the following result:

Lemma 3.1. If M is an n-dimensional oriented complete hypersurface (n > 3)
in S"tY(1) with constant mth mean curvature H,, and with two distinct principal
curvatures, one of which is simple, then

(1) the integral submanifold M}~ *(x) through x € M corresponding to X is umbil-
ical in M and S™*1(1),

(2) the integral curve of the principal vector field e, corresponding to the principal
curvature pu is a geodesic.

Now we state our Theorem 3.1 as follows:

Theorem 3.1. If M is an n-dimensional oriented complete hypersurface (n > 3)
in S"tY(1) with constant mth mean curvature H,, and with two distinct principal
curvatures one of which is simple, then M is isometric to a complete hypersurface
of revolution S™"t(c(s)) x M*' (i.e. the warped product of S™ 1(c(s)) and M?1),
where S (c(s)) is of constant curvature [(log | N™ — Hp, [Y/™)]> + X2 + 1. And
w =| ™ — H,, |~Y/" satisfies the following ordinary differential equation of order 2:

— —w
ds? mw™

2 _ -n (2—=m)/m

(3.17)
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Proof. According to the structure equations of S"T1(1) and (3.16), we may
compute
n—1

dwan - E Wab A\ Whn, + Wan+1 A\ Wn+1n — Wq A\ W,
b=1

n—1
= (log |\™ — H,,|"/™ Zwab Awp — Miwg A ds — wa A ds,
b=1

dwan = d[(log |\ — Hpp|Y™) wa)
= {log |]\™ — H, |V} ds A wa + {log |\ — Hyp |V dw,
= {—(log |)‘m - Hm|1/n)// + [(log |)‘m - Hm|1/n)/]2}wa Nds

n—1

+ (log |/\m — Hm|1/n)/ Z Wap N\ Wp.
b=1

Then we obtain from two equalities above that
{log |]A™ — H,,|Y™}" — [(log [\™ — Hp|Y™) ]2 = A — 1= 0. (3.18)

Combining (3.18) with (3.6), we have

(n —m)\™ —nH,,

1 )\m_Hml/n/l_ 1 Am_Hml/n/2 —1=0.
flog| [}~ [(log| 4
(3.19)
We know that A\ — H,,, # 0. If \™ — H,,, <0, from (3.6), we have
A" — Hp,)
N o= M Ha) 3.20
1 g Vo (3.20)

According to the Gauss equation (2.7), we know that the sectional curvature of
M is not less than 1. From [3, 15|, we know that M is isometric to a totally
umbilical hypersurface. This is impossible because M has two distinct principal
curvatures. Hence, A — H,, > 0. Let us define a positive function w(s) over
s € (—00,+00) by

w=(\"— H,,)"/", (3.21)
then (3.19) reduces to
fﬂ_w{m—ﬂmw”+ﬂhW”Wm

— Hyp(w™ + H,,)2m)/m _ 1} =0.

ds? mwn
(3.22)
Integrating (3.22), we obtain
dw)* 2¢, —n 2 2
I =C—w*(w "+ Hp)™ —w, (3.23)

where C'is the constant of integration.
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We consider the frame {z, e, ez,...,€en,6e,41} in the Euclidean space R™*2.
Then, by (2.4), (3.13) and (3.18), we obtain

n—1
de, = Z Wab€h + Wan€n + Wan+1€n+1 — Wan+2
b=1
n—1
= Z wapep + (log [N — Hm|1/")’waen — Mg€nil — WaCni
b=1

n—1

= Z wavep + {(log |A™ — Hm|1/")’ — Nent1 — €nt2twe
b=1

d{(log |]\™ — Hyu|''™) — Nent1 — enya}
= {(log |\ — Hp|"™)" = Neyy1}ds

n—1
+ (log |)\m — Hm|1/n)/ (Z Wna€a + wnn+len+l>

a=1

n—1 n—1
- )\ § Wn+1a€a + Wn+1n€n - § Wa€q — Wn€n
a=1

a=1
= {(log |\ — Hp,|"™)" = A — 1}enwn
—{N + (log |\™ — Hp V™) uleniiwn  (mod{eq, ... en_1})
= (log [\ — Hm|1/n)/{(10g |A™ — Hm|1/n)/€n — Aent1 = €ny2}ds.
By putting
W=erNes A Aent A{(log |\ — Hp|Y™) en — Neng1 — ensal,
(3.24)
we can show that
AW = (log |\™ — H,|Y/™)' W ds. (3.25)

