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ABSTRACT. Let D be a bounded domain in an n-dimensional Euclidean space
R". Assume that
0<o1 <0< <op<--— 0

are eigenvalues of an eigenvalue problem of a system of n elliptic equations:

Au + agrad(divu) = —ou, in D,

ulpp = 0.
In particular, when n = 3, the eigenvalue problem describes the behavior of the
elastic vibration. In this paper, we obtain universal inequalities for eigenvalues of
the above eigenvalue problem by making use of a direct and explicit method, our

results are sharper than one of Hook [7]. Furthermore, a universal inequality for
lower order eigenvalues of the above eigenvalue problem is also derived.

1. INTRODUCTION

Let R™ denote an n-dimensional Euclidean space and D be a bounded domain
in R". For n = 3, we consider an eigenvalue problem for a system of equations of
classical elasticity:

{ pAu + (A + p)grad(div(u)) = —ou, in D, 1)
u‘BD = 05 .
where A is the Lapalacian in R3, u = (uy,us, u3) denotes the elastic displacement
vector, which is a vector-valued function from D into R3 and A, u > 0 are the Lamé
constants. Here, we have denoted the divergence of u by div(u) and the gradient of
a function f by grad f, respectively. Eigenvalues of (1.1) satisfy

0<o1<02<03< <0< — 00

Here each eigenvalue is repeated according to its multiplicity. Pleijel [11] obtained
an asymptotic formula for eigenvalues of (1.1):
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where V' denotes the volume of D. From the above formula, we have
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Further, Levine and Protter [9] proved
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and they conjectured
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In fact, Levine and Protter studied the more general setting. Let D be a bounded
domain in R™. They considered the following eigenvalue problem for a system of n
elliptic equations:

{ pAu + (A + p)grad(div(u)) = —ou, in D, 12)
u‘aD = 07 .
where A is the Lapalacian in R", u = (uy,us,- - ,u,) is a vector-valued function.
They derived
k
472 k1+2/n
Zajz g 5z for k=1,2,---,
where w,,_; is the volume of the n — 1-dimensional unit sphere.
For convenience, we rewrite (1.2) into
Au + agrad(divu) = —ou, in D,
(1.3)
u‘ap =0.
A+ . : o
Here « = ——— > 0 and we still use the o to denote the eigenvalue —. Thus, the

1
result of Levine and Protter becomes

k
42 k,1+2/n
oj > T > for k=1,2,---.
e TP

j=1

On the other hand, Hook [7] has studied universal inequalities for eigenvalues of
(1.3). He has proved

k
ag; 77,2]{’

“~ Opy1 — 0 ~4(n+ a)

,fork=1,2,---. (1.4)

In [7], Hook used an abstract method to prove the above inequality. In this paper,
we will make use of a direct and explicit method to derive universal inequalities for
eigenvalues of (1.3), which are sharper than one of Hook.
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Theorem 1.1. Let o; denote the i eigenvalue of the eigenvalue problem (1.3).
Then we have

k el ok 1/2
Z(O’k-H —0;) < QTJF{Z(UICH —0;)2 Z(Uk+1 —0y) O'Z} ) (1.5)

i=1 i=1 =1

D=

From the above theorem 1.1, we can conclude a more explicit inequality:

Corollary 1.1. Under the assumption of the theorem 1.1, we have

Opi1 < <1 + 4(”—;”)> %Za (1.6)

n

Proof of Corollary 1.1. From the Chebyshev’s inequality, we have

k

k
Z(U;m —0:)20; < %Z(UkJrl —0,)? Zai.

Since

i=1
the theorem 1.1 and the above inequalities imply

(i(akﬂ - Uz‘)>2§ 4(nn+ @) i (Oky1 — 04 ZU“

=1

which is a quadratic inequality of oyy;. Thus, we have

n—i—oc
Uk+1§<1+ > ZUz

Remark 1.1. It is obvious that the inequality (1.5) is sharper than the inequality
(1.6). On the other hand, from the Chebyshev’s inequality, we have

1< s
EZ > kZZ_lU

Ok+1 — 0 Zi:1(0k+1 —0;)
Hence, we know that our inequality (1.6) is sharper than the inequality (1.4) of

Hook.
When one considers the Dirichlet eigenvalue problem of the Laplacian:

{ Au = —Mu, in D,

ul(‘)D = 07

Payne, Pélya and Weinberger [12], [13] proved

k
2
)\k+1_>\k§E;)\ia k=1,2
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As a generalization of the above result, Hile and Protter [6] proved

k
E LG_ki for k=1,2,--- .
— Net1 — Ai 4

Further, Yang [14] (cf. [5]) obtained a very sharp inequality, that is, he derived

k

4
Z()\kﬂ — /\i> ()\k—i-l —(1+ —)/\z‘)S 0, fork=1,2,---,
n

=1

which is called Yang’s first inequality. According to the Yang’s first inequality, we
can infer

k
1 4
/\k+1§E(1+ﬁ);/\ia for k=1,2,---,

which is called Yang’s second inequality. In [1] and [2], Ashbaugh has proved the
following relation: the Yang’s first inequality = the Yang’s second inequality =
the inequality of Hile and Protter = the inequality of Payne, Pélya and Weinberger.
For the eigenvalue problem (1.3), the result of Hook is corresponding to the result
of Hile and Protter and our results are corresponding to the results of Yang.
For the investigation of universal inequalities for eigenvalues of the clamped plate
problem or the buckling problem, see [3] and [4] in details.

Remark 1.2. After we finished our paper, professor Parnovski told us their paper
[10], which is a very interesting paper. In [10], Levitin and Parnovski have considered
the gaps of any two consecutive eigenvalues, they have obtained

4+ a2 Na+ 81 1 <
akﬂ_akgmax{ +a% (n+2)a + }E;% fork—=12--

n—+ «

For lower order eigenvalues of the eigenvalue problem (1.3), we have the following
stronger result:

Theorem 1.2. Let o; denote the i eigenvalue of the eigenvalue problem (1.3),
1=1,2,--- ,n+ 1. Then, we have

0'2+0'3+"'+0'n+1

<n+4(1+ ).
01

2. Proof of Theorem 1.1

In this section, we shall prove the theorem 1.1.

Proof of Theorem 1.1. Let g, = 2P, p=1,--- ,n, where z', 2% --- 2" are the stan-
dard Euclidean coordinate functions and e; = (1,0,--- ,0),e3 = (0,1,--- ,0),e, =
(0,0,---,1). Assume that {u;}3°, is a sequence of orthonormal vector-valued eigen-

functions corresponding to the i*" eigenvalue o;, that is, u; satisfies
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Au; + agrad(div(w;)) = —oyu;,  inD,

ui|8D - 07

(2.1)
/ (ui,uj> = 51']‘, for any Z,]
D
Defining a vector-valued function v; by

k

Vi = gpu; — Z CL,L'J'LIJ', (22)
j=1

where a;; = fD gp(u;,u;) = aj;, then we have

vilap = 0, / (uj,v;) =0, foranyi,j=1,--- k. (2.3)
D

Hence, v; is a trial vector-valued function. From the Rayleigh-Ritz inequality (cf.
[8]), we have

fD —(Av;, v;) + a(div(vy))?

Ok+1 < ’ (24)
fD |Vi’2
where |v;|? = (v;,v;). From the definition of g,, we have
gradg, = e,. (2.5)

Putting u,, = J,u;, from the definition of v;, we derive

k

Av; = A(gyu;) — Z a;;Au;

Jj=1

k
= gpAul —|— 2112'7p — Z CL”AU]

Jj=1

=g, (—aiui — agrad(div (Ui))) +2u;

) ay <—o—juj - agrad(div(uj)))

Jj=1
k

= —0;gpUu; + E aijajuj + 2111"1,
Jj=1

k
— agpgrad(div(w;)) + a Z a;;grad(div(u;)).

j=1
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Therefore, we have

/D—<Avi,vi>

k
:/ {—(—Uigpui + Z aijojuj + 2ui7p
D

j=1

— agygrad(div(u;)) + a Y aggrad(div(u;)), v;) }

Jj=1

o, || vi [I? 2 /D (5, v:)

k
+ oz(/ (gpgrad(div(w;)), v;) — Zaij/ (grad(div(uj)),vi)),
D o D
where
il = [ i
D
Define

bij = / (W p, ;) = —bji.
D

By a simple calculation, we have, from (2.2),

/ <ui,p7 VZ)
D
k

:/D<ui,p>gpui_za’ijuj>

Jj=1

k
= / Ip{Wip, ;) — Zaijbij-
D =

Since

[ st == [ 0 g0) = = [ i) = [ gyt

we have
1
/ gp<u'i,paui> = —5-
D

Thus, we derive

k
_2/ gp<ui,pavi> =1 ‘f‘QZCL”b”
D

J=1

From

div(gyvi) = gpdiv(v;) + (vi,ep), div(gyw;) = gpdiv(ug) + (s, ep),

(2.6)

