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Abstract. In this paper, we investigate universal inequalities for eigenvalues
of a clamped plate problem on a bounded domain in an n-dimensional hyper-
bolic space. It is well known that, for a bounded domain in the n-dimensional
Euclidean space, Payne, Pólya and Weinberger (1955), Hook (1990) and Chen
and Qian (1990) studied universal inequalities for eigenvalues of the clamped

plate problem. Recently, Cheng and Yang (2006) have derived the Yang-
type universal inequality for eigenvalues of the clamped plate problem on a
bounded domain in the n-dimensional Euclidean space, which is sharper than
the other ones. For a domain in a unit sphere, Wang and Xia (2007) have also
given a universal inequality for eigenvalues. For a bounded domain in the n-
dimensional hyperbolic space, although many mathematicians want to obtain
a universal inequality for eigenvalues of the clamped plate problem, there are
no results on universal inequalities for eigenvalues. The main reason that one
could not derive a universal inequality is that one cannot find appropriate trial
functions. In this paper, by constructing “nice” trial functions, we obtain a
universal inequality for eigenvalues of the clamped plate problem on a bounded
domain in the hyperbolic space. Furthermore, we can prove that if the first

eigenvalue of the clamped plate problem tends to
(n−1)4

16
when the domain

tends to the hyperbolic space, then all of the eigenvalues tend to
(n−1)4

16
.

1. Introduction

Let M and D denote an n-dimensional complete Riemannian manifold and a
bounded domain with boundary ∂D in M , respectively. We consider the Dirichlet
eigenvalue problem of the biharmonic operator, the so-called clamped plate problem,
which describes vibrations of a clamped plate:

(1.1)

⎧
⎪⎨

⎪⎩

Δ2u =Γu, in D,

u|∂D =
∂u

∂ν

∣
∣
∣
∣
∂D

= 0,
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where Δ2 is the biharmonic operator in M and
∂

∂ν
denotes the outward normal

derivative on ∂D.
When M = Rn, for the clamped plate problem, Payne, Pólya and Weinberger

[14] and [15] established a universal inequality for eigenvalues. They obtained

(1.2) Γk+1 − Γk ≤ 8(n+ 2)

n2

1

k

k∑

i=1

Γi.

Hile and Yeh [10] improved the above result to

(1.3)

k∑

i=1

Γ
1/2
i

Γk+1 − Γi
≥ n2k3/2

8(n+ 2)

(
k∑

i=1

Γi

)−1/2

.

Furthermore, Hook [11] and Chen and Qian [3] proved the following inequality:

(1.4)
n2k2

8(n+ 2)
≤

[
∑

i=1

Γ
1/2
i

Γk+1 − Γi

]
k∑

i=1

Γ
1/2
i .

Ashbaugh in [1] has pointed out whether one can establish inequalities for eigen-
values of the clamped plate problem which are analogs of the inequalities of Yang
for eigenvalues of the Dirichlet eigenvalue problem of the Laplacian. In [6], Cheng
and Yang have solved the problem of Ashbaugh affirmatively; that is, they have
proved the following:

(1.5) Γk+1 −
1

k

k∑

i=1

Γi ≤
[
8(n+ 2)

n2

]1/2
1

k

k∑

i=1

[

Γi(Γk+1 − Γi)

]1/2

.

By making use of Chebyshev’s inequality, it is not hard to prove that (1.5) implies
(1.4).

When M is a unit sphere, Wang and Xia [16] have also given a universal inequal-
ity. They have proved

(1.6)
k∑

i=1

(Γk+1 − Γi)
2 ≤ 8(n+ 2)

n2

k∑

i=1

(Γk+1 − Γi)(Γ
1/2
i +

n2

2n+ 4
)(Γ

1/2
i +

n2

4
).

When M is a hyperbolic space Hn(−1), although many mathematicians want to
derive a universal inequality for eigenvalues, there are no results on the universal
inequalities for eigenvalues of the clamped plate problem (1.1). For a bounded
domain in Hn(−1), a main reason that one could not derive a universal inequality
for eigenvalues is that one cannot find an appropriate trial function. In this paper,
we find “nice” trial functions. By making use of them, we infer a universal inequality
for eigenvalues of the eigenvalue problem (1.1).