(3.25) shows that n-vector W in R™*? is constant along M} !(x). Hence there
exists an n-dimensional linear subspace E™(s) in R"*2 containing M~ *(z). (3.25)
also implies that the n-vector field W only depends on s and by integrating it,
we get

[ A(s) — Hy V"
W= {7Am(30) i } W(so). (3.26)

Theorefore, we have that E™(s) is parallel to E"(sg) in R"*? for every s.
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From the calculation
n—1

dwab - § Wae N\ Web = Wan N\ Wnp + Wan+1 N Wn41b — Wq AN

c=1

= —{[(log ]\"" — Hm|1/")/]2 + A2 1 wa A wy,

we see that the curvature of M7~ (z) is [(log [N — Hp |Y/™) 12422 4+1 and M ()
is locally isometric to S"~*(c(s)). Therefore, M is isometric to a complete hyper-
surface of revolution S™~1(c(s)) x M?! (i.e. the warped product of S"~!(c(s)) and
M?1). This proves Theorem 3.1. m|

4. A Representation Formula of Period
One knows that the following immersion:
x: M™ — S"T(1) c R"2,
(s,t1, s tn—1) = (Yi(8) @1, - y1(8)Pn, Yn41(8), Ynt2(s)).  (4.1)
0i=@ilts,. .., tho1), @3+ @2 =1 (4.2)

is a parametrization of a rotational hypersurface generated by a curve
(y1(8), Yn+1(8), ynt2(s)), called the profile curve. Since the curve (y1(s), yn+1(s),
Yni2(s)) belongs to S?(1) and the parameter s can be chosen as its arc length, we
have

Vi) + Unia(8) +unia(s) =1 i(s) +0npa(s) +Unia(s) =1 (4.3)
where the dot denotes the derivative with respect to s and from (4.3) we can obtain
Yn+1(s) and yn42(s) as functions of y1(s). In fact, we can write (see [5, 9])

y1(s) = cosI(s), Ynt1(s) =sinv(s)cosb(s), yYnt2(s) =sind(s)sinb(s).
(4.4)

We can deduce from (4.3) that
9?4+ 6%sin® 9 = 1. (4.5)

It follows from Eq. (4.5) that 92 < 1. Combining these with 92 = 13227 we have
1

Uiyl <1 (4.6)

We can get the plane curve ¢ from o by projection of S% = {(y1, Yn+1,Ynt2) |y1 >

0,4 + Yny1 + Ynio = 1} onto the unit disk £ = {(ynr1, Yn+2) |Yni1 + Uiz < 1}
Then the plane curve ( can be written as

Yn+1(8) =sin(s) cosO(s), Ynt2(s) =sind(s)sind(s). (4.7)
Writing r(s) = y1(s), (4.5) can be written as

2 1— 92 12—
Cosin®9 (1—r2)2 7

(4.8)



1006 G. Wei, Q.-M. Cheng & H. Li

Do Carmo and Dajczer proved the following

Lemma 4.1 ([3]). Let M™ be a rotational hypersurface of S™*1(1). Then the
principal curvatures \; of M™ are

V1—1r2 72

N=A= (4.9)
fori=1,...,n—1, and
T+

On the other hand, let us fix a point pg € M, let y(u) be the only geodesic in M
such that v(0) = po and 7/(0) = e, (po). From (3.16), we know that v(u) = e, (v(u)).
Note that v(u) is also a line of curvature. Let us denote by g(u) = w(y(u)). Since
H,, is constant, we know from (3.23) that

(@) + g9 + Hp) 7 + g2 =C. (4.11)

From (4.11), we have C' > 0. Moreover, it is not so difficult to know that

e

qz) =C —2*(x™" + Hy)m — 2? (4.12)

is positive on a interval (t1,t2) with 0 < ¢; < t2 and ¢(t1) = q(t2) = 0. From (4.11),
we know that g(u) is periodic. And the period is the following

dt. (4.13)

to 1
T:2/
t \/C—t2(t*"+Hm)% — 2

One can know from the following lemma the relation between hypersurfaces
with two distinct principal curvature and rotational hypersurfaces.

