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A lower bound for eigenvalues of a clamped plate problem
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Abstract In this paper, we study eigenvalues of a clamped plate problem. We obtain a
lower bound for eigenvalues, which gives an important improvement of results due to Levine
and Protter.
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1 Introduction

Let 2 be a bounded domain with piecewise smooth boundary 92 in an n-dimensional
Euclidean space R". The following is called Dirichlet eigenvalue problem of Laplacian:

Au = —Au, in Q,
[u:O, on 0€2. (1.1

It is well known that the spectrum of this eigenvalue problem (1.1) is real and discrete
(cf. [5,8,2,13]).

O<Xi <A <A3<---— 00,

where each X; has finite multiplicity which is repeated according to its multiplicity.
Let V(2) denote the volume of 2 and let B, denote the volume of the unit ball in R”.
Then the following Weyl’s asymptotic formula holds
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472 2
A~ ————kn, k— oo. (1.2)
(BaV(2))n

From this asymptotic formula, one can infer

472 2
72 ———— ki, k— . (1.3)
n+2(B,vV(Q)

Furthermore, Pélya [15] proved that

472 2
}\kzizkn’ fork=1,2,..., (L.4)
(BaV(S2)n

if Q is a tiling domain in R"”. Moreover, he proposed the following:

Conjecture of Pélya If 2 is a bounded domain in R", then eigenvalue Ay of the eigenvalue
problem (1.1) satisfies
472 2
A= ————kn, fork=1,2,... (1.5)
(B, V(2)n

Li and Yau [10] (cf. [4,11]) proved the following

472 2
,Z > ———kn, fork=1,2,... (1.6)
"+2<B V(Q)

The formula (1.3) shows that the result of Li and Yau is the best possible in the sense of the
average. From this formula, one can derive
n 472
A = —
n+2 (B, V(@)
which gives a partial solution for the conjecture of Pélya with a factor - +2

Furthermore, Melas [12] obtained the following estimate which is an improvement of
(1.6).

ki, fork=1,2,..., (1.7)

k 2
Z = Lk%-i- V& k=12, (1.8)
= ”+2(B V(Q))n "1Q)’

where ¢, is a constant depending only on the dimension n and

I1(2) = min / |x —a|2dx
acR"
Q

is called the moment of inertia of 2.

For a bounded domain in an n-dimensional complete Riemannian manifold, Cheng and
Yang [7] have also given a lower bound for eigenvalues, recently.

Our purpose in this paper is to study eigenvalues of the following clamped plate problem.
Let 2 be a bounded domain in an n-dimensional complete Riemannian manifold M". The
following is called a clamped plate problem, which describes characteristic vibrations of a
clamped plate:

2 _ .
‘A u="Tu, in Q, (19)

_ ou _
u=35 =0, on 9%,
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A lower bound for eigenvalues

where A is the Laplacian on M" and v denotes the outward unit normal to the boundary 92.
It is well known that this problem has a real and discrete spectrum (cf. [6,17])

O0<I =T =Tk = — +oo,

where each I'; has finite multiplicity which is repeated according to its multiplicity.
For the eigenvalues of the clamped plate problem, Agmon [1] and Pleijel [14] gave the
following asymptotic formula,

1674

e~ —— ki, k= oo, (1.10)
(B,V(Q))"
This implies that
1 1674
>~ — T ki, k- oo (1.11)
k n +4
= (B V(Q))

Furthermore, Levine and Protter [9] proved that the eigenvalues of the clamped plate problem
satisfy

k 4
IZFj Lik%. (1.12)
j=1 (B V(Q)"

The formula (1.11) shows that the coefficient of k% is the best possible constant.
In this paper, we give an important improvement of the result due to Levine and Protter [9]
by adding to its right hand side two terms of lower order in k. In fact, we prove the following:

Theorem Let Q2 be a bounded domain in an n-dimensional Euclidean space R". The eigen-
values of the clamped plate problem satisfy

1< 167* 4
ZF, > 74](”
ko ”+4 (BuV ()"
+( n+2 1 )V(Q) n 472 L2
Rnn+4) 1152n2(n+4)) 1(Q) n+2 (BHV(Q))g
1 1 V(Q)
+ (576n(n +4)  27648n2(n +2)(n +4)) (I(Q)) ’ (1.13)

where I (R2) is the moment of inertia of Q.

