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We study the weak stability index of an immersion ¢ : M — S™T1(1) € R*t2 of an
n-dimensional compact Riemannian manifold. We prove that the weak stability index
of a compact hypersurface M with constant scalar curvature in S™%1(1), which is not
totally umbilical, is greater than or equal to n + 2 if the mean curvature H; and H3
are constant, and that the equality holds if and only if M is

S™(c) x S"~™(y/1 — ¢?). As an application, we show that the weak stability index of
an n-dimensional compact hypersurface with constant scalar curvature in S™¥1(1),
which is neither totally umbilical nor a Clifford hypersurface, is greater than or equal
to 2n + 4 if the mean curvature Hy and Hgs are constant.

1. Introduction

Let ¢ : M — S"F1(1) C R™*2 be an isometric immersion of an n-dimensional com-
plete Riemannian manifold. For any point « € M, we will denote by T,M and
N, M the tangent space and normal space of M at x, respectively. Let us denote by
v: M — S"1(1) a normal vector field along M. The shape operator A, : T, M —
T, M is given by A, (v) = —dv,(v) = —5'(0), where (¢t) = v(a(t)) and «(t) is any
smooth curve in M such that «(0) = = and o/(0) = v. We know that the linear
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map A, is symmetric and that its eigenvalues k1 (z), ..., k,(x) are called principal
curvatures of M at x.

We consider elementary symmetric functions Sy, (z) of the principal curvatures
of M defined by

n

det(t] — Ag) = > (=1)" Sy (a)t" ™.
m=0
Now, H,,(z) = Sp(z)/CM™ with C™ = n!/m!(n — m)! is called the mth mean
curvature of M, namely,

Holt) =g Y k) ki, ()

1<i1 <ip < <im <N

Hence, the mean curvature H(x) of M satisfies H(z) = (k1(x) + -+ + kn(z))/n =
H,(z), the scalar curvature

R(z) =n(n—1)r(z) =n(n—1) +2S2(z) = n(n — 1) + n(n — 1) Ha(z)
and the Gauss—Kronercker curvature K(x) of M is
K(x) =ki(z) - kn(z) = Hy(x) = Sp ().

For any C? function f defined on M, let (f;;) denote its Hessian. A differential
operator [J defined by

Of = Y (nHéij — hij) fas,

4,j=1

where h;; denotes components of the second fundamental form of M, was intro-
duced by Cheng and Yau in [5] to study compact hypersurfaces with constant
scalar curvature in S"*1(1). They proved that if M is an n-dimensional compact
hypersurface with constant scalar curvature n(n — 1)r, » > 1, and if the sectional
curvature of M is non-negative, then M is a totally umbilical hypersurface S™(c)
or a Clifford hypersurface S™(c) x S""™(v/1—¢2), 1 < m < n — 1, where S*(c)
denotes a sphere of radius ¢. Cheng [4] and Li [6] also used the differential operator
[ to study complete hypersurfaces with constant scalar curvature.

In [1], Alencar et al. studied the stability of compact hypersurfaces with constant
scalar curvature n(n — 1)r in S™*1(1). In this case, its Jacobi operator J; is given
by

Js=0+{n(n—-1)H+nHS — f3} =0+ {(n — 1)S1 + (5152 — 353)},

where
i=1

It is not difficult to prove that if » > 1, then J is elliptic. The spectral behaviour
of J, is directly related to the instability of hypersurfaces with constant scalar
curvature in S"T1(1).
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DEFINITION 1.1 (cf. [2,8]). Let M be an n-dimensional, compact, orientable hyper-
surface with constant scalar curvature n(n—1)r, r > 1, in S"*1(1). A weak stability
index of M, Indr(M) is the maximal dimension of any subspace V' of C°(M) on
which the quadratic form @ is negative definite, where

C’%O(M):{ueCoo(M):/Mudv:O} and Q(u,u):—/Mqu(u)dv.

We study compact hypersurfaces with constant scalar curvature in S**1(1) and
we will estimate the weak stability index.