Theorem 1.1. Let Γi denote the ith eigenvalue of the clamped plate problem (1.1)
on a bounded domain D in Hn(−1). Then, we have
(1.7)

k∑

i,j=1

(Γk+1 − Γi)
2 ≤ 24

k∑

i,j=1

(Γk+1 − Γi)

{

Γ
1
2
i − (n− 1)2

4

}{

Γ
1
2
j − (n− 1)2

6

}

.

Furthermore, we have the following Yang-type universal inequality for eigenval-
ues:
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Corollary 1.2. Let Γi denote the ith eigenvalue of the clamped plate problem (1.1)
on a bounded domain D in Hn(−1). Then, we have

(1.8)

k∑

i,j=1

(Γk+1 − Γi)
2 ≤ 24

k∑

i,j=1

(Γk+1 − Γi)(Γi −
(n− 1)4

16
).

Remark 1.3. For a buckling problem on a bounded domain in the hyperbolic space,
a universal inequality for eigenvalues will be given in a forthcoming paper. Re-
cently, Cheng, Ichikawa and Mametsuka [4] have obtained a universal inequality
for eigenvalues of the clamped plate problem on a bounded domain in a complete
Riemannian manifold. This occurred after we completed this paper.

For the Dirichlet eigenvalue problem of the Laplacian on a bounded domain in

Hn(−1), McKean [13] (cf. [2] and [9]) proved that the first eigenvalue λ1 ≥ (n− 1)2

4

and limD→Hn(−1)λ1 =
(n− 1)2

4
. In [8], Cheng and Yang have proved that all of

the eigenvalues of the Laplacian must tend to
(n− 1)2

4
when the domain tends to

Hn(−1). From the Corollary 1.2 and the recursion formula in Cheng and Yang [7],
we have the following:

Theorem 1.4. Let Γi denote the ith eigenvalue of the clamped plate problem (1.1)

on a bounded domain D in Hn(−1). If limD→Hn(−1)Γ1 =
(n− 1)4

16
, then, for any

k, we have

(1.9) limD→Hn(−1)Γk =
(n− 1)4

16
.

2. Proofs of the theorems

In this section, we shall prove our results.
For convenience, we will use the upper half-plane model of the hyperbolic space;

that is,

Hn(−1) =

{

�x = (x1, x2, · · · , xn) ∈ Rn;xn > 0

}

with the standard metric

ds2 =
(dx1)

2 + (dx2)
2 + · · ·+ (dxn)

2

x2
n

.

In this case, by a simple computation, we have the Laplacian in Hn(−1):

(2.1) Δ = x2
n

n∑

j=1

∂2

∂xj∂xj
+ (2− n)xn

∂

∂xn
.

From the above formula, we have the following lemma:

Lemma 2.1. Defining fi = xi, for i = 1, 2, · · · , n− 1, fn = 1
xn

and f = log xn, we
have

(2.2)

Δfi = 0, for i = 1, 2, · · · , n− 1,

Δfn = nfn,

Δf = 1− n.
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Proof of Theorem 1.1. Let ui be the ith orthonormal eigenfunction corresponding
to the eigenvalue Γi, i = 1, 2, · · · , k; that is, ui satisfies

(2.3)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Δ2ui = Γiui, inD,

ui|∂D =
∂ui

∂ν

∣
∣
∣
∣
∂D

= 0,

∫

D

uiuj = δij , for any i, j.

For the function f = log xn, we have

(2.4) |∇f |2 = ∇f · ∇f = 1, Δf = 1− n.

We define functions

ϕi = fui −
n∑

j=1

aijuj ,

with aij =
∫

D
fuiuj . Then, we have

ϕi|∂D =
∂ϕi

∂ν

∣
∣
∣
∣
∂D

= 0,

∫

D

ujϕi = 0, for any i, j = 1, · · · , k.(2.5)

Thus, ϕi’s are trial functions. Hence, from the Rayleigh-Ritz inequality we have

(2.6) Γk+1 ≤
∫

D
(Δϕi)

2

∫

D
(ϕi)2

.

