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Abstract  For a bounded domain €2 in a complete Riemannian manifold M", we study esti-
mates for lower order eigenvalues of a clamped plate problem. We obtain universal inequal-
ities for lower order eigenvalues. We would like to remark that our results are sharp.
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1 Introduction

Let €2 be abounded domain in an n-dimensional complete Riemannian manifold M". Assume
that I'; is the i th eigenvalue of a clamped plate problem, which describes characteristic vibra-
tions of a clamped plate:

A%y =Tu, in €,
0 1.1
u= M 0, on 09, (4.
av

where A is the Laplacian on M" and v denotes the outward unit normal to the boundary 9€2.
It is well known that this problem has a real and discrete spectrum

O0<Ti=Ip=<..<Tp=-- /400,

where each I'; has finite multiplicity which is repeated according to its multiplicity.
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410 Q.-M. Cheng etal.

In this paper, we do not introduce results on universal inequalities for higher order eigen-
values of the clamped plate problem. The readers who are interested in it can see the ref-
erences [2,3-8,10,11]. Since for lower order eigenvalues of the clamped plate problem,
one can obtain better universal inequalities for eigenvalues. We will focus our mind on the
investigation of lower order eigenvalues of the clamped plate problem.

When M" is an n-dimensional Euclidean space, for lower order eigenvalues of the clamped
plate problem (1.1), Ashbaugh [1] announced the following two universal inequalities without
proofs. Cheng, Ichikawa and Mametsuka [4] have given their proofs.

LN 1 1

> (N, —Tf) <4ry, (1.2)
i=1

n

D (g1 —T1) < 24T, (13)
i=1

When M" is a general complete Riemannian manifold other than the Euclidean space, it
is natural to consider the following problem:

Problem Let M" be an n-dimensional complete Riemannian manifold and  a bounded
domain in M". Whether can one obtain a universal inequality for lower order eigenvalues,
which are analogous to (1.2), of the clamped plate problem?

In this paper, we will answer the problem and prove the following results:

Theorem 1 Let 2 be a bounded domain in an n-dimensional complete Riemannian manifold
M". For the lower order eigenvalues of the clamped plate problem:

A%y =Tu, in €2,

d
U= M 0, on 0%,
av
we have
n 1 1
! 5o22)’ o2’
> (i1 =2 < (40 +n°Hy ) {@n+ 4T} +n’Hg (1.4)
i=1

where HO2 is a nonnegative constant which only depends on M" and Q.

Corollary 1 Under the assumption of the Theorem I, we have
. ! 3 320
Z[(ri+l—rl)f—rf] < 4T} +n*Hj. (1.5)
i=1
Corollary 2 When M" is an n-dimensional complete minimal submanifold in a Euclidean
space, we have

S (Tigi —TD? < (801 +2)T'y)2. (1.6)
i=1

Corollary 3 When M" is an n-dimensional unit sphere, we have

1

n 1 3 1 2
> (Tip1 — r)? < (41"12 +n2) [(Zn +4)r} +n2] . (1.7)
i=1
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Estimates for lower order eigenvalues 411

Remark 1 For the unit sphere S” (1), by taking Q = S"(1), weknow 'y = 0and I =--- =
I',+1 = n?. Hence, our inequalities become equalities. Thus, our results are sharp.

Remark 2 After the first author and the third author have proved the above results, the second
author tells them that he has also proved the same results. Hence, the authors decide to write
this joint paper together.

2 Preliminaries

In order to prove Theorem 1, we need the following Nash’s theorem.

Nash’s Theorem Each complete Riemannian manifold M" can be isometrically immersed
into a Euclidian space RN

Assume that M" is an n-dimensional isometrically immersed submanifold in RY. Let
€ C M" be a bounded domain of M" and p € . Let (!, -, 2™") be a local coordinate
system in a neighborhood U of p € M. Let y be the position vector of p in RY, which is
defined by

y=@'@ e,y ),
Since M" is isometrically immersed in R", we have
N N N
a9 e 9 ayP 9 dyY 9y~
=gl —,—) = - - —) = - 2.1
g =49 (33&’ Bacf) (az_; oxt Iy ﬁz_:l RE% ayﬁ) az_; dxt gz 1)

where g denotes the induced metric of M" from RY and <, > is the standard inner product
in RN, The following lemma can be found in [2].

