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Abstract. Let D be a bounded domain in an n-dimensional Euclidean space
Rn. Assume that

0 < σ1 ≤ σ2 ≤ · · · ≤ σk ≤ · · · → ∞
are eigenvalues of an eigenvalue problem of a system of n elliptic equations:{

∆u + αgrad(divu) = −σu, in D,

u|∂D = 0.

In particular, when n = 3, the eigenvalue problem describes the behavior of the
elastic vibration. In this paper, we obtain universal inequalities for eigenvalues of
the above eigenvalue problem by making use of a direct and explicit method, our
results are sharper than one of Hook [7]. Furthermore, a universal inequality for
lower order eigenvalues of the above eigenvalue problem is also derived.

1. Introduction

Let Rn denote an n-dimensional Euclidean space and D be a bounded domain
in Rn. For n = 3, we consider an eigenvalue problem for a system of equations of
classical elasticity: {

µ∆u + (λ + µ)grad(div(u)) = −σu, in D,

u|∂D = 0,
(1.1)

where ∆ is the Lapalacian in R3, u = (u1, u2, u3) denotes the elastic displacement
vector, which is a vector-valued function from D into R3 and λ, µ > 0 are the Lamé
constants. Here, we have denoted the divergence of u by div(u) and the gradient of
a function f by grad f, respectively. Eigenvalues of (1.1) satisfy

0 < σ1 ≤ σ2 ≤ σ3 ≤ · · · ≤ σk ≤ · · · → ∞.

Here each eigenvalue is repeated according to its multiplicity. Pleijel [11] obtained
an asymptotic formula for eigenvalues of (1.1):

σk ∼ µ

(
6π2

[2 + (2 + λ/µ)−3/2]

) 2
3

(
k

V
)

2
3 as k → ∞,
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where V denotes the volume of D. From the above formula, we have

k∑
j=1

σj ∼
3µ

5

(
6π2

[2 + (2 + λ/µ)−3/2]V

) 2
3

k
5
3 as k → ∞.

Further, Levine and Protter [9] proved

k∑
j=1

σj ≥
3µ

5

(
2π2

V

) 2
3

k
5
3 for k = 1, 2, · · ·

and they conjectured

σk ≥ µ

(
3

[2 + (2 + λ/µ)−3/2]

) 2
3

(
2π2k

V
)

2
3 for k = 1, 2, · · · .

In fact, Levine and Protter studied the more general setting. Let D be a bounded
domain in Rn. They considered the following eigenvalue problem for a system of n
elliptic equations: {

µ∆u + (λ + µ)grad(div(u)) = −σu, in D,

u|∂D = 0,
(1.2)

where ∆ is the Lapalacian in Rn, u = (u1, u2, · · · , un) is a vector-valued function.
They derived

k∑
j=1

σj ≥
4π2nµ

n + 2

k1+2/n

(V ωn−1)
2
n

for k = 1, 2, · · · ,

where ωn−1 is the volume of the n − 1-dimensional unit sphere.
For convenience, we rewrite (1.2) into{

∆u + αgrad(divu) = −σu, in D,

u|∂D = 0.
(1.3)

Here α =
λ + µ

µ
≥ 0 and we still use the σ to denote the eigenvalue

σ

µ
. Thus, the

result of Levine and Protter becomes
k∑

j=1

σj ≥
4π2n

n + 2

k1+2/n

(V ωn−1)
2
n

for k = 1, 2, · · · .

On the other hand, Hook [7] has studied universal inequalities for eigenvalues of
(1.3). He has proved

k∑
i=1

σi

σk+1 − σi

≥ n2k

4(n + α)
, for k = 1, 2, · · · . (1.4)

In [7], Hook used an abstract method to prove the above inequality. In this paper,
we will make use of a direct and explicit method to derive universal inequalities for
eigenvalues of (1.3), which are sharper than one of Hook.
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Theorem 1.1. Let σi denote the ith eigenvalue of the eigenvalue problem (1.3).
Then we have

k∑
i=1

(σk+1 − σi) ≤
2
√

n + α

n

{ k∑
i=1

(σk+1 − σi)
1
2

k∑
i=1

(σk+1 − σi)
1
2 σi

}1/2

. (1.5)