THEOREM 1.2. Let M be a compact hypersurface in S"t1(1) with constant scalar
curvature R =n(n — 1)r > n(n —1). If Hy; and Hs are constant, then

(i) the weak stability index Indr (M) of M is equal to zero: in this case, M is
totally umbilical, or

(i) the weak stability index Indy (M) of M is greater than or equal to n+ 2, and
the equality holds if and only if M is S™(c)x S™ ™™ (/1 — ¢2), where ¢ satisfies

nm+/m[(2 —n)m + (n — 1)(n + 2)]
(n—1)(n+2)
(nm+n—2)++/(n—m)(3n —2m +nm — 2)
(n—1)(n+2) '

? <

N

Given an arbitrary vector v € R"*2, we define functions I, : M — R and
fo: M= Rby 1,() = (6(x),v) and fu(z) = (v(x),v).

THEOREM 1.3. Let ¢ : M — S™! be an isometric immersion of an n-dimensional
complete Riemannian manifold M with constant ratio of the Gauss—Kronercker
curvature and the (n — 1)th mean curvature, that is, S, (x) = ¢Sp—_1(x), where ¢ is
a constant. If , = Af,, for some non-zero vector v and some real number X\, then
@(M) is either a totally umbilical sphere or a Clifford hypersurface.

THEOREM 1.4. Let ¢ : M — S™t1 be an isometric immersion of an n-dimensional
complete Riemannian manifold M with constant scalar curvature n(n — 1)r, where
r satisfies

(2k +m)n? — (2k% + 4k + 2km + m)n + 2k(m + k + 1)
n(2k + m)(2(n — 1) — (2k + m))
foro<m<n—-2andl <k<n—1—m. Ifl, = \f,, for some non-zero vector v

and some real number \, then ¢(M) is either a totally umbilical sphere or a Clifford
hypersurface.

r#£2

We now have the following corollary of theorem 1.2 and theorem 1.4.

COROLLARY 1.5. Let M be a compact hypersurface in S"+1(1) with constant scalar
curvature n(n — 1)r, with r > 1 and
(2k + m)n? — (2k% + 4k + 2km + m)n + 2k(m + k + 1)

n(2k +m)(2(n — 1) — (2k + m))

r#£2
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foro<m<n—-21<k<n—1—m. If H and Hs are constants, then either
(i) M is totally umbilical,
(ii) M is a Clifford hypersurface or
(iil) the weak stability index of M is greater than or equal to 2n + 4.

THEOREM 1.6. Let ¢ : M — S™1 be an isometric immersion with constant Gauss—
Kronercker curvature ¢, ¢ # £1, of an n-dimensional complete Riemannian mani-
fold. If I, = \f, for some non-zero vector v and some real number X, then ¢(M) is
either a totally umbilical sphere or a Clifford hypersurface.

2. The weak stability index of Clifford hypersurfaces

In this section we will compute the weak stability index of the Clifford hypersurface
S™M(c) x S"M(V1—-¢2),1<m<n—1

Since S™(c) x S"™(y/1—¢?), 1 < m < n — 1, is an isoparametric hypersurface
in S"*t1(1), its principal curvatures are given by

O N 4 e Dy (2.1)
1 m ¢ ) m—+1 n m .

Hence, its mean curvature H, the squared norm S = |A|? of the second fundamental
form and f3 are given by

2
g= e —m (2.2)

nevl — 2’

nct —2me? +m

=A== " 2.
5= AP = T (23)
—m(1 =23 (n—m)c?
fza= 3 + (- 02)3/2- (2.4)
From the Gauss equation, we have
R—nn—-1)=nn—-1)(r—1)
=n?H?- S
~n(n—1)c* +2m(1 — n)c® + m(m — 1) 25)
B A(1—c?) ’ '
where R is the scalar curvature. Thus, we infer that r > 1 if and only if
2 m(n —1) +y/m(n —1)(n —m) or &< m(n—1) = /m(n—1)(n — m)
n(n—1) n(n —1)
(2.6)

