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Abstract In this paper we study eigenvalues of the poly-Laplacian with any order on a
domain in an n-dimensional unit sphere and obtain estimates for eigenvalues. In particular,
the optimal result of Cheng and Yang (Math Ann 331:445-460, 2005) is included in our ones.
In order to prove our results, we introduce 2(/ 4+ 1) functions @; and b;, fori =0, 1,...,!
and two operators p and 7. First of all, we study properties of functions a; and b; and the
operators (4 and 1. By making use of these properties and introducing k free constants, we
obtain estimates for eigenvalues.

Mathematics Subject Classification (2000) 35P15 - 58G25

1 Introduction

Let © be a bounded domain with a smooth boundary d<2 in an n-dimensional complete
Riemannian manifold M. Assume that A; is the ith eigenvalue of the Dirichlet eigenvalue
problem of the poly-Laplacian with order /:

(—A)lu=ku in Q
5 gl—1 1.1
u:l:...:J:O on 092, b
v avi-1

where A is the Laplacian in M and v denotes the outward unit normal. It is well known that
the spectrum of this eigenvalue problem is real and discrete.

O<AM <M< <A<+ —> 00
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508 Q.-M. Cheng et al.

When! = 1, the above problem is called a fixed membrane problem and it is called a clamped
plate problem when / = 2.
When M = R" and [ = 1, Payne et al. [14] proved

k

4
A — A < — Ai, k=1,2,....
k+1 k_knizl: i

Further, Hile and Protter [11] generalized the above result to
k
k
S oA k=12
P )\.k+l — Aj 4

In 1991, Yang [18] (cf. [7]) proved the following sharp result:

k k
4
D Okt = )? = = 3 O = Rihi, k=12, (1.2)

i=1 i=1

According to the inequality, we can derive

)\k+1<7( )Zx k=1,2,. (1.3)

When [ = 2, one usually uses I'; to denote the ith eigenvalue of (1.1). In this case, Payne
et al. [14] proved

Recently, Cheng and Yang [6] have proved

k 1

8 2
> (ks —ms( (”+ )) § (T (Teqr — T)2,
i=1

which is analogous to the inequality (1.2) of Yang.
For any integer /, Chen and Qian [4] and Hook [12] (cf. [13]), independently, proved

1
2,2 7 ko
n-k A =1
S [ — Al k=1,2,.... 14
4l(l’l+2l—2)_2)\k+1—ki§ ! (14

i=1

By making use of the method of Cheng and Yang [6], Wu and Cao [17] have generalized the
inequality (1.4) to

1
k 1 k k 2
Al(n+20 -2 1 1
> (gt —ay < A 2= D) . Uk [E Or1 =220 > (Ak+1—x,-)%x,»‘] . (15

i=1 i=1 i=1

We should notice that when [ = 1, the inequality (1.5) becomes

k ) k . k ' %
D O —2i) < NG [Z(xm =) D (g1 — Aimi] :

i=1 i=1 i=1
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Estimates for eigenvalues of the poly-Laplacian with any order 509

From this inequality, one can only infer the inequality (1.3). One cannot obtain the sharp
inequality (1.2) of Yang. In [8], we have proved

41 20 -2
Z(xkﬂ — %) LZ(AH] — XDk, (1.6)

i=1

which includes the sharp inequality (1.2) of Yang.
When M is an n-dimensional unit sphere $” (1) and / = 1, Cheng and Yang [5] proved

Z(m] —1)? <72(xk+1—x)(x + ) (1.7)

i=1

which is optimal since when €2 tends to $”(1), the above inequality becomes equality for
any k. Recently, Chen and Cheng [3] and EI Soufi et al. [9] have generalized this result to
any complete Riemannian manifold, independently. When / = 2, Wang and Xia [16] have
obtained

k k
1 1
Z()‘IH-I -t < Y [Z(Akﬂ — )7 (n* + 2n + 4))%'2)]
i=1 i=1

k Rk

x (Z(ml — ) +4A,-2)]
i=1

From the above inequality, we can infer

k k 2

4 1 1
2 ket =37 = 5 D (it = h) ((2n + 4] +n2) (xf - "Z) (18)

i=1 i=1

In this paper, we study eigenvalues of the eigenvalue problem (1.1) for any integer / when
M is S"(1). We prove the following:

Theorem Let Q2 be a domain in an n-dimensional unit sphere S" (1), n > 2. Assume that A;,
i=1,2,... isthe ith eigenvalue of the eigenvalue problem (1.1). Then, we have

k k
4 1
D Ot =2 = =5 > Gyt = A) [(x,.’ +n) =i
i=1 i=1

2
LR s ont ol +n)’*2] (k} + nz) (1.9)

Remark 1 Forl = 1, our inequality (1.9) becomes the optimal inequality (1.7) of Cheng and
Yang [5]:

k 4 k n2
Z}(ml -2k < - Z;(Akﬂ — ) (A,» + ?)'
1= 1=

When [ = 2, our result becomes the inequality (1.8):

1 2
Z(Akﬂ —x)? < —Z(AkH ) ((2n+4)x2 +n ) (Ai + %)

i=1
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510 Q.-M. Cheng et al.

Since the inequality (1.9) is a quadratic inequality of Ax1, it is not difficult to derive an
upper bound for A4 according to the first k eigenvalues.
2 Proof of Theorem

Assume that u; is an eigenfunction corresponding to the ith eigenvalue A; such that {u;}{°,
becomes an orthonormal basis of L2(2). Thus, u; satisfies

(=M u; = Aju;, inQ
ou; 31_1141'
U= —=--=——=0, ond
ov vi-1 2.1)
/u,'u‘,- = 5,“/'.
Q
Letxy, x2, ..., x,41 be the standard coordinate functions of the n + 1-dimensional Euclidean
space R"*!, then
n+l1
$"(1) = {(xl,xz,...,xn+1) eR™MD x2= 1} )
a=1
It is well known that, forany i, j = 1,2, ..., n,
ViVixg = —gijxe, a=1,...,n+1, 2.2)

where V; and g;; denote the covariant differentiation and components of metric tensor of the
unit sphere S (1), respectively.
In order to prove our theorem, the following Propositions 2.1 and 2.2 play an essential role.

Proposition 2.1

(=N (uixe) = (=) Narxg) + (=A) 7 (Vby - Vixy)
(=A) "2 (a2x4) + (—=A)72(Vby - Vig)

= aixq + Vb; - Vxg,
where ay and by are functions of u;, (—A)u,, .. ., (—A)*u; and satisfy
ag=1u;, by=0, a =pu;, by =-2u;.
and

ag+1 = (—A)ag + nag —2(=A)by = pay — 2(—A)by
bi+1 = —2ax + (—A)by — (n — 2)by, = —2ay + nby.

Here p and n are defined by p = (—A) +n,n = (—A) — (n — 2), respectively.

Proof Since the Ricci curvature of the unit sphere S”(1) is n — 1, from the Ricci identity,
we have, for any functions f and g,

(=2)(Vf) - Veg=V{(=A)f} Vg —(n-DVf. Vg.
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Estimates for eigenvalues of the poly-Laplacian with any order 511

For any k < [, we infer from (2.2)
(=) Magxe) = (A (= A)arxg — 2Vay - Vg + ax(—A)xg}
= (A= Dag + naxe} + (= ATV (=2ay) - Vg )
and

(=)7K - V)

n
= (=TI AN V) - Vag =2 D ViVibiViVix + Vbi - (=A) Vi
ij=1
= (=N V(= A)by) - Vg — 2(=A)bgxy + Vb - V((—A)xg)
—2(n — 1)V - Vxg)
= (=) 2(=A)brxg} + (=2 V(=D b — (n = 2)by] - Vg ).
According to the above two equalities, we have
ax+1 = (=A)ag + nax — 2(—=A)by = pay — 2(—A)by
b1 = —2ar + (=A)b — (n — 2)by = —2ax + nbi
with

ap=u;, byp=0, a; =pu;, by =-2u;.

m}
Lemma 2.1 ay and by in the Proposition 2.1 satisfy

k—1
b = —2an—f—1aj, (2.3)

j=0

k=2 k—j—1 k—j—1
I -1

a = pfag+4(-N) Y —————a;, 24)

= =
fork=2,3,...,1L

Here we should notice @ — n = 2(n — 1), which is scalar. But, for convenience, we still
write it in w — 1.

Proof For k = 2, from the Proposition 2.1, we have
by = —2a1 + (—Aby) — (n — 2)by = —2a; — 2nay.
Suppose that equality (2.3) holds for k — 1, that is,

k-2
b1 = —Zan_"‘_zaj, k=2,3,...,1.
i=0

Then, for integer k, from the Proposition 2.1, we derive

k-2 k-1
by = —2ax—1 + nby—1 = —2a,-1 — Zanﬂ*la/’ = —ZZﬂkﬂ;la.ﬁ
j=0 j=0

Therefore, (2.3) is proved.
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512 Q.-M. Cheng et al.