From the above theorem 1.1, we can conclude a more explicit inequality:

Corollary 1.1. Under the assumption of the theorem 1.1, we have

σk+1 ≤
(

1 +
4(n + α)

n2

)
1

k

k∑
i=1

σi. (1.6)

Proof of Corollary 1.1. From the Chebyshev’s inequality, we have

k∑
i=1

(σk+1 − σi)
1
2 σi ≤

1

k

k∑
i=1

(σk+1 − σi)
1
2

k∑
i=1

σi.

Since ( k∑
i=1

(σk+1 − σi)
1
2

)2

≤ k

k∑
i=1

(σk+1 − σi),

the theorem 1.1 and the above inequalities imply( k∑
i=1

(σk+1 − σi)

)2

≤ 4(n + α)

n2

k∑
i=1

(σk+1 − σi)
k∑

i=1

σi,

which is a quadratic inequality of σk+1. Thus, we have

σk+1 ≤
(

1 +
4(n + α)

n2

)
1

k

k∑
i=1

σi.

Remark 1.1. It is obvious that the inequality (1.5) is sharper than the inequality
(1.6). On the other hand, from the Chebyshev’s inequality, we have

1

k

k∑
i=1

σi

σk+1 − σi

≥
∑k

i=1 σi∑k
i=1(σk+1 − σi)

.

Hence, we know that our inequality (1.6) is sharper than the inequality (1.4) of
Hook.

When one considers the Dirichlet eigenvalue problem of the Laplacian:{
∆u = −λu, in D,

u|∂D = 0,

Payne, Pólya and Weinberger [12], [13] proved

λk+1 − λk ≤ 2

k

k∑
i=1

λi, k = 1, 2, · · · .
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As a generalization of the above result, Hile and Protter [6] proved

k∑
i=1

λi

λk+1 − λi

≥ nk

4
, for k = 1, 2, · · · .

Further, Yang [14] (cf. [5]) obtained a very sharp inequality, that is, he derived

k∑
i=1

(
λk+1 − λi

)(
λk+1 − (1 +

4

n
)λi

)
≤ 0, for k = 1, 2, · · · ,

which is called Yang’s first inequality. According to the Yang’s first inequality, we
can infer

λk+1 ≤
1

k
(1 +

4

n
)

k∑
i=1

λi, for k = 1, 2, · · · ,

which is called Yang’s second inequality. In [1] and [2], Ashbaugh has proved the
following relation: the Yang’s first inequality =⇒ the Yang’s second inequality =⇒
the inequality of Hile and Protter =⇒ the inequality of Payne, Pólya and Weinberger.

For the eigenvalue problem (1.3), the result of Hook is corresponding to the result
of Hile and Protter and our results are corresponding to the results of Yang.

For the investigation of universal inequalities for eigenvalues of the clamped plate
problem or the buckling problem, see [3] and [4] in details.

Remark 1.2. After we finished our paper, professor Parnovski told us their paper
[10], which is a very interesting paper. In [10], Levitin and Parnovski have considered
the gaps of any two consecutive eigenvalues, they have obtained

σk+1 − σk ≤ max{4 + α2; (n + 2)α + 8}
n + α

1

k

k∑
i=1

σi, for k = 1, 2, · · · .

For lower order eigenvalues of the eigenvalue problem (1.3), we have the following
stronger result:

Theorem 1.2. Let σi denote the ith eigenvalue of the eigenvalue problem (1.3),
i = 1, 2, · · · , n + 1. Then, we have

σ2 + σ3 + · · · + σn+1

σ1

≤ n + 4(1 + α).

2. Proof of Theorem 1.1

In this section, we shall prove the theorem 1.1.
Proof of Theorem 1.1. Let gp = xp, p = 1, · · · , n , where x1, x2, · · · , xn are the stan-
dard Euclidean coordinate functions and e1 = (1, 0, · · · , 0), e2 = (0, 1, · · · , 0), en =
(0, 0, · · · , 1). Assume that {ui}∞i=1 is a sequence of orthonormal vector-valued eigen-
functions corresponding to the ith eigenvalue σi, that is, ui satisfies
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
∆ui + αgrad(div(ui)) = −σiui, in D,

ui|∂D = 0,∫
D

〈ui,uj〉 = δij, for any i, j.