If the scalar curvature R = n(n—1)r > n(n—1), we know from the Gauss equation
n?H? = S+ n(n — 1)(r — 1) that the mean curvature H does not vanish. Without
loss of generality, assume the mean curvature H > 0, that is,

> % (2.7)
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From (2.6) and (2.7), we have that

m(n —1) +/m(n — 1)(n—m)'

1>c? 2.
> > (= 1) (2.8)
Therefore, we have
_ (n—=2m)(n—1)c* + 2m(m — 1)c* — m(m — 1)
nin—1)H+nHS — f3 = (1= 2y , (2.9)
and the Jacobi operator J; = O+ {n(n — 1)H + nHS — f3} becomes
B (n —2m)(n —1)c* + 2m(m — 1)c? — m(m — 1)
J, =0+ IR . (2.10)
Thus, the eigenvalues of Jg are given by
7. o, (n=2m)(1 —n)c* +2m(1 —m)c? + m(m — 1)
A =0T+ A : (2.11)

where )\iD denotes the eigenvalues of the differential operator OJ.

Since the differential operator O is self-adjoint and the Clifford hypersurface is
closed, we have )\1E’ = 0, and its corresponding eigenfunctions are non-zero constant
functions. Hence,

(n —2m)(1 —n)c* + 2m(1 — m)c? + m(m — 1)
31— c2)3/2

Js
A° =

with multiplicity one and its corresponding eigenfunctions are non-zero constant
functions. Hence, \7* does not contribute to Indy(M). Since the other eigenfunc-
tions u of Js; other than the first eigenfunctions are orthogonal to the constant
functions, namely, f v w =0, we know that the other eigenvalues of Js contribute
to Indy (M) if they are negative.

Let A; and Ay denote the Laplacians on S™(c¢) and on S™ ™ (v/1 — ¢?), respec-
tively. We can derive

|:|f = (nH(SiJ — h@j)f@j = (’le — k‘l)Alf + (nH — k‘n)AQf
Hence, the eigenvalues )\lD are given by
A = (nH — kAN + (nH — kn)A32, (2.12)

the multiplicity of /\l':l is the sum of the products m

ISV for all possible values
of /\Z-Al and )\J-A2 which satisfy ' !

A

AT = (nH — k)AM + (nH — ky)A52,

where m, a; denotes the multiplicity of AR
We recall that the eigenvalues of the Laplacian Ay on S™(c) are given by

(i—1)(m+i—2)

Ay _
A = :
C

. i=1,2,3,...,
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with multiplicities
My, = 1, mya =m +1 and mya; = C’fn_jFI — C’fn_fi%, i=3,4,...

and the eigenvalues of the Laplacian Ay on S™~™(y/1 — ¢2) are given by

P )(n—m+j—2
AfZ:U )(7;77:2” ) 1923

with multiplicities

m)\A2:17 m)\AQZn_m—‘rl
1 2
and
_ i1 j—3 -
m)\jAQ - Cnfmﬁ»jfl - Cn7m+j73> ] = 3,4, e

Therefore, we infer that

n—2m)(1 —n)c* +2m(1 — m)c® + m(m — 1)
A3(1 — 2)3/2

= (nH — k)M + (nH — ky )5

(n —2m)(1 —n)ct +2m(1 — m)c® + m(m — 1)
+ B3(1— c2)3/2

_ <nc2—m +m>(i—1)(m+i—2)

/\;’s:/\FJr(

V1 —¢? c c?
+<n62—m_ c )(j—l)(n—m+j—2)
eV1—=c2 J1-=¢2 1—¢2
_ 1— 4 1— 2 -1
N (n—2m)(1 —n)c 3—|— 2m(1 — m)c* + m(m ) (2.13)
3(1 — c2)3/2
It is not difficult to prove that
(nH — k)N + (nH — k,)\52
n (n—2m)(1 —n)c* +2m(1 —m)c? +m(m —1) 0