(2.7)
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we infer

| tgmadaivta) )-Ya ) [ terad(ivtuy). v

k
/de ) div(g,v;) —1—2; /Dd v(u,)div(v;)
/de( w;) (g,div(vy) + (v, +Z /dv )div(v

/degudv / u;)div(v;)

[ (v e - diviuvie,) )
- _ /D (div(v;))? + /D (div(vi)(ui,ep> —div(ui)<vi,ep>)-

Then, according to (2.4), (2.6) and (2.8), we obtain

k
(Orp1 —0i) || vi [I°< 1+2Zaijbij+a/
j=1

D

(div(vi) (s e,) — div(u;) (v, ep>> (29)
From (2.1), we derive
055 — /D 05, (, ;)
_ /D (o, Aw; + agrad(div(uy)))
[ @) +a [ div(gu)div)
(

/D gy A, 1) — 2 /D Wiy, ;) + 0 /D (gpdiv(ui)div(uj)+<ui,ep)div(uj)>
— [ (o + agrad(aivia))w) -2 [ uiyw)

D D

+a /D (gpdiv(ui)div(uj) + <ui,ep>diV(uj))

= O'Z'aij — 2/ (ui,p, u]'>
D

+a [ (i) w) + gdiviuddiviu) + (u,e)divta,)
= 0;a;; — 2b;; + Oz/D<(ui,ep>div(uj) = (uj,ep>div(ui)).
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Hence,

2bs; = (01 — ;)i + @ /D <(ui,ep>div(uj) _ <uj,ep>div(u,-)), (2.10)

div(v;)(u;, ep) — div(u;)(vi, e,)

k k

= div(g,u; — Z a;;u;)(u;, e,) — div(u;)(gyu; — Z a;;u;, ep)
j=1 j=1 (2.11)
k

= (u;,e,)? ZCLU( u;, e,)div(u;) — <uj,ep)div(ui)).

Jj=1

We infer, from (2.9), (2.10) and (2.11),

(o — o) v < 14 3 (01— oy 4 0 [l e

7=1

On the other hand, for any constant A; > 0, we have, from (2.3), (2.7) and (2.8),

k
1 —|— 22 a”bw = —2/ <ui,pavi>
=1 b

k
D

Jj=1

gA/mM-(/ s, |7 — Zb )

Multiplying (2.13) by (0k4+1 — 0;), we infer, from (2.12),

(1 —+ 2 Z aijbij)<0k+l — O',L'>
j=1

S(Ukﬂ—o'i){A Hvsz+—<HuwH2 S )}

7j=1

<A, <1+Z )a? +a/D<uZ-,ep>2)
+”T( R Zb).
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Putting A; = (o341 — 07)Y/?A, we have

k
(Okt1 — 03) + QZ(UkH — 03)a;bij

j=1

k
< A(Ok+1 — 0; 1/2< Z Cl +Oé/ <u2-,ep>2) (215)
j=1 D
(Uk —Uz‘)l/Q
oo oS0,
j=1

Taking sum on ¢ from 1 to k for (2.15), we obtain

k k
Z(akﬂ —0;) +2 Z (kg1 — 0i)a;jbi;
i=1 i,j=1
k o
_ 5.\1/2 , 2 - . /2 2
< A;(akﬂ o) (1 + a/ﬂ)(ul,ep) )+A ;(0k+1 o) ?,|? (2.16)
L&
1/2 2 1/212
' Ai;(akﬂ —0:) (01 - 0;)a; — Zi;(0k+l —0;)" bij-

Since a;; is symmetric and b;; is anti-symmetric, we have

2 E Uk—l—l angzg

,j=1
k
= § (0k+1 )azjsz + E Ok+1 — )ajlbjl
i,5=1 i,5=1
k
= - aZ] ij
7,7=1
k 2.2
1 (i — 0;)"aj
251121 T 7
2 0k+1_0 / +(0'k;+1—0'j) /

7,7=1

{
79>

1,7=1

((0k+1 —o)'? + (o1 — Uj)w) b?j}'

k k
1 3 1
A (Uk+1 - Uz 1/252 = _A E < Ok+1 — OZ / + (0k+1 — 03)1/2) b2

Z_]’
i,j=1
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k
> s = 00— o
ij=1
1 i k
— 5 (Z (Uk+1 - Ui)1/2(0i — O-j)a?j + Z(Uk+1 _ O.j)l/Q(O_j _ Ui)(l%)
=1 ij—1