From (2.3), (2.4) and (2.5), we obtain

Δ2ϕi = Δ2(fui −
k∑

j=1

aijuj)

= Δ(Δfui + 2∇f · ∇ui + fΔui)−
k∑

j=1

aijΓjuj

= (1− n)Δui + 2Δ(∇f · ∇ui) + ΔfΔui

+ 2∇f · ∇(Δui) + fΔ2ui −
k∑

j=1

aijΓjuj

= 2(1− n)Δui + 2Δ(∇f · ∇ui) + 2∇f · ∇(Δui) + Γifui −
k∑

j=1

aijΓjuj .

Hence, we infer
∫

D

(Δϕi)
2 =

∫

D

ϕiΔ
2ϕi

= Γi ‖ ϕi ‖2 +2

∫

D

ϕi

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

.
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Thus,

(2.7)

(Γk+1 − Γi) ‖ ϕi ‖2

≤ 2

∫

D

ϕi

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

= 2

∫

D

fui

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

− 2

k∑

j=1

aij

∫

D

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

uj .

Defining bij by

bij =

∫

D

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

uj ,

we have

(2.8) 2bij = −(Γi − Γj)aij = −2bji.

In fact,

bij =

∫

D

(1− n)Δuiuj +

∫

D

∇f · ∇uiΔuj −
∫

D

(∇uj · ∇fΔui + ujΔfΔui)

=

∫

D

∇f · ∇uiΔuj −
∫

D

∇uj · ∇fΔui.

Since
∫

D

∇f · ∇uiΔuj

= −
∫

D

ΔfΔujui −
∫

D

∇f · ∇(Δuj)ui

= (n− 1)

∫

D

Δujui +

∫

D

f∇ui · ∇(Δuj) +

∫

D

fuiΔ
2uj

= (n− 1)

∫

D

Δujui −
∫

D

∇f · ∇uiΔuj −
∫

D

fΔuiΔuj + Γj

∫

D

fuiuj ,

we have

2

∫

D

∇f · ∇uiΔuj

= (n− 1)

∫

D

Δujui −
∫

D

fΔuiΔuj + Γj

∫

D

fuiuj .

Furthermore, we know that

2

∫

D

∇f · ∇ujΔui

= (n− 1)

∫

D

Δuiuj −
∫

D

fΔujΔui + Γi

∫

D

fujui.

Hence, we infer that

2bij = −(Γi − Γj)aij .
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From (2.7) and (2.8), we have

(2.9)

(Γk+1 − Γi) ‖ ϕi ‖2

≤ 2

∫

D

fui

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

+
k∑

j=1

(Γi − Γj)a
2
ij .

Since ∫

D

fuiΔui = (1− n) + 2

∫

D

∇f · ∇uiui +

∫

D

fuiΔui,

we infer that

(2.10)

∫

D

ui∇f · ∇ui =
n− 1

2
.

By a direct computation, we have
∫

D

fuiΔ(∇f · ∇ui)

=

∫

D

{

Δfui + 2∇f · ∇ui + fΔui

}

∇f · ∇ui(2.11)

= (1− n)

∫

D

ui∇f · ∇ui + 2

∫

D

(∇f · ∇ui)
2 +

∫

D

fΔui∇f · ∇ui,

∫

D

fui∇f · ∇(Δui)

= −
∫

D

Δui∇f · ∇(fui)−
∫

D

fΔfuiΔui(2.12)

= −
∫

D

uiΔui −
∫

D

fΔui∇f · ∇ui − (1− n)

∫

D

fuiΔui.

Therefore, we derive

(2.13)

2

∫

D

fui

{

(1− n)Δui +Δ(∇f · ∇ui) +∇f · ∇(Δui)

}

= 2

∫

D

|∇ui|2 + 4

∫

D

(∇f · ∇ui)
2 − (n− 1)2

≤ 6

∫

D

|∇ui|2 − (n− 1)2.

Thus, from
∫

D
|∇ui|2 ≤ Γ

1
2

i , we derive

(2.14)

(Γk+1 − Γi) ‖ ϕi ‖2

≤ 6Γ
1
2
i − (n− 1)2 +

k∑

j=1

(Γi − Γj)a
2
ij .