A3(1 = 2)3/2
Thus, in order to calculate the weak stability index, it suffices to estimate when
(nH — k)AM + (nH — kn)AS? < (nH — k)AP + (nH — k) A3 (2.14)
fori=1,j7>1andi>1,j=1. By a direct calculation, we obtain, from (2.8),
(nH — k)AD + (nH — k)52
(n —2m)(1 —n)ct 4+ 2m(1 —m)c® + m(m — 1)
+ 31— 2)3/2
_m(c = 1)[(n—1)c* — (m — 1)]
A3(1— c2)3/2

<0 (2.15)
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with multiplicity n —m + 1, and
(nH — k)AS + (nH — k, )A52
(n —2m)(1 —n)c* +2m(1 — m)c® + m(m — 1)
+ 31— 2)3/2
(n —m)[(1 —n)c* + mc?
A3(1—c2)3/2

<0 (2.16)

with multiplicity m + 1. Therefore, the weak stability index Indr (M) > n + 2 for
M = 8™(c) x 8" ™(y/1 — ¢2) with constant scalar curvature n(n — 1)r, r > 1.
Moreover, Indr (M) = n + 2 if and only if

(nH — kAN + (nH — ky)AS2 > (nH — k1) 4 (nH — kp)A5? (2.17)
and
(nH — k)M + (nH — kn)AD2 > (nH — k)M + (nH — k,)A52. (2.18)
Since
(NH — k)AD + (nH — k)25

(n —2m)(1 —n)c* +2m(1 — m)c® + m(m — 1)
+ 31— c2)3/2

(n—1)(n+2)c* — 2nme? +m(m — 1)

- L , (2.19)
(RH — k1)AS" + (nH — k) AP
. (n —2m)(1 —n)c* + 2m(1 — m)c? + m(m — 1)
31— c2)3/2
_ (n+2)(A—n)ct+ (QZ:Z;F_Q;);/?C +(m+2)(1—m) (2.20)
and
m(n—1)+/m(n —1)(n —m)
> n(n —1) ’
we obtain that Indr (M) = n + 2 if and only if
nm ++/m[(2 —n)m + (n — 1)(n + 2)]
(n—1)(n+2)
<< (nm+n—2)+ \/(nfm)(3n72m+nm72).

(n—1)(n+2)

In addition, it is interesting to point out that the weak stability index of Clifford
hypersurfaces S™(c) x S"~™(1/1 — ¢2) converge to infinity as ¢* converges to 1.
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In fact, we can obtain that, for every j > 3,

-9 1— 4 2 1— 2 1
(nH—kl))\lA1+(nH—kn))\j-A2+(n m)(1 —n)c* +2m(1 —m)c? + m(m — 1)

A3(1— c2)3/2

if and only if

m(n —1) +y/m(n —1)(n —m)
nin—1)

< < pj,
where
_m(-Ym—m+j-2)+2m—1)+VD
T2 -G - -m+j—2)—(n—2m))’
D=m*((j —)(n—m+j—2)+2(m— 1))
—4m(m —1)(n = 1)((j = )(n —m+j = 2) = (n — 2m)).

For every ¢ > 3, we have

(nH — k)XY + (nH — ky)A52

(n —2m)(1 — n)c* +2m(1 — m)c® + m(m — 1)
+ 31— c2)3/2

<0

if and only if
q; < A3 < 1,
where
—((n+m—2)(i —1)(m+i—2)+2m(1 —m)) - VE
20 —=n)(G—1)(m+1i—2)+ (n—2m)) ’
E=(n+m-2)(i—1)(m+i—2)+2m(l —m))?

q; =

— 41 —n)(m —1)((i — 1) (m+i—2) + (n — 2m))((1 — i) (m + i — 2) + m).

Hence, we know that if

m{n —1) +n\(/£n_(”1)— =) pit1 < <pj,

then

J
Indp(M)=n+2+ kafz =m+ C,J;?,H_j_g + Cfljnﬂ»_l-
1=3

If ¢; < c® < gip1 <1, then

Indp(M)=n+2+ ZmAfl =n-m+1+ C’ﬁ;&i_l —|—Cf,ffi_2.
1=3

Moreover, {¢;} 1 and Indp (M) oo as i 7 oc.