2,2
Sy

” | (Ok1 — 0)V2 + (Opy1 — o)V
From (2.16), we have

Z(Uk-H - Ui)

k
<AZo—kH—o—z (”“/D ue,) ) 7 2o = 0Pl I

Taking sum on p from 1 to n, we obtain

k
n E (041 — O
i=1

k k n
<nA Z(U’““ — o) +aA Z(U’““ — ;)2 Z/ (u;, e,)?
i=1 i=1 p=17D
1k
FDICNERILD oI
i=1

Since
S [ fue? =10 Y gl = o= a [ @) <o
p=1 D p=1 D
we infer
k
nZ(akH ;)
i=1
k k
<(n+a)A Z(O’k_H — ;) Z (Ops1 — i)t g,
i=1 i=1
Putting
1
1_ { (n+a) > (k1 — o)/ }2
A Zf:1(0k+1 — ;)20 ’
we have
k k k 1
2(n + a)t/? 2
;(Uzﬁq —0;) < I — ;(Ukz—i—l — 0;)'/? ;(Ukz—i-l — o)) 2o b .

This completes the proof of the theorem 1.1.
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3. Proof of Theorem 1.2

In this section, we shall give a proof of the theorem 1.2.

Proof of Theorem 1.2. Defining ¢;; = [, #*(uy,u41), 4,5 = 1,2,--- ,n, we consider
an n X n-matrix C' = (¢;;). From the orthogonalization of Gram and Schmidt, there
exist an upper triangle matrix 7' = (7;;) and an orthogonal matrix P = (p;;) such
that

T =PC.

Thus, we have

Tij = Zpikckj = szk:/ $k(1l1,uj+1> =0, fori>j.
k=1 k=1 D
Putting y; = >_,_, pira”, we have

/ yi<u1,uj+1> = O, for i > j
D

We define a vector-valued function w; by

wi = (4 —ai)wy, a4 = / yi(ug, uy).
D

We infer
Wilop = 0, /(uj,wz-> =0, foranyj=1,---,i.
D

Hence, w; is a trial vector-valued function. From the Rayleigh-Ritz inequality, we

have A 4 )
fD |Wl‘
From the definition of y;, we have
grady; = p; = (Pibpz'z, s ,pm)-
Aw,; = A{(yi - ai)ul}
= (yi — a;)Auy +2 Zpikul,k
k=1
= (yz — ai)(—alul — agrad(div(ul)) —+ 2 Zpikulvk.
k=1
Hence, we have
D
= /D —<(yZ — ai)(—alul — agrad(div(ul)) + 2 ZpikULk, WZ> (32)

k=1

=o | w; |I° —2/ O paaig, wi) +a/ ((yi — a;)grad(div(u;)), w;).

D D
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Since
/szk ulk:awz
D
:/ Zpik<u1,ka(yi_ai)u1>
D -1
/szk: uy, ( i) k) /me u, ug),
D=1
we have

—2/ sz‘k:<u1,kawi> =1L
D

k=1

] (= agrad(aiviun). w)

= — /D div(wy)div((y; — a;)wy)

= [ div(un){ (s = adiviw) + (piwi)}

=~ [ aivtwy? o+ [ (vt s, o) i) i

= [ ivow)+ [ wp®
Thus, we obtain from (3.1), (3.2), (3.3) and (3.4)

(i1 — 1) | wi P< 1+ a / (a1, pi)>.
D

On the other hand, for any constant B; > 0, we have

If 0,41 — 01 = 0, it is obvious that

1
i+l — < ——— (0411 — ,2—1—21—1— / E ik
Oi+1 Jl_Q(l—i—a)(UH 0) /|W| « 5 Dik 1k|

k=1

1
If 0,41 — 01 > 0, taking B; = )(O'H_l — 01), we also have

2(1 4+«

1 2
Ui+1—01§2(T0'@+1 /|Wz| + 2( 1+@/|szk111k|

(3.3)

(3.4)
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Hence, for i = 1,2, .-+ ,n, we derive from (3.5) and the above inequality

1
=01 < ——— (0401 — 1+« u,pi)) +2(1 + «)
Oir1 — 01 2(1+o¢)(0+1 a1)( /D< 1 P>) /D £

Since [, (uy,p;)* < 1, we have

oip1 — o1 < 4(1 /|szkulk|
D

k=1
Taking sum on ¢ from 1 to n, we infer

n n n
S —o) <414 0) Y / 1S ol
i=1 i=1 7D k=1
Z/ |Zpiku1,k\2 = Z/ uy 1 * < 0.
i=1 7P k=1 k=1"D

02+0'3+"'+0'n+1
o1
This finishes the proof of the theorem 2.

Therefore,

<n+4(1+ a).
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