Defining

cij =

∫

D

(∇f · ∇ui −
n− 1

2
ui)uj ,

since ∫

D

∇f · ∇uiuj = (n− 1)

∫

D

uiuj −
∫

D

∇f · ∇ujui,
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we have

(2.15) cij = −
∫

D

(∇f · ∇uj −
n− 1

2
uj)ui = −cji.

According to |∇f |2 = 1 and
∫

D

fui∇f · ∇ui = −
∫

D

Δffu2
i −

∫

D

u2
i |∇f |2 −

∫

D

fui∇f · ∇ui,

we have

2

∫

D

fui∇f · ∇ui = −1 + (n− 1)

∫

D

fu2
i .

Hence, we infer that

(2.16)

− 2

∫

D

ϕi(∇f · ∇ui −
n− 1

2
ui)

= −2

∫

D

fui∇f · ∇ui + 2

k∑

j=1

aij

∫

D

uj∇f · ∇ui

= 1 + 2
k∑

j=1

aij

∫

D

(∇f · ∇ui −
n− 1

2
ui)uj

= 1 + 2
k∑

j=1

aijcij .

On the other hand, for any positive constant αi, we have

(2.17)

1 + 2

k∑

j=1

aijcij

= −2

∫

D

ϕi(∇f · ∇ui −
n− 1

2
ui)

= −2

∫

D

ϕi(∇f · ∇ui −
n− 1

2
ui −

k∑

j=1

cijuj)

≤ αi‖ϕi‖2 +
1

αi
‖∇f · ∇ui −

n− 1

2
ui −

k∑

j=1

cijuj‖2

= αi‖ϕi‖2 +
1

αi

{

‖∇f · ∇ui −
n− 1

2
ui‖2 −

k∑

j=1

c2ij

}

.

If Γk+1 − Γi > 0, we define

αi = (Γk+1 − Γi)βi.

Hence, for any i and for βi > 0, we infer that

(Γk+1 − Γi)
2(1 + 2

k∑

j=1

aijcij)

≤ (Γk+1 − Γi)
3βi‖ϕi‖2 +

1

βi
(Γk+1 − Γi)

{

‖∇f · ∇ui −
n− 1

2
ui‖2 −

k∑

j=1

c2ij

}

.
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From (2.10) and

‖∇f · ∇ui −
n− 1

2
ui‖2 = ‖∇f · ∇ui‖2 −

(n− 1)2

4
≤ ‖∇ui‖2 −

(n− 1)2

4
,

we have

(Γk+1 − Γi)
2(1 + 2

k∑

j=1

aijcij)

≤ (Γk+1 − Γi)
2βi

{

6Γ
1
2

i − (n− 1)2 +
k∑

j=1

(Γi − Γj)a
2
ij

}

+
1

βi
(Γk+1 − Γi)

{

Γ
1
2
i − (n− 1)2

4

}

− 1

βi
(Γk+1 − Γi)

k∑

j=1

c2ij .

(2.18)

Since cij = −cji, we have

(2.19)

k∑

i,j=1

(Γk+1 − Γi)
2aijcij = −

k∑

i,j=1

(Γk+1 − Γi)(Γi − Γj)aijcij .

Thus,

2

k∑

i,j=1

(Γk+1 − Γi)(Γi − Γj)aijcij −
k∑

i,j=1

(Γk+1 − Γj)(Γi − Γj)
2βia

2
ij

−
k∑

i,j=1

1

βi
(Γk+1 − Γi)c

2
ij ≤ 0.

According to (2.18), (2.19) and the above inequality, we derive

(2.20)

k∑

i,j=1

(Γk+1 − Γi)
2

≤
k∑

i,j=1

(Γk+1 − Γi)
2βi

{

6Γ
1
2

i − (n− 1)2
}

+

k∑

i,j=1

(Γk+1 − Γi)
2βi(Γi − Γj)a

2
ij +

k∑

i,j=1

(Γk+1 − Γi)βi(Γi − Γj)
2a2ij

+
k∑

i,j=1

1

βi
(Γk+1 − Γi)

{

Γ
1
2

i − (n− 1)2

4

}

.