<0
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3. Proofs of theorems
In this section, we will prove our theorems.

Proof of theorem 1.2. If M is a totally umbilical hypersurface, then Indy(M) = 0.
Hence, we can assume that M is not totally umbilical.

For a fixed vector v € R""2, gradients of the functions I, = (¢, v) and f, = (v, v)
are given by

Vi, =v7, Vi, =—A(b), (3.1)

where vT denotes the tangent component of v along the immersion ¢. By a direct
calculation, we have

Ol, = (n*H? — |A») f, +n(1 —n)HI, = 2S5 f, — (n — 1)S11,, (3.2)
Of, = (fs — nH|A?) fo + (n>H? — |A]*)l, = (353 — S182) f, +2550,.  (3.3)

Hence, we derive

Jslv = (n2H2 - |A|2)fv + (nHlA‘Z - f3)lv = 252fv + (5152 - 353)lva (34)
Jsfv = n(n - 1)va + (n2H2 - ‘A|2)lv = (n - 1)Slfv + 252lv~

We consider a function f, + al,, where a € R is a real number. Since
Js(fv + alv) = [(n - 1)51 + 20452]fv + [252 + a(5152 — 3S3)]lv (36)

and S, Sy and S3 are constant, we can derive that functions f, + al, are eigen-
functions of J; if « is a solution of the following quadratic equation:

2520&2 + [(n — 1)51 — 5159 + 353]04 —25, =0 (37)

and —(n — 1)S1 — 2a.S; is an eigenvalue of Jj.
Since the equation (3.7) has two different real roots,

- 5152 — (TL — I)Sl — 353 F \/5
N 45, ’

at

where D = [(n — 1)S1 — S152 + 353)% + 1653 > 0, the corresponding eigenvalues A
of Js are given by

—518y — (TL - 1)S1 + 353 &+ \/E
5 .

)\i = —(TL — 1)51 - 2C¥:|:SQ = (38)

According to Ho = 7—1 > 0 and the Gauss equation, we can choose the orientation
such that H = H; > 0. Then we have the following inequalities [7]:

H? > H,,  HH,> Hs, HZ > H,Hs. (3.9)
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From (3.8) and (3.9) we infer that

A

o —5185 — (n — 1)51 + 353 — \/ﬁ
B 2

<Ay
=518 — (n—1)S1 +3S3 + VD
N 2

< 0. (3.10)
In fact,

- 5152 — (TL — 1)51 + 353

- _W}LHQ —n(n—1)H; + nin = 12)(" —y,
< —7712(“2_ D) HiHy —n(n—1)H; + nn - 12)(n — 2)H1H2
=-n(n—1)HHy — n(n —1)H;
<0
and
[—S1S5 — (n —1)S; + 383> — D
=4[-3(n —1)81 53 + (n — 1)57 S5 — 4573
= —2n%*(n —1)%(n — 2)H, H3
+2n*(n — 1)?H{Hy — 4n*(n — 1)*H}
> 2n%(n —1)2[—(n — 2)H2 + nH2 — 2HZ]
= 0.
Therefore, A\_ and A, are negative eigenvalues of Js. Putting
Us = {fo+axl, :v e R"}, (3.11)
we have Jsu + Apu =0 for any u € UL.
On the other hand, if u € U4, then
Ou + (S1.52 —3S3)u + (n — 1)S1u+ Apu = 0. (3.12)
Set pg = (5152 —353) + (n — 1)S1 + Ay. Then
Py =—A_>-Ap=pu_>0, /Mudv =0. (3.13)

Hence, functions belonging to Uy are non-constant eigenfunctions of the [J and
they satisfy the condition [,, u = 0.
Hence,

Indyp(M) > dim(U- ¢ Uy) =dimU_ +dim Uy, (3.14)
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since U_ and U, are eigenspaces of [J associated to different eigenvalues. Define
o4 1 R"T2 — Uy by

ox(v) = fo + axly.