For k = 2, (2.4) is obvious. We assume that (2.4) holds for k — 1. Then, from the Propo-
sition 2.1 and (2.3), we have

k=2
ap = pag—1 +4(=A7) zflk_j_zaj
Jj=0
k-1 o kI g2 - k—j—2
= u it lag +4=0) — aj t +4(=08) Y 0" 72a;
Jj=0 Jj=0
k=2 k—j—1 k—j—1
w -1
= pkag +4(=A) Z ———aj.
~ =
J
Thus, it completes the proof of (2.4). O

Proposition 2.2 Defining p; by
pi = (=) Wixe) — xo (=N ui,
we have

n+1 =2

1 ! 1/ 1
2 / UiXapi = (M’ +n) —hi + 22 =4+ DA/ (x; +n)
a:lQ

In order to prove this proposition, we need to prepare several lemmas.
Define a set Vi (¢) of polynomials in t by

v; >0, i:O,l,...k].

Vi(t) := [vk(t) =utf v+
Defining

X ’Aé, k is even 2.5)

V(A'T), kisodd,
The following inequality can be proved by the same method as in [4], in which Chen and
Qian proved it for a bounded domain in the Euclidean space R”. For any integer k satisfying

1<k<l,

k
/ IVEu; | <. (2.6)
Q

Lemma 2.2 For any k < | and any polynomial v;_y(t) € Vi_(t), we have

/Mivl—k((—A))ak > 0. 2.7
Q
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Estimates for eigenvalues of the poly-Laplacian with any order 513

Proof For k = 0, we know

/uivz((—A))ao =/uiv1((—A))ui =/Ului(_A)l”i +/v1—1ui(—A)l_‘ui + -

Q Q Q

Q
+/Ului(_A)ui+/UOM,'2:vl/|vlui|2+Ulfl/|vl_lui|2+"'
Q Q Q

Q

+v1/|Vui|2+vo > 0.
Q

Suppose that the inequality (2.7) holds for O, 1, ..., k — 1. Then, for the integer k, we can
derive, from the Lemma 2.1,

/uivsz((—A))ak = /“ivlfk((_A))MkaO+4/“ivlfk((_A))(_A)

Q Q Q
k=2 k—j—1 _  k—j—1
XZ%QJ‘ =/uivl((—A))a0
~ u—n
J Q
k—2 k—j—1 k _] 1
+43 [uuat-m0-a) > (k_j_ 1 _r)(‘A)

=g

X {nkfjflfr _ (_n + z)kfjflfr}aj

k=2
:/“ivl((_A))ao+4Z/Mivlfk((_A))(_A)kajfl((_A))aj

Q =0
k=2
= [uwnana+43 [ (-ana =0
Q J=0g

Here and in the sequel, without loss of the generality, we use the same sign to denote a
different polynomial in Vi (7). Therefore, for any k < [, we have

/uivsz((—A))ak > 0. (2.8)

Q

Lemma 2.3 Forr <1 — k, we have

/”ivl—k—r((_A))Mrak Z/Mivl—k—r((—A))ﬂrak- 2.9
Q Q
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514 Q.-M. Cheng et al.

Proof Since the Lemma 2.2,

/uivz—k—r((—A))(u’ —n")ay

Q

— [ u _ S "V CAY T — (— j
—/uzvz_k_r« A))jzo(r_j)( A n! = (=n +2) )ax
J =

= Z (r i j){”j —(=n+ 2)j}/Mivlfkfr((—A))(—A)“jak >0. (2.10)
j=0 o

Lemma 2.4 For any k <1, we have
/uivz—k((—A))ak Z/uivz—k((—A))/wk—L (2.1D
Q Q

Proof Fork = 1, since aj = paop, (2.11) is obvious. Suppose that inequality (2.11) holds for
0,1,...,k — 1. Then, for integer k, from the Proposition 2.1 and the Lemma 2.1, we infer

/uivz—k((—A))(ak — [ag—1)

Q

= 4/ uiv—k (= A)) (= A){ak—> + nar—z + - - + n*2ap)