(2.1)

Defining a vector-valued function vi by

vi = gpui −
k∑

j=1

aijuj, (2.2)

where aij =
∫

D
gp〈ui,uj〉 = aji, then we have

vi|∂D = 0,

∫
D

〈uj,vi〉 = 0, for any i, j = 1, · · · , k. (2.3)

Hence, vi is a trial vector-valued function. From the Rayleigh-Ritz inequality (cf.
[8]), we have

σk+1 ≤
∫

D
−〈∆vi,vi〉 + α(div(vi))

2∫
D
|vi|2

, (2.4)

where |vi|2 = 〈vi,vi〉. From the definition of gp, we have

gradgp = ep. (2.5)

Putting ui,p = ∂pui, from the definition of vi, we derive

∆vi = ∆(gpui) −
k∑

j=1

aij∆uj

= gp∆ui + 2ui,p −
k∑

j=1

aij∆uj

= gp

(
−σiui − αgrad(div(ui))

)
+2ui,p

−
k∑

j=1

aij

(
−σjuj − αgrad(div(uj))

)

= −σigpui +
k∑

j=1

aijσjuj + 2ui,p

− αgpgrad(div(ui)) + α

k∑
j=1

aijgrad(div(uj)).
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Therefore, we have∫
D

−〈∆vi,vi〉

=

∫
D

{
−〈−σigpui +

k∑
j=1

aijσjuj + 2ui,p

− αgpgrad(div(ui)) + α

k∑
j=1

aijgrad(div(uj)),vi〉
}

=σi ∥ vi ∥2 −2

∫
D

〈ui,p,vi〉

+ α

(∫
D

〈gpgrad(div(ui)),vi〉 −
k∑

j=1

aij

∫
D

〈grad(div(uj)),vi〉
)

,

(2.6)

where

∥vi∥2 =

∫
D

|vi|2.

Define

bij =

∫
D

〈ui,p,uj〉 = −bji. (2.7)

By a simple calculation, we have, from (2.2),∫
D

〈ui,p,vi〉

=

∫
D

〈ui,p, gpui −
k∑

j=1

aijuj〉

=

∫
D

gp〈ui,p,ui〉 −
k∑

j=1

aijbij.

Since ∫
D

gp〈ui,p,ui〉 = −
∫

D

〈ui, ∂p(gpui)〉 = −
∫

D

〈ui,ui〉 −
∫

D

gp〈ui,p,ui〉,

we have ∫
D

gp〈ui,p,ui〉 = −1

2
.

Thus, we derive

−2

∫
D

gp〈ui,p,vi〉 = 1 + 2
k∑

j=1

aijbij. (2.8)

From

div(gpvi) = gpdiv(vi) + 〈vi, ep〉, div(gpui) = gpdiv(ui) + 〈ui, ep〉,
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we infer ∫
D

〈gpgrad(div(ui)),vi〉 −
k∑

j=1

aij

∫
D

〈grad(div(uj)),vi〉

= −
∫

D

div(ui)div(gpvi) +
k∑

j=1

aij

∫
D

div(uj)div(vi)

= −
∫

D

div(ui)(gpdiv(vi) + 〈vi, ep〉) +
k∑

j=1

aij

∫
D

div(uj)div(vi)

= −
∫

D

div(gpui)div(vi) +
k∑

j=1

aij

∫
D

div(uj)div(vi)

+

∫
D

(
div(vi)〈ui, ep〉 − div(ui)〈vi, ep〉

)
= −

∫
D

(div(vi))
2 +

∫
D

(
div(vi)〈ui, ep〉 − div(ui)〈vi, ep〉

)
.