From the variational principle, we can prove that

Γi ≥ λ2
i ,

where λi denotes the i
th eigenvalue of the Dirichlet eigenvalue problem of the Lapla-

cian on the same domain D. Since λ1 ≥ (n− 1)2

4
, putting

βi =
1

Γ
1
2

i − (n− 1)2

6

β > 0,
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we have

(2.21)

k∑

i,j=1

(Γk+1 − Γi)
2βi(Γi − Γj)a

2
ij +

k∑

i,j=1

(Γk+1 − Γi)βi(Γi − Γj)
2a2ij

=
k∑

i,j=1

(Γk+1 − Γi)(Γk+1 − Γj)βi(Γi − Γj)a
2
ij

=
1

2

k∑

i,j=1

(Γk+1 − Γi)(Γk+1 − Γj)(Γi − Γj)(βi − βj)a
2
ij

= −β

2

k∑

i,j=1

(Γk+1 − Γi)(Γk+1 − Γj)(Γ
1
2

i + Γ
1
2

j )(Γ
1
2

i − Γ
1
2

j )
2

(Γ
1
2

i − (n− 1)2

6
)(Γ

1
2

j − (n− 1)2

6
)

a2ij

≤ 0.

From (2.20) and the above inequality, we obtain

(2.22)

k∑

i,j=1

(Γk+1 − Γi)
2 ≤ 6β

k∑

i,j=1

(Γk+1 − Γi)
2

+
1

β

k∑

i,j=1

(Γk+1 − Γi)

{

Γ
1
2
i − (n− 1)2

4

}{

Γ
1
2
j − (n− 1)2

6

}

.

Taking

β2 =

∑k
i,j=1(Γk+1 − Γi)

{

Γ
1
2

i − (n− 1)2

4

}{

Γ
1
2

j − (n− 1)2

6

}

6
∑k

i,j=1(Γk+1 − Γi)2
,

we derive
k∑

i,j=1

(Γk+1 − Γi)
2 ≤ 24

k∑

i,j=1

(Γk+1 − Γi)

{

Γ
1
2
i − (n− 1)2

4

}{

Γ
1
2
j − (n− 1)2

6

}

.

This finishes the proof of Theorem 1.1. �

Proof of Corollary 1.2. Since Γ
1
2
i ≥ (n− 1)2

4
, we have

{

Γ
1
2
i − (n− 1)2

4

}{

Γ
1
2
j − (n− 1)2

6

}

≤ Γi −
(n− 1)4

16
.

From Theorem 1.1, Corollary 1.2 is proved. �

Proof of Theorem 1.4. According to the following recursion formula of Cheng and

Yang [7] with μi = Γi −
(n− 1)4

16
and t = 1

6 , we have, by making use of the same

assertion as in Cheng and Yang [7], that

μk+1 ≤ 25k12μ1;

that is,

Γk+1 −
(n− 1)4

16
≤ 25k12(Γ1 −

(n− 1)4

16
).
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Hence, if limD→Hn(−1)Γ1 =
(n− 1)4

16
, then, for any fixed k, we have

(2.23) limD→Hn(−1)Γk =
(n− 1)4

16
.

This completes the proof of Theorem 1.4. �

Recursive Formula (Cheng and Yang [7]). Let μ1 ≤ μ2 ≤ · · · ≤ μk+1 be any
non-negative real numbers satisfying

(2.24)

k∑

i=1

(μk+1 − μi)
2 ≤ 4

t

k∑

i=1

μi(μk+1 − μi).

Define

(2.25) Gk =
1

k

k∑

i=1

μi, Tk =
1

k

k∑

i=1

μ2
i , Fk =

(

1 +
2

t

)

G2
k − Tk.

Then, we have

(2.26) Fk+1 ≤ C(t, k)

(
k + 1

k

) 4
t

Fk,

where t is any positive real number and

C(t, k) = 1− 1

3t

(
k

k + 1

) 4
t
(
1 + 2

t

) (
1 + 4

t

)

(k + 1)3
< 1.