Q
4/ vk 11 (= A ar—2 + nag—3 + - - - + n* 2ap}
Q

k=2

> 4/ i Vi1 (AN + mag—3 + nax—q + - - + 1" 2ap).
Q

Since vj—k4+1((=A) (0 +n) € Vi_x12((=A)), we derive

/Mivl—k+1 ((=A)) (1 +mak—3 > /uiv1—k+1 ((=A)) (1 + mpai—q.
Q Q

Hence, we have

4 / Uit (= A (1 + Max—s + s + - - + 1 ao)

Q
2 2 k—2

> 4/ iV — 1 (=AD" +pun +n)ag—4 +---+n"" “ao}

Q
>...>4 / wivp g1 (AN A2+ 153 4 3 4 0 P)ag

Q

—4 / w11 ((—A))ao = 0.

Q

@ Springer



Estimates for eigenvalues of the poly-Laplacian with any order 515

Therefore,

/uivlfk((_A))ak Z/uivlfk((_A))Mak—L
Q Q

Lemma 2.5 Forany k <[, we have
/uivlfk((_A))ak < Z/Mivlfk((_A))Makfl- (2.12)
Q Q

Proof Fork = 1, we know

/uivz—l((—A))(al —2uag) = —/uivl—l((—A))Wlo

Q Q

- / wiv((—A))ag < 0.

Q

Suppose that the inequality (2.12) holds for 0, 1, ..., k— 1. Then, for the integer k, we obtain,
from the Proposition 2.1 and the Lemma 2.1,

/uivz—k((—A))(ak —2uag—1)
Q

= / ujv_x((—A)) (_Makfl +4(=M{ax—2 +nag—3+--- + nk_zao})
Q

= / uivi—k((—A)) (—/fak_z — 4(=A){pax—3 + pnax—s + - - + un* ag)
Q

+4(—A)ar_2 + nax_z + - + nk_zao})

= [ a) (1 + 4 2)acs

Q

+4(=8) (1 = ety — (0= Mnar—s — -+ — (=t ao))

From i — n = 2(n — 1) and the Lemma 2.4, we have

/ i (— A (—A) (i — mag_3 < / v (— A (—A) (bt — n)padgs.

Q Q
Thus,

/ uiv—(=A) (=12 + 4B a2
Q

+ 4= 8) (1 = ety = (0= Mnax—s = -+ = (= i ao) )
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516 Q.-M. Cheng et al.

< [ (12 + 4-anas

Q

A=A = W+ g — - = (= 1 ag)).

Since v ((—A)(—A) (e — ) (u + 1) € Vi—k42((—A)), according to the Lemma 2.4, we
infer

/ —ui v ((=AN(=A) (1w — M) (1 + Mag—4

Q

< / ok (— A (=AY — m) (i + m)pak—s.
Q

Therefore,

[wvesan (2 + 40
Q

A=A == M+ Mg — - = (= mn*ao))

< [ wsu-i-a) (=42 + 4 a2

Q

+4(_A){_(H’ - n)(ﬂz + un + 772)ak,5 —_ . — (“‘ _ n)nk*3a0})

<< / (=) [~ + 4= A2

Q
—4(=A) = M 1t 4 ao)
<0.

Here we have used v[_k((—A))(pL2 —4(=A)) € Vi_g42((—A)) with n > 2. Therefore,

/uivz—k((—A))ak < 2/uiv1—k((—A))Mak—1~

Q Q

It finishes the proof of the Lemma 2.5. O

Proof of Proposition 2.2 Since Zgill xﬁ = 1, from the Proposition 2.1, we have

n+1 n+1
> / WiXepi = ' / (=) (uixe)uixg — / m(—A)’ui(xa)z]
ot=IQ a=I Q Q
n+1
=2 ' / {arxy + Vbr - Vg hixy — / u,-(—Aﬂu,-(xa)z]
a=1 Q Q
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Estimates for eigenvalues of the poly-Laplacian with any order 517

/uzaz /u,( A u;

Q

/u a; — (2.13)
Q

Since ar+1 = pap — 2(—A)br and by = -2 Z, o’lk J- laj, we infer, from the
Lemmas 2.3 and 2.5, we have

/azui = /ui {maj—y —2(=A)b;_1}

Q Q
-2
= / ui {uar-y +4(=8) D> 0’ a;
Q j=0
-2
< / ui - +4(=2) D u " a;
Q j=0

(from the Lemma 2.3)