Lemma 4.2 ([3, 15]). Let M be a complete hypersurface in a unit sphere S™*1(1).
Assume that the principal curvatures Ai,...,A\n of M satisfy \y = g = -+ =
A1 =A#£0, Ay == p(N) and X # p, then M is a rotational hypersurface.

On the other hand, if S*(a) denote a sphere with radius a, then the sectional
curvature of S¥(a) is equal to —. From (4.1), Theorem 3.1 and Lemma 4.2, we have

a

1
5= [(log |A™ — Hyp [Y™))2 + X2 4 1.

Then we know from (3.23), (4.11) that
g9(u) _1
r(u) = ==, u)=AN"—H,,) ™. 4.14
(u) e g(u) = ( ) (4.14)
From (4.14), one can have that the period of r(u) is also T, that is
" 1 ——dt, therefore we obtain from (4.8), (4.9), (4.11) that the

t
Lo Hy) 12
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period P(H,,,n,c) of hypersurfaces is

‘/_2_2
P(Hp,n,C) = 6(T / L r

12
T A [ r(s)A(s)
_/0 s = 2/0 [oayds (1)

It is clear that the profile curve gives rise to an immersed hypersurface if and
only if the period P(H,,,n,C) is a rational multiple of 27, and to an embedded
hypersurface if and only if the period P(H,,,n,C) = 27“ for some integer k (also
see [6, 11, 12]).

5. Embedded Hypersurfaces with Constant H,,, > 0

From Sec. 4, one knows that embedded problem is equivalent to find some constant
C' and some integer k such that P(H,,,n,C) = 27” In order to estimate the period
P(H,,,n,C), we will give the following lemma ([11, 12]).

Lemma 5.1. Let € and § be positive numbers and f:(to — €,to +€) — R and
y:(—06,0) X (to—€,to+€) — R be two smooth functions such that f(to) = f'(to) =0
and f"(to) = —2a < 0. If for any small ¢ > 0, t1(c) < to < ta2(c) are such that
f(t1(c)) + ¢ =0= f(ta(c)) + ¢, then

i /t2<c> y(c, t)dt ~ y(0,to)T

0+ tiie) Vf(t)+c va

We next state our main theorem.

Theorem 5.1. For any n > 5 and any integer k > 3, if 4th mean curvature Hy

4
takes value between (ta111£)4 and n’zn:i), then there exists an n-dimensional compact
3

nontrivial embedded hypersurface with constant Hy > 0 in S™T1(1).

Proof. Firstly, we consider the general case: 1 <m < (n — 1) and H,, > 0.
From (4.11), one has

(9)? = qlg), where q(v) = C —v*(v™" + H,,)
A direct calculation shows that

qd(v) =2v {—(v_" + Hm)% + %v_”(v_" + Hm)27nm

Slw
@
N
—~
o
—
~

_1}

(5.2)
= 2 {(v" + Hy) e [l Hm] + 1}
2 —n H 2 "2lm
q//(v) — ( +m2 ) {(2”2 _ 3nm + m2)v72n
+m(n? = 3n+2m)H,v™ " +m?H2} -2 < —2. (5.3)

From (5.3), one obtains that ¢'(v) is a decreasing function of v in [0, +00).
From (5.2), one has ¢'(v) > 0 if v — 0; ¢'(v) < 0 if v — oo. Hence there exists
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0 < wg < oo such that ¢'(vg) = 0. Moreover, the function ¢(v) is a monotone
increasing function of v in (0, vg] and decreasing function of v in [vg, +00). Hence,
for some value of C| the function ¢ has two positive roots t; and to, such that
t1 <2, q(t1) = q(t2) =0 and ¢(t) > 0if t € (t1,12).

In particular, if m = 4 and Hy = 1, we have form (5.2) that the only positive
root of ¢'(v) is

1
(n—4)2\"
_ 4
" ( e (5.4)
and the maximum of ¢(v) is g(vg) = C' — ¢p, where
2
o (n—4\* (=
co = U%((UO =+ 1)2 —+ 1) = <m X m =+ 1]. (55)

Therefore, whenever C' > ¢, the function ¢(v) has two positive roots denoted by
t1(C) and t3(C). In this special case, (5.3) reduces to
4n—2)2 ,

¢"(vo) = T, T (5:6)