CrAmM 3.1. kerop_ Nkerpy = @.
Assume that there exists a unit vector v € ker ¢_ Nker ¢. Then we have
fv + Oé+lv =0= fv + O[,lv.

It follows that [, = 0 = f,. This means that M is a totally geodesic equator of
S™*1(1), which is impossible. Thus, ker o Nker ¢, = @. Therefore,

dimker p_ + dimker oy = dim(kerp_ @ kerp;) < n+ 2.
Because of dim Uy = n + 2 — dimker ¢+, we obtain

Indy(M) > dim U_ + dim U,
=2(n+2) — (dimker ¢_ + dimker )
>+ 2. (3.15)

If Ind7(M) = n + 2, then we have dim(ker p_ @ ker 1) = n + 2, that is, R"*2 =
ker o @ ker 4. Then we have, for any point p € M,

T,M =T,M N R""? = (T,M Nkerp_) & (T,M Nker ).

Let T,M* = T,M Nker .. Assume that 0 # v € T,M~, then f, + a_l, = 0 on
M. Tt follows that o # 0. Otherwise, f, = 0 and M is totally geodesic. This is
impossible. Since f, + a_l, = 0, we have V(f, + a_l,) = —A(wT) + a_v" =0 on
M. From v € T,M~, we know that vT(p) = v and A,(v) = a_v, that is, T,M ™ is
a subspace of T, M with constant principal curvature a_. By the same assertion,
we can show that T,M™ is a subspace of T, M with constant principal curvature
ay. If T,y M~ = @ at some point py, then we have T, M = T, M™, that is, py
is an umbilical point; it follows that |A|?(py) — nH?(po) = 0. Since H; = H and
|A|? = n?H? — n(n — 1)Hy are constants, we know that |A]? —nH? = 0 on M,
this means that M is totally umbilical. This is a contradiction. Therefore, we derive
that M has two different constant principal curvatures. From Cartan theorem, we

know that M is a Clifford hypersurface S™(c) x S™~™(v/1 — ¢2) and

nm+ /m[(2 —n)m + (n — 1)(n + 2)]

CERCES)
c2e (nm+n—2) ++/(n —m)(3n — 2m + nm — 2)
S (n—1)(n+2)

since Indp (M) = n + 2. This completes the proof of theorem 1.2. O

Proof of theorem 1.3. Without loss of generality we will assume that M is not
totally umbilical. For any fixed vector v in R"*2, vT : M — R"*2 defined by

v (z) = v —l,(z)x — fo(x)v(z) forallz e M
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is a tangent vector field on M because (vT(z),z) = 0 and (vT(z),v(x)) = 0 for
every point x € M. By multiplying the equation [, = Af, by an appropriated
constant, we may assume that |v| = 1. We will also assume that [, is not constant.
Otherwise, M C S™(c¢) for some c¢. According to the completeness of M we have
M = S™(c), that is, M is totally umbilical.

Since 1, is not constant, then A # 0. From [3], we know that principal curvatures
of M along the integral curve of vT are

M (Ba(s)) = —

Y
1 1+ XA+ Ni(2))
AT A = M) cos(ws) + (1+ AN(x))’
For every x € N = S™(1) N M (see [3]), let
L(x)={i€{2,...,n}: \i(z) = ="'},
L(z)={i€{2,...,n}: N(x) = A},
I3(z) ={2,...,n}\ (I1(z) U Iz(x)).

Letting us denote the number of elements in I;(x) by n;, for i = 1,2,3, then, we
have ny +ng +n3 = n— 1. If i € I; and j € Iy, then X\(B.(s)) = —A~! and
Aj(Ba(s)) = A,

CrLam 3.2. I3(z) = 2.

Ai(Bz(s)) =

2<1<n.