2 Proof of Theorem

For a bounded domain €2, the moment of inertia of Q2 is defined by

1() = min / Ix —al’dx.
aeR”
Q

@ Springer



Q.-M. Cheng, G. Wei

By a translation of the origin and a suitable rotation of axes, we can assume that the center
of mass is the origin and

1(R) =/|x|2dx.
Q

For reader’s convenience, we first review the definition and serval properties of the sym-
metric decreasing rearrangements. Let 2 C R” be a bounded domain. Its symmetric rear-
rangement 2* is the open ball with the same volume as €2,

QF = [x eR| x| < (VOI(Q))"}.
B,

By using a symmetric rearrangement of €2, we have

2
I(Q):/|x|2dx Z/lezdx = #V(Q)(Vg))". 2.1
Q Q*

Let i be a nonnegative bounded continuous function on 2. We consider its distribution
Sunction () defined by

un(t) = Vol({x € Q| h(x) > t}).

The distribution function can be viewed as a function from [0, co) to [0, V(2)]. The sym-
metric decreasing rearrangement h* of h is defined by

h*(x) = inf{t = O|ps (1) < Bulx|"}

for x € Q*. By definition, we know that Vol({x € Q|h(x) > t}) = Vol({x € Q*|h*(x) >
t}), Vt > 0 and h*(x) is a radially symmetric function.

Putting g(|x|) := h*(x), one gets that g : [0, +00) — [0, sup k] is a non-increasing
function of |x|. Using the well known properties of the symmetric decreasing rearrangement,
we obtain

/h(x)dx =/h*(x)dx =an/s"_1g(s)ds 2.2)
R” R” 0
and
/|x|4h(x)dx Z/|x|4h*(x)dx :an/s"+3g(s)ds. (2.3)
R” R” 0

Good sources of further information on rearrangements are [3,16].
One gets from the coarea formula that

sup h
/u,(t):/ /|Vh|’1dosds.
i {h=s)

Since h* is radial, we have

mr(g(s)) = Volfx € Q[h(x) > g(s)} = Vol{x € Q*[h*(x) > g(s)}
= Vol{x € Q*|g(|x]) > g(s)} = Bys".
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It follows that

n

nBys" ! = wi(g(s)g'(s)

for almost every s. Putting v := sup |[Vh|, we obtain from the above equations and the

isoperimetric inequality that

—u,(g(8) = / |Vh| ' dog) = 77" Volu—1 ({h = g(5)})

{h=g(s)}
>t~ nB,s" 1.

Therefore, one obtains
—1<g4()<0 2.4

for almost every s.
The following lemma will be used to prove our theorem.

Lemma2l Letb > 1,n > 0 and ¢ : [0,+00) — [0, +00) be a decreasing smooth
function such that

—n<y'(s)<0
and, for a constantd < 1,
2b+2
0) %
¥ (0) <4
6bn%(bA)b
with
oo
A= /s”*‘w(s)ds > 0.
0
Then, we have
7 1
b+3 b4 -4
ds > ——(bA) » 0)"»
/S w(s)s_b+4( ) v ¥ (0)
0
+ (= d b7y ()
3b(b+Hn?  6(b+2)2(b+4n?

1 d .y
+ (36b(b + 4)n* N 36(b +2)2(b + 4))74) Ay (0)". 2.5)

Proof Defining
00
D= /s”+‘ W (s)ds,
0
one can prove from the same assertions as in the Lemma 1 of [12],

oo

D= /sb“lﬂ(s)ds > ﬁ(bz‘\)%lﬁ(o)_% +
0

AP (0)?

6(b+2)n*’ 20
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Since the formula (2.6) holds for any constant b > 1, we have

/sb+31/f(s)ds
0
Dy (0)?
_b—4((b+2>D)b+2¢f(0) = 2+m
b R0y d . AVOPTER
2 5o 4[( )5 Y (0)7 6n2] ¥ (0)
¥ (0) b2 AY(0)?
* ey Lrraey T+ gt
2
1 b2 2 Aw(0)2 b2 2]
=5 4[(bA) Y(0)~ M(bA) ¥ (0) }
2
Ay (©0) 7 ) .
x 1+7 ¥ (0) =
( 6(bA) T n?
b2 a2 Ay (0)*
T A VO T T bt

S ¢<0)2 L
> — 4[<bA> v+ M(bA) v ) ]

1 Ay b AY0) )
1+ 2 — 0) 2
X[ b+ 26bA) T 2 ( )]W)

(from the Taylor formula)

S SN S A O)
6(b +2)(b + 4)n? 36(b +2)(b+ 4)n*

2 L
[(bA)””vf(or% A‘”;O) M(bA)Mw(O)“]

by
2b+2
1 Ay b 2
+ —(bA)Tw(O)% + Ay (0)*
6(b+2)(b+4) 2 36(b+2)(b+ Hn*

ﬁ(bA) RO

1 d b+2 Zb
’ (Sb(b R 6+ 220 +4)n2) ba) Ty

1 d A
* (36b(b +dnt B 36(b +2)2(b + 4),74) Ay (0)".