Hence, we get from (4.15) that

T

P(Ha,n,C) = 2/: %ds, (5.7)
it follows from r(s) = “‘i}%) and A(s) = (¢7™ + 1)7 that
P(Hy=1,n,C) =2 /OE mg(‘z),(f_gr;(é)ﬁ DEFN (5.8)

Substituting ¢ = g(s), one derives from g(0) = ¢1(C), g(X) = t2(C) and (5.8) that

t2(C) -n 41 1 1
P(H4:1,n,C):2/ \/@g_j )
1(0) t q(t)

From (5.4)-(5.6), we know that the function ¢(v) — (C' — ¢o) satisfies the conditions
in Lemma 5.1, hence we apply Lemma 5.1 to function ¢(v) — (C' — ¢p), then we
obtain

ds. (5.9)

2 —-n 1 1 9 5
lim P(Hy=1,n,C) = T /Covo(vg 2—}— )7 _2m /n "
C—>car \/a co — V3 n_29

(5.10)

On the other hand, we will estimate P(H,,,n,C) when C' — oo, we make the
substitution ¢ = r(s) and obtain

t2(C) . 1

t1(9)

UE (1= )1 201+ (Ho + (VOO ) )

dt.

(5.11)
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Putting
G=1—1(1+ (Hpn+ (VCt)™™)m), (5.12)
we deduce from (5.1) and (5.12) that
v\ _a)
q(ﬁ) B

since the function ¢ has two positive roots ¢; and to, one has from the relationship

between ¢ and ¢ that ¢ has two positive roots %, th_ and \31— \/— Moreover,

if C' converges to +00, then & converges to 0, \/5 converge to m (When

m =1, also see [12].) Hence we obtain from (5.11) that

1
S Hy
C}lm P(Hpy,n, C) —2/ v ! —dt = 5
o (1—2)\/1— 21+ H) Hii
(5.13)

In particular, if m = 4 and Hy = 1, we have from (5.13) that

1 us
lim P(Hy =1,n,C) = 2arctan —— = —. 5.14
Jim P(Hy=1,n,C) = 2arctan e = 5 (519
Next, we consider the case m =4 and 0 < Hy # 1.
In this case, we have from (5.2) that the only positive root of ¢’ is
1
n(n—4)H4—|—4—nH4—|—4H4—2 "
pr— 01
v ( AH,(1— Hy) ) (5.15)
A direct calculation shows that ¢(vg) = C — ¢p, where
co = va (v +H4) + 02
2
. n(n—4)H4—|—4—nH4—|—4H4—2 "
B 4H(1 — Hy)
(5.16)

1
Hy(v/n(n —4)Hy +4—nHy +2) \° 1
nn—4)Hy+4—nHy+4Hs — 2

1
—2H?
q//(vo) 4 -
|\/ nin —4)H, + 4 —TLH4+2| (|v/n(n —4)Hy + 4 —nH4+4H4—2|)2
x {n*(n —4)Hi + n(—n’ 4+ 4n+ 4)H, — 4n

+[n? = 2n + (—=n® + 2n)Hy\/n(n — 4)Hy + 4} : £ —2a. (5.17)

Therefore, whenever C' > ¢, ¢(v) has two positive roots denoted by ¢; and ts.
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Using the results of Sec. 4, we have from (4.15) that

P(Hy,n,C) = 2/05 %d& (5.18)

In this special case, (4.14) is equivalent to r(s) = f}%) and A(s) = (g(s)™™ + Hy)*,
then it follows from (5.18) that

\/_9 (9(s)” +H4)%
P(Hy,n,C) / C e ds. (5.19)

Doing the substitution ¢ = g¢(s) and applying Lemma 5.1, one concludes from
g(0) =t and g(L) = t, that

2
lim P(Hyn,C) = —V

C—>c:{ ' \/a\/CO —U(Q)
|(n — 2)(n — nHy) + (nHy — n)\/n(n — 4) Hy + 4|2

[n?(n — 4)HZ + n(—n? + 4n + 4)Hy — 4n
+[n? = 2n + (—n2 + 2n)Hy)\/n(n — 4)Hy + 4|2
|(n —2) — /n(n — 4)Hy + 4|2
|(n(4 — )H4— + (n—2)\/n(n — ) Hy + 4|2

2

= T (5.20)
[n(n —4)Hs +4]3
On the other hand, we know from (5.13) that
hm P(Hy4,n,C) = 2arctan (5.21)