Lemma 1 For any function u € C*°(M"™), we have

N

D (VY Vu))? = [Vul?, 2.2)
a=1

N N

D 9(Vy, VY = D VY P =n, (2.3)
a=1 a=1

N

> Ay =n?HP, (24)
a=1

N

Z Ay*Vy* =0, (2.5)
a=1

where V denotes the gradient operator on M"™ and |H | is the mean curvature of M".

3 Proofs of results
Proof of Theorem 1 Since M" is a complete Riemannian manifold, Nash’s theorem implies

that there exists an isometric immersion from M" into a Euclidean space RY . Thus, M" can
be considered as an n-dimensional complete isometrically immersed submanifold in RV,
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Let u; be an eigenfunction corresponding to eigenvalue I'; such that {u; };cN becomes an
orthonormal basis of L2(£2), that is,

/uiuj :5,']', Vi,j e N.
Q

We define an N x N-matrix B as follows:
B := (bap)

where byg = fQ y*“uugy1 andy = (y*) is the position vector of the immersion in RN Using
the orthogonalization of Gram and Schmidt, we know that there exist an upper triangle matrix
R = (Ryp) and an orthogonal matrix Q = (gqg) suchthat R = OB, i.e.,

N N
Rap = D quybyp = / > qayy’uiupi1 =0, 1<p<a <N. 3.1
y=1 Q v=1
N
Defining g% = >’ qayy”, we get
y=1
N
/gauluﬁﬂ =/Zﬂlayyyu1uﬁ+1 =0, 1<B<a=<N. (3.2)
Q Q r=l
We put
Vo = (g —a“uy,  a” = /gau%, l<a<N, 3.3)
Q
then it follows that
/wauﬂH:O, 0<B<a=<N. 3.4
Q
Thus, ¥y, 1 <o < N, are trial functions. From the Rayleigh-Ritz inequality, we have
A2
Tot1 < IQLZW“ l<a<N. (3.5)
fQ wot

By a direct calculation, we have

/%Aztlfa Z/llfaAz(g"ul —a%uy)
Q Q

= [ vt 8% 4 2989 - Ty + 284" A0
Q
+2A(Vg® - Vuy) +2Vg* - V(Auy) +T1g%u1}. (3.6)
Then by (3.4) and (3.5), we conclude

(Cog1 — T |® < /rawa =wy, 1=a=<N, (3.7
Q
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where
Tag = ulAzg"‘ +2V(AGY) - Vuy +2A¢% Auy +2A(Vg* - Vuy) +2Vg* - V(Auy).

By making use of Stokes’ formula, it is easy to get

/raa“ul =0

Q
and
Wy =/rot1//a =/ra(gau1 _aa”l)=/ro¢ga”l-
Q Q Q

We also obtain the following equations from Stokes’ theorem

2/g“uIV<Ag“) Vi = /{2u1Ag‘”w1 Vg +u(Ag?)? — g ul A%},
Q Q

Z/g“ulA(Vgo‘ -Vup) = /{ZM]Ag“VgO‘ -Vu+4(Vg* - Vu1)2+Zg“Au1Vg°‘ -Vu,},
Q Q

2/g“u1Vg“ -V(Auy) = —2/{|Vg"‘|2u1Au1 + g*AuVg® - Vuy + ¢*Ag*ui Auy}.
Q Q

Consequently, we get

n = /{(Ag“)zu% F AV - Vi) — 2V Py Auy + 4ur AV g* - Viuy)
Q

U1 Ag® + 2V - Vi |2 —2/ Vg Py Ay (3.8)
Q

(3.7) and (3.8) imply

(Catr1 — TDVal* < ||u1Ag°‘+2Vg“-wlnz—z/Wg“FulAm, l<a<N.
Q

3.9)
On the other hand,
/%(ulAga +2Vu; - Vg%)
Q
= /(g“m —ua®)(uiAg® +2Vuy - Vg%
Q
= /g“ul(ulAg“ +2Vuy - Vg%)
Q
1
= / (g“u?Ag“ + EW% . V(g“)z). (3.10)
Q
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By using of Stokes’ formula, we know