Then, according to (2.4), (2.6) and (2.8), we obtain

(σk+1 −σi) ∥ vi ∥2≤ 1+2
k∑

j=1

aijbij +α

∫
D

(
div(vi)〈ui, ep〉−div(ui)〈vi, ep〉

)
. (2.9)

From (2.1), we derive

σjaij =

∫
D

σjgp〈ui,uj〉

= −
∫

D

〈gpui, ∆uj + αgrad(div(uj))〉

= −
∫

D

〈∆(gpui),uj〉 + α

∫
D

div(gpui)div(uj)

= −
∫

D

〈gp∆ui,uj〉 − 2

∫
D

〈ui,p,uj〉 + α

∫
D

(
gpdiv(ui)div(uj) + 〈ui, ep〉div(uj)

)
=

∫
D

〈gp(σiui + αgrad(div(ui))),uj〉 − 2

∫
D

〈ui,p,uj〉

+ α

∫
D

(
gpdiv(ui)div(uj) + 〈ui, ep〉div(uj)

)
= σiaij − 2

∫
D

〈ui,p,uj〉

+ α

∫
D

(
〈gpgrad(div(ui)),uj〉 + gpdiv(ui)div(uj) + 〈ui, ep〉div(uj)

)
= σiaij − 2bij + α

∫
D

(
〈ui, ep〉div(uj) − 〈uj, ep〉div(ui)

)
.
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Hence,

2bij = (σi − σj)aij + α

∫
D

(
〈ui, ep〉div(uj) − 〈uj, ep〉div(ui)

)
, (2.10)

div(vi)〈ui, ep〉 − div(ui)〈vi, ep〉

= div(gpui −
k∑

j=1

aijuj)〈ui, ep〉 − div(ui)〈gpui −
k∑

j=1

aijuj, ep〉

= 〈ui, ep〉2 −
k∑

j=1

aij

(
〈ui, ep〉div(uj) − 〈uj, ep〉div(ui)

)
.

(2.11)

We infer, from (2.9), (2.10) and (2.11),

(σk+1 − σi) ∥ vi ∥2≤ 1 +
k∑

j=1

(σi − σj)a
2
ij + α

∫
D

〈ui, ep〉2. (2.12)

On the other hand, for any constant Ai > 0, we have, from (2.3), (2.7) and (2.8),

1 + 2
k∑

j=1

aijbij = −2

∫
D

〈ui,p,vi〉

=

∫
D

〈−2ui,p + 2
k∑

j=1

bijuj,vi〉

≤ Ai

∫
D

|vi|2 +
1

Ai

(∫
D

|ui,p|2 −
k∑

j=1

b2
ij

)
.

(2.13)

Multiplying (2.13) by (σk+1 − σi), we infer, from (2.12),

(1 + 2
k∑

j=1

aijbij)(σk+1 − σi)

≤(σk+1 − σi)

{
Ai∥vi∥2 +

1

Ai

(
∥ui,p∥2 −

k∑
j=1

b2
ij

)}

≤Ai

(
1 +

k∑
j=1

(σi − σj)a
2
ij + α

∫
D

〈ui, ep〉2
)

+
σk+1 − σi

Ai

(
∥ui,p∥2 −

k∑
j=1

b2
ij

)
.

(2.14)
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Putting Ai = (σk+1 − σi)
1/2A, we have

(σk+1 − σi) + 2
k∑

j=1

(σk+1 − σi)aijbij

≤ A(σk+1 − σi)
1/2

(
1 +

k∑
j=1

(σi − σj)a
2
ij + α

∫
D

〈ui, ep〉2
)

+
(σk+1 − σi)

1/2

A

(
∥ui,p∥2 −

k∑
j=1

b2
ij

)
.

(2.15)

Taking sum on i from 1 to k for (2.15), we obtain

k∑
i=1

(σk+1 − σi) + 2
k∑

i,j=1

(σk+1 − σi)aijbij

≤ A

k∑
i=1

(σk+1 − σi)
1/2

(
1 + α

∫
D

〈ui, ep〉2
)

+
1

A

k∑
i=1

(σk+1 − σi)
1/2∥ui,p∥2

+ A

k∑
i,j=1

(σk+1 − σi)
1/2(σi − σj)a

2
ij −

1

A

k∑
i,j=1

(σk+1 − σi)
1/2b2

ij.