This completes the proof of the lemma. O
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Proof of Theorem Let u; be an orthonormal eigenfunction corresponding to the eigenvalue
I';, that is, u; satisfies

Azuj BZFJMJ, in Q,
uj =51 =0, on 9L, 2.7)
Joui()uj(x)dx = &;;, foranyi, j.

Thus, {u.,-}‘;o=1 forms an orthonormal basis of L2(£2). We define a function @;j by

. _Jujx), x €,
¢ix) = [0, x e R\Q.

Denote by @, (z) the Fourier transform of ¢; (x). For any z € R", we have by definition that

9j(2) = (2n)_"/2/<pj(x)ei<x'Z>dx = (2ﬂ)_"/2/uj(x)ei<x‘2>dx. (2.8)
R” Q

From the Plancherel formula, we have

/ 0 ()9 (2)dz = &;

R”

for any i, j. Since {u j};’il is an orthonormal basis in L2(2), the Bessel inequality implies
that

k
D18 < o)™ / le' =57 dx = (27) "V (Q). (2.9)
j=1 Q
Foreachg =1,...,n,j=1,..., k, we deduce from the divergence theorem and u ;|3 =
%ilyq = 0 that
2 0y -n/2 _ 2%t
228(2) = @) 0j () (i) = —dx
Xg
Rn
2.,.
= —(271)—”/2/78 D100 i) g1
8x§
R)l
=-—550 (2.10)
X4
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It follows from the Parseval’s identity that
~ 2
/ 121*19; () *dz = / 121°9; (2)| " dz
R" R"
2

na/z(’?j
:/zaxz(Z) dz

Rt |9= 1 q

2
! 821/!/'
= Z 9x2 dx
& \g=1 Ta

= / |Auj(x)|2dx
Q

= / uj (x)Azuj(x)dx

Q

= / Fjui(x)dx

Q
=T;. .11

Since
Voi(z) = (271')_”/2/ixuj(x)ei<x‘z>dx, (2.12)
Q
we obtain
k .
S Ve @ < @) / e 2y = ) (R). @.1%)
Jj=1 Q
Putting
k
h(2) = > 18I
j=1

one derives from (2.9) that 0 < h(z) < (m) "V (), it follows from (2.13) and the
Cauchy—Schwarz inequality that

‘ 12 7y 1/2
VR <2 (D191 > IveiI?
j=1 j=1
<2Q20) "/ V(QI(Q) (2.14)

for every z € R”. From the Parseval’s identity, we derive

k
/h(z)dz = Z/ |uj (x)|*dx = k. (2.15)

R" j=lg
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Applying the symmetric decreasing rearrangement to 4 and noting that T = sup |Vh| <

2Qm) "/ V(2)1(L2) := n, we obtain, from (2.4),
—n<-1<g(s)<0 (2.16)

for almost every s. According to (2.2) and (2.15), we infer

o0
k :/h(z)dz :/h*(z)dz =nB,,/s"*‘g(s)ds. (2.17)
Rn Rll 0
From (2.3) and (2.11), we obtain
r;= 4
j —/Izl h(z)dz
/=1 R"
> / |zI*h*(2)dz
R”
o0
= nB, / s"3g(s)ds. (2.18)
0

In order to apply Lemma 2.1, from (2.17) and the definition of A, we take

k
Vis)=g(s), A=—pm, 0= 2Q2m) "V V(I(Q), (2.19)

from (2.1), we deduce that

n+

. (2.20)

1
2 1
0> 2020)" (—" ) By " V(Q)
n+2

On the other hand, 0 < g(0) < suph™*(z) = suph(z) < 2n) "V (), we have from (2.1),
(2.19) and (2.20) that

2n+2 2n+2
g(0)n (2m) "V (2))
6nn(nA)s N ot \
6n (227) (Hz) B, "V(Q)" (37)
4 4
_n +2 B _n +2 By
T 24n? Qn)2ks — 24n? 2n)?