[=3 -2
= /Mi wrai_o + 4pu(—A) Z ﬂl_j_3aj T+ 4(—A) Zﬂl_j_zaj
Q { Jj=0 j=0
=3 -2
< [ ui YiPa—a +4(=A) Zul_j_zaj +4(=A) Zul_j_zaj
=0 j=0

uiplag + 4/ ui(—=A) {azfz +2uap3+---+ U - I)Ml_zao}
Q

1
ui ' ag

IA

+4 / ui (=) {2113+ dpParg + -+ 20 = 2 a0 + (= D'
Q
(from the Lemma 2.5)

= / wiplao + 8 / wi(-Apfars +2ma g+ + € - )

Q
+/8(1—2)ui(—A)Ml*2a0+/4(1— Dui (—A)p!2aq
Q
Uit ao+(22’ k“k) / ui (—=M)p'ag
k=1 o

uiplag + 272 — 401 + 1)) / i (— M) 2ag
Q

i
|
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518 Q.-M. Cheng et al.
Lo
= /Z(l_k)nl_kui(—A)kao
& k=0
2
l—k=2 k+1
~ (l —k— 2) ui (=A)""ag
Lo
Z (l _k)nl_kui(—A)kui
k=0
2
k=2, (_ A YRy,
= (Z —k— 2)
Lo
_ z( )nl—k/|vkui|2
= I —k J

-2

-2
+ (21+2 _ 4(1 + 1)) Z (l ol 2)nl—k—Z/ |vk+]ui|2
k=0 Q

-

+2*2 — 40 + 1)]/
Q k

-

+ 1272 —41 + 1) /
Q

l l -k lli 1+2 < -2 1—k—2 kli1
EZ(l_k)n A e _4(1+1))Z(l—k—2)n ,
k=0 k=0
(from (2.6))
1 1 1
=+ + 22 40+ D] ] )2

In view of the formula (2.13), the Proposition 2.2 is proved.

From now we can prove our theorem by the Rayleigh—Ritz inequality. In order to prove
our results, we need to introduce k free constants. For the Laplacian and the second-order
Laplacian one free constant is introduced, but this is not sufficient in our case.

Proof We define qﬁf‘ and r;j fori, j =1,2,...,k, by

k

o

O = uixe — O riju;,
j=1

rij :/uiujxa.

Q

(2.14)

Then, from (2.1) and (2.14), we have

Igf ol
Pl = —lha="- ;

v = e =0
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519

It follows from the Rayleigh—Ritz inequality that

¢ (=0)'gf
T S — (2.15)
(¢9)*
Q
We have
/ P (—A) g = / B8 (=D (uixg)
Q Q
= / (=) (uixe) — xo (= A) ;) + xo (—A) u;}
Q
= )‘1/¢i0[(uixa)+/¢:xpl
Q Q
k
:)\i/(p? u,-xa—Zr,-juj +/¢?Pi
Q j=1 Q
k
Z)»i||¢f‘||2+/9 UiXy —Zrijuj Di
j=1
k
= Ai||¢,‘-"||2-F/Quixozpi —Zrijsl'j,
Jj=1
where
Tk =/|¢,‘-’|2,
Q
pi = (A (Wixg) — xo (=) us,
sij = /piuj = /{(—A)’(uixa) — xo (=) uiu;
Q Q
= / {uixXo (=N uj — ujxe (—A) ui} (2.16)

Q
= ()\j —Ai)/xauiuj
Q

= (Aj = Arij

= —Sji-.

Thus, from (2.15), we obtain

(iest = 216812 < /¢>;“pi
Q
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520 Q.-M. Cheng et al.

k

= [ uixepi — E TijSij

Q j=1
/u Xapi + Z(k (2.17)
Q

On the other hand, putting

Ui Axy
tij = [ uj Vu; - Vxq + 2 )
Q

t;; satisfies

Ui j Axg
Vuj - Vxqui — | ujujAxq + -
Q Q

Q
A

/ui (Vuj.an + ufzx"‘)

Q

Thus, for any constant §; > 0, we have

Ui Ax u; Ax
—2/¢;'1 (Vu;-an + 12 a) = —2/(1’;‘)[ (Vui'thx Ot) Ztu”j
Q Q

2
1 Ui Ax
ssi||¢>;“||2+§ Vu; - Vg 4+ e qu/
L
k
1 ui Axy ||
S8ill¢,-“||2+§ HVulexa-l-% -S>
! .
j=1