(2.16)

Since aij is symmetric and bij is anti-symmetric, we have

2
k∑

i,j=1

(σk+1 − σi)aijbij

=
k∑

i,j=1

(σk+1 − σi)aijbij +
k∑

i,j=1

(σk+1 − σj)ajibji

= −
k∑

i,j=1

(σi − σj)aijbij

≥ −1

2

{
A

k∑
i,j=1

(σi − σj)
2a2

ij

(σk+1 − σi)1/2 + (σk+1 − σj)1/2

+
1

2A

k∑
i,j=1

(
(σk+1 − σi)

1/2 + (σk+1 − σj)
1/2

)
b2
ij

}
.

1

A

k∑
i,j=1

(σk+1 − σi)
1/2b2

ij =
1

2A

k∑
i,j=1

(
(σk+1 − σi)

1/2 + (σk+1 − σj)
1/2

)
b2
ij,
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k∑
i,j=1

(σk+1 − σi)
1/2(σi − σj)a

2
ij

=
1

2

( k∑
i,j=1

(σk+1 − σi)
1/2(σi − σj)a

2
ij +

k∑
i,j=1

(σk+1 − σj)
1/2(σj − σi)a

2
ij

)

= −1

2

k∑
i,j=1

(σi − σj)
2a2

ij

(σk+1 − σi)1/2 + (σk+1 − σj)1/2
.

From (2.16), we have

k∑
i=1

(σk+1 − σi)

≤ A

k∑
i=1

(σk+1 − σi)
1/2

(
1 + α

∫
D

〈ui, ep〉2
)

+
1

A

k∑
i=1

(σk+1 − σi)
1/2∥ui,p∥2.

Taking sum on p from 1 to n, we obtain

n

k∑
i=1

(σk+1 − σi)

≤ nA

k∑
i=1

(σk+1 − σi)
1/2 + αA

k∑
i=1

(σk+1 − σi)
1/2

n∑
p=1

∫
D

〈ui, ep〉2

+
1

A

k∑
i=1

(σk+1 − σi)
1/2

n∑
p=1

∥ui,p∥2.

Since
n∑

p=1

∫
D

〈ui, ep〉2 = 1,
n∑

p=1

∥ui,p∥2 = σi − α

∫
D

(div(ui))
2 ≤ σi,

we infer

n

k∑
i=1

(σk+1 − σi)

≤ (n + α)A
k∑

i=1

(σk+1 − σi)
1/2 +

1

A

k∑
i=1

(σk+1 − σi)
1/2σi.

Putting

1

A
=

{
(n + α)

∑k
i=1(σk+1 − σi)

1/2∑k
i=1(σk+1 − σi)1/2σi

} 1
2

,

we have
k∑

i=1

(σk+1 − σi) ≤
2(n + α)1/2

n

{ k∑
i=1

(σk+1 − σi)
1/2

k∑
i=1

(σk+1 − σi)
1/2σi

} 1
2

.

This completes the proof of the theorem 1.1.
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3. Proof of Theorem 1.2

In this section, we shall give a proof of the theorem 1.2.

Proof of Theorem 1.2. Defining cij =
∫

D
xi〈u1,uj+1〉, i, j = 1, 2, · · · , n, we consider

an n×n-matrix C = (cij). From the orthogonalization of Gram and Schmidt, there
exist an upper triangle matrix T = (Tij) and an orthogonal matrix P = (pij) such
that

T = PC.

Thus, we have

Tij =
n∑

k=1

pikckj =
n∑

k=1

pik

∫
D

xk〈u1,uj+1〉 = 0, for i > j.

Putting yi =
∑n

k=1 pikx
k, we have∫

D

yi〈u1,uj+1〉 = 0, for i > j.

We define a vector-valued function wi by

wi = (yi − ai)u1, ai =

∫
D

yi〈u1,u1〉.

We infer

wi|∂D = 0,

∫
D

〈uj,wi〉 = 0, for any j = 1, · · · , i.