References

1. M. S. Ashbaugh, Isoperimetric and universal inequalities for eigenvalues, in Spectral theory
and geometry (Edinburgh, 1998), E. B. Davies and Yu Safalov (eds.), London Math. Soc.
Lecture Notes, vol. 273, Cambridge Univ. Press, Cambridge, 1999, pp. 95-139. MR1736867
(2001a:35131)

2. I. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, New York, 1984.
MR768584 (86g:58140)

3. Z.-C. Chen and C.-L. Qian, Estimates for discrete spectrum of operator with any order,
J. China Univ. Sci. Tech. 20 (1990), 259-266. MR1077287 (92c:35087)

4. Q.-M. Cheng, T. Ichikawa and S. Mametsuka, Estimates for eigenvalues of a clamped plate
problem on Riemannian manifolds, J. Math. Soc. Japan 62 (2010), 673–686.

5. Q.-M. Cheng and H. C. Yang, Estimates on eigenvalues of Laplacian, Math. Ann. 331 (2005),
445-460. MR2115463 (2005i:58038)

6. Q.-M. Cheng and H. C. Yang, Inequalities for eigenvalues of a clamped plate problem, Trans.

Amer. Math. Soc. 358 (2006), 2625-2635. MR2204047 (2006m:35263)
7. Q.-M. Cheng and H. C. Yang, Bounds on eigenvalues of Dirichlet Laplacian, Math. Ann. 337

(2007), 159-175. MR2262780 (2007k:35064)
8. Q.-M. Cheng and H. C. Yang, Universal estimates for eigenvalues on Riemannian manifolds,

J. Differential Equations 247 (2009), 2270-2281. MR2561278
9. M. Gage, Upper bounds for the first eigenvalue of the Laplace-Beltrami operator, Indiana

Univ. Math. J. 29 (1980), 897-912. MR589652 (82b:58095)
10. G. N. Hile and R. Z. Yeh, Inequalities for eigenvalues of the biharmonic operator, Pacific J.

Math. 112 (1984), 115-133. MR739143 (85k:35170)
11. S. M. Hook, Domain independent upper bounds for eigenvalues of elliptic operator, Trans.

Amer. Math. Soc. 318 (1990), 615-642. MR994167 (90h:35075)
12. M. Levitin and L. Parnovski, Commutators, spectral trance identities, and universal estimates

for eigenvalues, J. Functional Analysis 192 (2002), 425-445. MR1923409 (2003g:47040)
13. H. P. McKean, An upper bound for the spectrum of Δ on a manifold of negative curvature,

J. Differ. Geom. 4 (1970), 359-366. MR0266100 (42:1009)

http://www.ams.org/mathscinet-getitem?mr=1736867
http://www.ams.org/mathscinet-getitem?mr=1736867
http://www.ams.org/mathscinet-getitem?mr=768584
http://www.ams.org/mathscinet-getitem?mr=768584
http://www.ams.org/mathscinet-getitem?mr=1077287
http://www.ams.org/mathscinet-getitem?mr=1077287
http://www.ams.org/mathscinet-getitem?mr=2115463
http://www.ams.org/mathscinet-getitem?mr=2115463
http://www.ams.org/mathscinet-getitem?mr=2204047
http://www.ams.org/mathscinet-getitem?mr=2204047
http://www.ams.org/mathscinet-getitem?mr=2262780
http://www.ams.org/mathscinet-getitem?mr=2262780
http://www.ams.org/mathscinet-getitem?mr=2561278
http://www.ams.org/mathscinet-getitem?mr=589652
http://www.ams.org/mathscinet-getitem?mr=589652
http://www.ams.org/mathscinet-getitem?mr=739143
http://www.ams.org/mathscinet-getitem?mr=739143
http://www.ams.org/mathscinet-getitem?mr=994167
http://www.ams.org/mathscinet-getitem?mr=994167
http://www.ams.org/mathscinet-getitem?mr=1923409
http://www.ams.org/mathscinet-getitem?mr=1923409
http://www.ams.org/mathscinet-getitem?mr=0266100
http://www.ams.org/mathscinet-getitem?mr=0266100


This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

UNIVERSAL INEQUALITIES FOR EIGENVALUES 471

14. L. E. Payne, G. Polya and H. F. Weinberger, Sur le quotient de deux fréquences propres
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