In fact, for every i € I3(z), a;(z) = A~ 1+ X\;(x) # 0 and b;(z) = A(A—X\i(x)) # 0.
For each point x € M and s € (—7/2w, 7/2w), we infer that

Sn(Ba(s))
= f[l/\i(ﬂx(S))
- (‘i)ﬂﬁl“)mﬁ (‘i * bj(x)(io:(i))ai(ilj (x))
() "o () e ; () ey

ajy (3’3) Ay, ($>
) ( 2 (b, () cos(ws) + Aaj, (x)) - - - (bj, (x) cos(ws) +Aajk(z)))7
(3.16)

=+ (=3) o (3 sm )
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1 n1+1 ns 1 (1 + )\2)a(fﬂ)
. by na—1 _ - J
—|—n2< )\> () gl;[1 < A + b;(x) cos(ws) + )\aj(x))
ns 1 ni+1 n3 ( 1 (1+)\2)a(:v) )
+ -5 A)"2 ——+ J
; ( )\) ®) Py A bj(x) cos(ws) + Aaj(x)
1 ni . 1 ns 1 ni+1 - 1 ns
~on(=3) o (5) (-5) o (55)
1 ni+1 s 1 nz—1
em(5) or(=5)

Ay (Jf) C Ay (1‘)
XQé;gmemw+mmmm@mwwmeum)
(3.17)

where ~ means that this term is deleted.
For any point x € M, we have S,(xr) = ¢Sp_1(z). Since B;(s) € M, then
Sn(Bz(s)) = cSn—1(Bx(s)), it follows from (3.16) and (3.17) that

1 n—mno—1
(—)\> ()\)nz—l{ -1+ %c —(n1 +1DAe— n3)\c}

ns 1 ni+nsz—=k
(—)\> ()™= (1 + )\2)k{ -1+ %c —(n1+1)Ac— (ng — k:))\c}
k=1

aj, (x) -- - aj, (z) _
g ( 2 (bj, () cos(ws) + Aajy (2)) - - - (bj, (x) cos(ws) + Aay, (w))) -0

J1<--<Jjk

which means that, for every s € (—n/2w, 7/2w), cos(ws) is a root of the following
polynomial equation on X,

1 n—mso—1 n
<—)\> ()\)”21{ -1+ 720 —(n1+1Ae— ng)\c}
ns 1 ni+ns—k

(-3) ey

x{1+"2c(n1+1)/\c(n3k)Ac}

X( > a3, (@) a5, (2)

1< <j (bjl (J?)X + /\ajl 1(1‘)) . (bjk (J?)X + /\ajk (1’))) =0. (318)

We know that the polynomial equation should have finite roots, but equation (3.18)
has infinite roots. So we can deduce that the coefficients of X9 in equation (3.18)
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are zero for any integer ¢ € {0,1,2,...}. Hence, we obtain that the coefficients of
X3 are zero, that is,

1 n—nmg—1
(_)\> ()\)m_l{ -1+ %C —(n1 +1Ae— ng)\c} =0. (3.19)

From (3.19), we have

-1 -A
(DA —no At ngh (n—no)A2 —ny’

SO
—TL3>\2

n2
142 Dhe=— B4
+ —c—(n1+ 1) (=)0 — 13

5 £0.

Substituting ¢ into (3.18) and noting that the constant term of equation (3.18)
equals zero, we obtain

f: (i)nl (A>n2,1(71)n37k071§3(1 + )\2)16

k=1
X { -1+ %c — (n1+ DAc— (ng — k))\c} il;[lai(;v)

S n3)\2n3+n2 ni—1 )\2 + 1
' 2 H ai(z
(n —n2)A% —ngy

then we have
n3
[[ai@) =
i=1

This is a contradiction with a;(x) # 0. Hence, Is(z) = @ for every € N. Thus,
we derive that all the principal curvatures of M at the points of N are constant
and that they are equal to either —A\~! or \. Using the same arguments as in [3] we
can conclude that M is either a totally umbilical sphere or a Clifford hypersurface.
This completes the proof of theorem 1.3. O

Proof of theorem 1.4. Without loss of generality, we will assume that M is not
totally umbilical. For any fixed vector v in R"*2, we know that vT : M — R"*? is
a tangent vector field on M. By making use of the same notation as in the proof
of theorem 1.3, we may assume that |v| = 1 and [, is not constant. Since [, is not
constant, then A # 0. From [3], we know that principal curvatures of M along the
integral curve of vT are

M (Ba(5)) =

A
1 14+ XA+ ()
Ai(Bx(s)) = AT A = Xi(2)) cos(ws) + (1+ ANi(x))’

)

2<1<n.
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For each x € N, by making use of the same notation as in the proof of theorem 1.3,
we have the following claim.