Putting §; = 8; (Ak+1 — Ai), where 5; is a positive constant, we infer from (2.17),

u; Ax
_2(Ak+1—/\i)2/¢;" (w,-.wo, ! “) Ztuu]
Q

k

>

J=i

2
A+l — uj Axg

< 8Ost — 2102117 + 5

”Vu, Vxe +

k
< 800k =0 ( [wxapit 304 =10
Q j=1
k
N

J=i

u; Axgy 2

_|_

A — A
Mert = Ai ‘Wl..wﬁ

5
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Estimates for eigenvalues of the poly-Laplacian with any order 521

Taking the sum on i from 1 to k, we have

k k

2 G = 1)’ /( 2uixe Vi - Vi = 47 Axa) +2 D (it = 2i)riji
i=1 i,j=1

k 2
1 uj Ax
< D 8 Gyt — M)z/uixapi + Z 57 ke Vi - Vg + — > .
i=1 Q i=1 "1
k k
+ 2 8k = M) i = AP = D 5 L e - M- (2.18)
i,j=1 i,j=1 l
Since rij =Tji, Z,‘j = —tj,‘ and ()\,‘ — )\j)r,'j = —S8ij, We have
2> Our = A)rijtiy = =2 D (gt — M)A — Aj)rijtij. (2.19)
i,j=1 i,j=1
Defining
, )
8 = — — , (2.20)
A Fml =i 4+ Q2 =40+ D)A] 0] + )2
where § > 0 is any constant, we derive
k k
D8Okt = M) i = ArF + D 8wt — k)G — AP
ij=1 i,j=1
Z 8 Okt = M) Ot — A i = A
i,j=1
Z (8] = 87) (k1 = hi) ket = 1)) (i — &)y <0 221
z] 1
1
since 87 is a monotone decreasing function of Ai’ . It is obvious that
k
2 z A1 — A — Ajrijtij < Z 8i (kg1 — A (A — )‘-j)zrizj
i,j=1 i, /=1
+ Z (xk+1 hi)ty. (2.22)
i,j= 1
We infer, from (2.18), (2.19), (2.21) and (2.22)
k
Z(Ak_H — i) /( 2uixgVui - Vg — u; xana)
i=1
k , 2 1 Ui Axq 2
< D8 Cugr =2 [ uixapi + Z 5 Ok Vi - Vg + L (2.23)
i=1 Q i=1 "1
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n+1
From (2.2) and Zxﬁ =1, we have

a=1

n+1 n+1
Z/(—Zu,-xaVui - Vxy — u%xana) = —/u,-VuiV(ng)
Ot=19 Q a=1
n+1
+n/u,?zx§ =n (2.24)
Q a=1
and
n+1 2 n+1
A 2
a=1 a=1
n+1 n n+1
= /Z(Vui . Vx(,[)2 — z/uiVu,-V(ng)
Q a=1 Q a=1
2 n+l 2 | 2
n 5 5 s N I n
+Z/ui azlxa = IVuill® + - <4 + . 229
p =

Taking the sum on « from 1 to n + 1 for (2.23) and making use of (2.24) and (2.25), we
obtain

n+1

k k k 2
1 I n
n Y (st =27 < D8 Ot — )7 D /Quixap,» + 2 5 Gkt = 2)) (A; + ;).
i=1 i=1 a=1 i=1 i

Therefore, the Proposition 2.2 implies

k
n Y Ogr = 1)
i=1

L 1 1
<D 8t — h)? [(Ai’ +m) = a4+ 22— 4+ DI (A + n)’*z]
i=1
k 2
1 1 n
+Z y(kk+l —Ai) (Ai’ + Z)'
i=1 !
According to (2.20), we infer
k k
n Y gt —Ai)* <8 (g — 1)
i=1 i=1

k 2
1 1 11 1 p
+5 > 1 — 1) [(Ai’ +n) =+ 1272 —4d+ DI (] + n)’—2] (A; + j).

i=1
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Putting

k 1 1/ 1 =21 2
> Ot — 2 <(A/ +m)l = a2 =40+ D1/ (A; +n) }(x/ + "Z)

i=1

5= ,
k
D g1 —)?
i=1
we obtain
k PR |
Okr1 =22 < = D (k1 — Ai) [()»,-l +n) =
Sowaowrs i3
11 12
+RF2 -4+ D 0] + n)”] (x; + Z)'
It completes the proof of theorem. O
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