Hence, wi is a trial vector-valued function. From the Rayleigh-Ritz inequality, we
have

σi+1 ≤
∫

D
−〈∆wi,wi〉 + α(div(wi))

2∫
D
|wi|2

. (3.1)

From the definition of yi, we have

gradyi = pi = (pi1, pi2, · · · , pin).

∆wi = ∆{(yi − ai)u1}

= (yi − ai)∆u1 + 2
n∑

k=1

piku1,k

= (yi − ai)(−σ1u1 − αgrad(div(u1)) + 2
n∑

k=1

piku1,k.

Hence, we have∫
D

−〈∆wi,wi〉

=

∫
D

−〈(yi − ai)(−σ1u1 − αgrad(div(u1)) + 2
n∑

k=1

piku1,k,wi〉

=σ1 ∥ wi ∥2 −2

∫
D

〈
n∑

k=1

piku1,k,wi〉 + α

∫
D

〈(yi − ai)grad(div(u1)),wi〉.

(3.2)
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Since ∫
D

n∑
k=1

pik〈u1,k,wi〉

=

∫
D

n∑
k=1

pik〈u1,k, (yi − ai)u1〉

= −
∫

D

n∑
k=1

pik〈u1, (yi − ai)u1,k〉 −
∫

D

n∑
k=1

p2
ik〈u1,u1〉,

we have

−2

∫
D

n∑
k=1

pik〈u1,k,wi〉 = 1. (3.3)

∫
D

〈(yi − ai)grad(div(u1)),wi〉

= −
∫

D

div(u1)div((yi − ai)wi)

= −
∫

D

div(u1){(yi − ai)div(wi) + 〈pi,wi〉}

= −
∫

D

(div(wi))
2 +

∫
D

(
div(wi)〈u1,pi〉 − div(u1)〈wi,pi〉

)
= −

∫
D

(div(wi))
2 +

∫
D

〈u1,pi〉2.

(3.4)

Thus, we obtain from (3.1), (3.2), (3.3) and (3.4)

(σi+1 − σ1) ∥ wi ∥2≤ 1 + α

∫
D

〈u1,pi〉2. (3.5)

On the other hand, for any constant Bi > 0, we have

1 = −2

∫
D

n∑
k=1

pik〈u1,k,wi〉

≤ Bi

∫
D

|wi|2 +
1

Bi

∫
D

|
n∑

k=1

piku1,k|2.

If σi+1 − σ1 = 0, it is obvious that

σi+1 − σ1 ≤
1

2(1 + α)
(σi+1 − σ1)

2

∫
D

|wi|2 + 2(1 + α)

∫
D

|
n∑

k=1

piku1,k|2.

If σi+1 − σ1 > 0, taking Bi =
1

2(1 + α)
(σi+1 − σ1), we also have

σi+1 − σ1 ≤
1

2(1 + α)
(σi+1 − σ1)

2

∫
D

|wi|2 + 2(1 + α)

∫
D

|
n∑

k=1

piku1,k|2.
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Hence, for i = 1, 2, · · · , n, we derive from (3.5) and the above inequality

σi+1 − σ1 ≤
1

2(1 + α)
(σi+1 − σ1)(1 + α

∫
D

〈u1,pi〉2) + 2(1 + α)

∫
D

|
n∑

k=1

piku1,k|2.

Since
∫

D
〈u1,pi〉2 ≤ 1, we have

σi+1 − σ1 ≤ 4(1 + α)

∫
D

|
n∑

k=1

piku1,k|2.

Taking sum on i from 1 to n, we infer
n∑

i=1

(σi+1 − σ1) ≤ 4(1 + α)
n∑

i=1

∫
D

|
n∑

k=1

piku1,k|2.

n∑
i=1

∫
D

|
n∑

k=1

piku1,k|2 =
n∑

k=1

∫
D

|u1,k|2 ≤ σ1.

Therefore,
σ2 + σ3 + · · · + σn+1

σ1

≤ n + 4(1 + α).

This finishes the proof of the theorem 2.
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