1
/g"‘u%Ag“ = —/ luVg* > — E/Vu% V(g2
Q Q

Q

Substituting (3.11) into (3.10), we infer

_/llfa(ulAg“ +2Vu; - Vg% :/WIVgalz-
Q Q

From (3.12) and (3.9), we have, for any positive constant §,

1
(Tat1 —r1>f/|u1v9“|2
Q
1
= —(Tgq1 — )2 /wa(ulAg“ +2Vu; - Vg
Q
1
(Cat1 — T IVall® + 25 11 Ag" + 2V Vg2

26

According to the lemma in the Sect.2 and the definition of g%, we then have

N
D llurAg* +2Vg* - Vuy |

a=l1

N
= > [whag®? +4cvur - Vg2 + 208995 - Vi)
a=1 Q

:n2/|H|2u%+4/|vul|2
Q Q

1
<A4r? + n*sup |H|>.
Q

For any point p, by a transformation of coordinates if necessary, we have, for any «,

IVg*|* = g(Vg*, Vg*) < L.

From (3.15), we infer

@ Springer

1)
2
é L o a2 o2
< 2+ lu1 Ag” 4+ 2Vuy - Vg*|| S [ IVg¥|“uiAu;g.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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N

1
> (Tay1 — T2V
a=1

n N
1 ; 1
> > Tt =TV P+ Cupn =T D0 VP
i=1 A=n+1

n n
1 . 1 .
=D i1 =TV P+ [y =T [ n =D Vg
i=1 j=1
n : ! n
=D i1 =TV P + (T = T2 D (1= |[Vg/ )
i=1 j=1

n n
1 i 1 .
> D> (Cip1 =TV P+ D (i =TI = [Vg/ )
i=1 j=1

! 1
=2 (Cj =T
j=1

For (3.13), taking sum on « from 1 to N and using of (3.14) and the above inequality, we
obtain

S 1 s 1 3,02 2 5
D it =02 < 5+ 5 ) (477 +nsup | HP ) 4 noT}.
i=1 Q

Taking

1
AT} 4+ n?sup |H|?
Q

S =

3

1 1
4T7 +n? s1§12p |H|? +2nT}

we obtain
1

! 1 1 2
S (g1 — T2 < @T] +n’sup|HIP)? {(2;1 + 4T} +n’sup |H|2} . (3.16)
‘ Q Q
i=1

Since the spectrum of the clamped plate problem is an invariant of isometries, we know that

(3.16) holds for any isometric immersion from M" into a Euclidean space.
Now we define ¢ as follows:

@ := {¢|¢ is an isometric immersion from M into a Euclidean space}.
Defining
H? = inf sup|H 2,
0 Jeo QP |H|

we obtain
1

n 1 1 3
> (Tig1 =TI < @T] +n’HY)? [(2n +4)r; +n2H§] : (3.17)
i=1

This completes the proof of Theorem 1.
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Proof of Corollary I Since

1 1 1 1
4T +n?HY)? [(Zn +4Hr7 + nzHOZ] <AT? 4 n?HE +nT?.

from (3.17), we then obtain

” 1 1
Z[(Fiﬂ —r):? —rf] <A} +n*Hg. (3.18)

i=1

This finishes the proof of Corollary 1.

Proof of Corollary?2 For a complete minimal submanifold in a Euclidean space, we have
|H| = 0. From the proof of the Theorem 1, the Corollary 2 is clear.

Proof of Corollary3 Since an n-dimensional unit sphere can be seen as a compact hypersur-
face with constant mean curvature 1 in the Euclidean space R"*!, we have |H| = 1. From
the proof of the Theorem 1, the Corollary 3 is obvious.
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