CLAM 3.3. I3(z) = @.

In fact, for every i € I3(z), a;(z) = A"+ \i(x) # 0 and b;(z) = A(A—X\;(z)) # 0.
For each s € (—m/2w, 7/2w) we obtain
255(Bx(s))
= 3T A (B () A (B (s))

+ Z (‘ (iot(i)) }( AL]( ))

(e 5 (et )
_ %(m +n3)(n1 +n3 + 1) — 2na(ng + ng + 1) + na(ng — 1)A2

+2(1+ %) (‘ = i =+ ”2A> (ki_:l b () cos?s)g)—k )\ak(x)>

+ ; L+ %7 )coszlqj)(sg;)-i- Nai(z) b (@) COS?Z;§>+ Aaj ()’

This means that, for every s € (—m/2w, 7 /2w), cos(ws) is a root of the following
polynomial equation on X:

1
{252 — ﬁ(nl —|—n3)(n1 +n3 + 1) + 2n2(n1 +n3 + 1) — n2(n2 — 1))\2}
X H )X + Aa;(x))

— 201+ A%@@ +nah) (; (ak(x) x i_ﬁ#(bi(x)X + /\ai(a:)))>

n3

+ Z(l +A%)2a;(w)a (z) x H (b (2) X + Aag(x)).

i#] k=1, k#i, k#j
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Since the polynomial equation should only have finite roots, we derive that the
coefficients of X7 are zero for any integer ¢ € {0,1,2,...}. It follows that

1
252 = ﬁ(nl —+ ng)(nl +n3 + 1) — 2n2(n1 +n3 + ].) + TLQ(’H,Q — 1))\2

and

ns
2(1 + )\2) (— M 1_”3 =+ n2>\> ng)\n371 H a;

i=1

n3
+(1+2)ns(ng — A2 JJas =0.  (3.20)

i=1
Since
(2k + m)n? — (2k2 + 4k + 2km + m)n + 2k(m + k + 1)
n(2k +m)(2(n — 1) — (2k + m)) ’

o<m<n—2, I1<k<n—-1-m and 2Sy=n(n—-1)(r—1),

r#£2

we obtain

1
259 = —(nl + TL3)<TL1 +ns + 1) — 2712(711 + ns + 1) + ’ng(ng — 1))\2

\2
=n(n—1)(r—1)
n(m? — 4k) + 4k(m + k + 1)
-1 . 21
70 = ) S R = 1) = @+ m) (3:21)
Letting m = ng — 1 and k = ny + 1, we then have, from (3.21), that
—1)2 —
25y % (n — 1)n[(n3 1)?—4(n; +1)] +4(ny + 1)(ny + n3 + 1)' (3.22)
(2711 + n3 + 1)[2(n - 1) — (2711 + n3 + 1)]
By using (3.21) and (3.22), we infer that
2n1 +ng +1
2
—_— 2
A 7&2n2+n3—1 (3.23)

Hence, we can deduce from (3.20) and (3.23) that

ns
H a; = 0.
i=1

This is in contradiction with a; # 0. Therefore, I3(x) = &. By using the same
arguments as in the proof of theorem 1.3, we conclude that M is either a totally
umbilical sphere or a Clifford hypersurface. This completes the proof of theorem 1.4.

O

Proof of corollary 1.5. If M is neither a totally umbilical sphere nor a Clifford
hypersurface, we obtain from theorem 1.4 that f, + a+l, # 0 for any fixed vector
v € R"2. Then dimU; = dimU_ = n + 2. It follows from equation (3.14) that
Indr(M) = 2n + 4. O
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Proof of theorem 1.6. We can prove theorem 1.6 using similar arguments to those
used in the proof of theorem 1.4. O
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