By a direct calculation, one sees from B, = % that
2
4
B 1
—_— < (2.21)
Qm)? 2
where I’ (%) is the Gamma function. From the above arguments, one has
(0) 2n+2 + 2
§ <L (2.22)

6nnZ(nA) T 48n?
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Hence we know that the function ¥ (s) = g(s) satisfies the conditions in Lemma 2.1 with
b = n and

2
n =200 "VV@IQ), d= '28%.
n
From Lemma 2.1 and (2.18), we conclude
o0

k
er > an/s"Hg(s)ds
j=1

0
n+4

= F(Bn)_ﬁk n 8(0)_7

+ 1 1 kM(B )_g (0)2;172
3+ Hn? 288n(n+2)(n + )2 n 8

1 1 A
" (36n(n +Hnt 17282+ 2)(n + 4),,4) kg (0)". (2.23)

Defining a function F by

4

F(t) = ——(By) nk'" t7n
T n44"

1 1 nt2 2 w2
—+ — k (Bn nt n
3n+4Hn?  288n(n +2)(n + 4)n?

1 1
- ki, 2.24
+ (36n(n + 4t 1728n2(n +2)(n +4)n4) (2.24)

It is not hard to prove from (2.20) that > 27)~ "B, V(Q) o . Furthermore, it follows
from (2.24) that

F'(1)
<_ (B Yk
n+
2(n -1 (n—1) M(ZT()ZHV(Q) 2(n+1) nnz
n(n +4)  144n2(n +2)(n +4)
! ke Qr)* (BT V()
T n
9n(n +4) 432n2(n +2)(n+4) "
_ n# o 2(n—1) B n—1) (2 )an V(Q)_Z(nH) 22
nid 3n 144n2(n +2)
4 4 1 1 4n+l)  dn+d
—4(B) ik 4 (= — ) @O BT V(@)A1
(Bn) +(9n 432n2(n+2))(”) (Bu)" V(S2) ]
Hence, we have
4 .
PR
2(n —1) (n—1) 2 _2(n+1> 42
< — 2) 2 V(R n
- ( 3n 144n2(n+2))( ) )

1 1
on  432n2(n +2)

4(n+1)  4n+4

_4 4 ( ) dn 4 40D dnd
—4(B,) nkn + Q)™ (By)nV(Q)~ "« tn . (2.25)
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Since the right hand side of (2.25) is an increasing function of ¢, if it is not larger than O at
t = 2m) "V (), that is,

2(n —1) (n—1) ;2 — D -n w2
( e 2)) QTP K V() (2m) V()
+ (i - ;) QT (B V(@ (@n) V@)
o aam2(n+2)) T "
—4(B,) " 7kr <0, (2.26)

then one has from (2.25) that () < 0 on (0, 27) "V (2)]. Hence, F(¢) is decreasing on
0, 27)~"V(2)]. Indeed, by a direct calculation, we have that (2.26) is equivalent to

((”_ D__@-D )(2n)_2k%
6n 576n2(n +2)

+(1 S )2 ~4(B,)*
3on 18+ 2y ) B B
< (Bn)—%k%. (2.27)

From (2.21), we can prove that (Zﬂ)_z(Bn)% < 1 and

((" —b_ - )(2n)—2k%
6n 576n%(n +2)

+(l R )2 ~4(By)n
3on 182y ) F B

Lom 2%t + L m)
< -7 "+ —Qn
6 36n

6 36n
4 4.4
< ) kn < (Bp) nkn, (2.28)

< m)2 [lk% + i]

that is, F'(¢) is a decreasing function on (0, 27)™"V (2)].

On the other hand, since 0 < g(0) < (27) ™"V (R2) and the right hand side of the formula
(2.23) is F(g(0)), which is a decreasing function of g(0) on (0, 27)™"V (£2)], then we can
replace g(0) by (27) 7"V (2) in (2.23) which gives inequality

K 4
!y no lent
k<= n+4 (B,v@)

N n+2 1 V() n 472 L2
Ru(n+4) 115202 +4)) 1(Q) n+2(B V(Q))%
N 1 1 V)\?
576n(n+4)  27648n2(m +2)(n+4) ) \1(Q) )
This completes the proof of Theorem. O
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