H4

Therefore, for any fixed Hy > 0, the function P(Hy4,n,C) takes all the values
between
2w

1
. B(Hy) = Y WS (5.22)

A(Hy) = 2arctan —
1

Hy

It is not so difficult to know that A(H,;) and B(H,) are decreasing functions

of Hy,

where k > 3 is any integer, then we deduce that the number 2% lies between A(Hy)
and B(H4). Hence, by the continuity of P(Hy,n,C), there exists some constant
Cy such that P(Hy,n,Cq) = 27“ If the period is 27“, then there exists a compact
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embedded hypersurface with constnat H4 which is not isometric to a round sphere
or a Clifford hypersurface. We complete the proof of Theorem 5.1. |

For constant H,, > 0, we can prove the following

Theorem 5.2. For any integer 1 < m < n — 1, there exist many nontrivial embed-
ded hypersurfaces with constant H,, > 0 in S"T1(1).

Proof. On one hand, we consider the case H,,, = 0. By using the similar arguments
with the proof of Theorem 5.1, we have that

_ B _ 0 4
Vo = (n m) v 0= (n m) X ' q”(vo):——n5 £ —2a.
m m n—m m
(5.24)
From (4.14), (4.15) and Lemma 5.1, we obtain
. 2my/co
lim P(H,, =0,n,C)= —Y—_ — /27, 5.25
Jim, P )= (5.25)
by continuity arguments, we can fix H,, sufficiently small such that
lim P(Hp,,n,C) > . (5.26)
Cﬂcg
On the other hand, we deduce from (5.13) and H,, > 0 that
1
lim P(H,,n,C)=2arctan — < 7. (5.27)
C—o00 H@
By (5.26), (5.27) and the continuity of P(H,,,n,C), there exists cg < Co < 00,
such that P(H,,,n,Cs) = m. We complete the proof of Theorem 5.2. O

Remark 5.1. When m = 1, Theorem 5.2 reduces to the results of Brito and
Leite ([2]).

Using the similar arguments as above, we can obtain the following:
When m = 2, we have:
R—n(n—1)
n(n—1)
2
anli)z and & n_2, then there exists an n-dimensional compact
k

Proposition 5.1. For any n > 3 and any integer k > 2, if Hy =

takes value between G

nontrivial embedded hypersurface M with constant 2nd mean curvature Hy > 0 (i.e.
scalar curvature R > n(n — 1)) in S"1(1), where R is the scalar curvature of M.

Proof. In this case, m = 2. By using the similar arguments with the proof of
Theorem 5.1, one has that

3o

(i) o (i) s,
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q"(vo) = —2n(Hy +1): £ —2a, (5.29)
27/ 2
lim P(Hyn,C)= ——¥0 T (5.30)
C—cg Vay/co—v¢  VnHz +2

On the other hand, one sees from (5.13) that

1
lim P(Hj,n,C) = 2arctan —. (5.31)

For any fixed Hs > 0, the function P(Ha,n,C) takes all the values between

1 2
E(Hs) =2arctan —, F(Hy) = ————
(H2) arctan 2% (Ho2) DI

since P(Hz,n,C) is a continuous function. By a direct calculation, one obtains that
E(H,) and F(H;) are decreasing functions and

1 k*—2 2
(ko) ()%
(tan T) n k
where k£ > 2 is any integer, then it follows that the number 27” lies between E(Hy)
and F(Hy). Hence, there exists some constant C5 such that P(Haz,n,C3) = 2%, that
is, there exists a compact embedded hypersurface with constnat Hs (i.e. constant

scalar curvature) which is not isometric to a round sphere or a Clifford hypersurface.
We complete the proof of Proposition 5.1. O

Remark 5.2. Since Hy = %, by a direct calculation, one concludes that
when 3 < n < 6, Proposition 5.2 reduces to Theorems 1.1 and 1.2 due to Li—Wei
([8]); when n > 6 and k = 2, Proposition 5.2 reduces to Theorem 1.3 due to
Li-Wei ([8]). In Proposition 5.2, we find there exist a lot of new examples satisfying

R > n(n—1). Hence, Proposition 5.2 is the generalization of Li-Wei’s results ([8]).

Remark 5.3. For some special 4 # m > 3, we can also obtain some nontrivial
embedded hypersurfaces with H,, = constant in S"*1(1) using the same methods.
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