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Abstract In this paper we study eigenvalues of the poly-Laplacian with any order on a
domain in an n-dimensional unit sphere and obtain estimates for eigenvalues. In particular,
the optimal result of Cheng and Yang (Math Ann 331:445–460, 2005) is included in our ones.
In order to prove our results, we introduce 2(l + 1) functions ai and bi , for i = 0, 1, . . . , l
and two operators µ and η. First of all, we study properties of functions ai and bi and the
operators µ and η. By making use of these properties and introducing k free constants, we
obtain estimates for eigenvalues.

Mathematics Subject Classification (2000) 35P15 · 58G25

1 Introduction

Let � be a bounded domain with a smooth boundary ∂� in an n-dimensional complete
Riemannian manifold M . Assume that λi is the i th eigenvalue of the Dirichlet eigenvalue
problem of the poly-Laplacian with order l:

⎧
⎨

⎩

(−�)l u = λu in �

u = ∂u

∂ν
= · · · = ∂ l−1u

∂νl−1 = 0 on ∂�,
(1.1)

where � is the Laplacian in M and ν denotes the outward unit normal. It is well known that
the spectrum of this eigenvalue problem is real and discrete.

0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · −→ ∞.
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508 Q.-M. Cheng et al.

When l = 1, the above problem is called a fixed membrane problem and it is called a clamped
plate problem when l = 2.

When M = Rn and l = 1, Payne et al. [14] proved

λk+1 − λk ≤ 4

kn

k∑

i=1

λi , k = 1, 2, . . . .

Further, Hile and Protter [11] generalized the above result to

k∑

i=1

λi

λk+1 − λi
≥ kn

4
, k = 1, 2, . . . .

In 1991, Yang [18] (cf. [7]) proved the following sharp result:

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n

k∑

i=1

(λk+1 − λi )λi , k = 1, 2, . . . . (1.2)

According to the inequality, we can derive

λk+1 ≤ 1

k

(

1 + 4

n

) k∑

i=1

λi , k = 1, 2, . . . . (1.3)

When l = 2, one usually uses �i to denote the i th eigenvalue of (1.1). In this case, Payne
et al. [14] proved

�k+1 − �k ≤ 8(n + 2)

n2k

k∑

i=1

�i , k = 1, 2, . . . .

Recently, Cheng and Yang [6] have proved

k∑

i=1

(�k+1 − �i ) ≤
(

8(n + 2)

n2

) 1
2

k∑

i=1

(�i (�k+1 − �i ))
1
2 ,

which is analogous to the inequality (1.2) of Yang.
For any integer l, Chen and Qian [4] and Hook [12] (cf. [13]), independently, proved

n2k2

4l(n + 2l − 2)
≤

k∑

i=1

λ
1
l
i

λk+1 − λi

k∑

i=1

λ
l−1

l
i , k = 1, 2, . . . . (1.4)

By making use of the method of Cheng and Yang [6], Wu and Cao [17] have generalized the
inequality (1.4) to

k∑

i=1

(λk+1−λi )≤ {4l(n + 2l − 2)} 1
2

n

{
k∑

i=1

(λk+1−λi )
1
2 λ

l−1
l

i

k∑

i=1

(λk+1−λi )
1
2 λ

1
l
i

} 1
2

. (1.5)

We should notice that when l = 1, the inequality (1.5) becomes

k∑

i=1

(λk+1 − λi ) ≤ 2√
n

{
k∑

i=1

(λk+1 − λi )
1
2

k∑

i=1

(λk+1 − λi )
1
2 λi

} 1
2

.
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From this inequality, one can only infer the inequality (1.3). One cannot obtain the sharp
inequality (1.2) of Yang. In [8], we have proved

k∑

i=1

(λk+1 − λi )
2 ≤ 4l(n + 2l − 2)

n2

k∑

i=1

(λk+1 − λi )λi , (1.6)

which includes the sharp inequality (1.2) of Yang.
When M is an n-dimensional unit sphere Sn(1) and l = 1, Cheng and Yang [5] proved

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n

k∑

i=1

(λk+1 − λi )

(

λi + n2

4

)

, (1.7)

which is optimal since when � tends to Sn(1), the above inequality becomes equality for
any k. Recently, Chen and Cheng [3] and El Soufi et al. [9] have generalized this result to
any complete Riemannian manifold, independently. When l = 2, Wang and Xia [16] have
obtained

k∑

i=1

(λk+1 − λi )
2 ≤ 1

n

{
k∑

i=1

(λk+1 − λi )
2(n2 + (2n + 4)λ

1
2
i )

} 1
2

×
{

k∑

i=1

(λk+1 − λi )(n
2 + 4λ

1
2
i )

} 1
2

.

From the above inequality, we can infer

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n2

k∑

i=1

(λk+1 − λi )

(

(2n + 4)λ
1
2
i + n2

)(

λ
1
2
i + n2

4

)

. (1.8)

In this paper, we study eigenvalues of the eigenvalue problem (1.1) for any integer l when
M is Sn(1). We prove the following:

Theorem Let � be a domain in an n-dimensional unit sphere Sn(1), n ≥ 2. Assume that λi ,
i = 1, 2, . . ., is the i th eigenvalue of the eigenvalue problem (1.1). Then, we have

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n2

k∑

i=1

(λk+1 − λi )

{

(λ
1
l
i + n)l − λi

+[2l+2 − 4(l + 1)]λ
1
l
i (λ

1
l
i + n)l−2

} (

λ
1
l
i + n2

4

)

. (1.9)

Remark 1 For l = 1, our inequality (1.9) becomes the optimal inequality (1.7) of Cheng and
Yang [5]:

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n

k∑

i=1

(λk+1 − λi )

(

λi + n2

4

)

.

When l = 2, our result becomes the inequality (1.8):

k∑

i=1

(λk+1 − λi )
2 ≤ 4

n2

k∑

i=1

(λk+1 − λi )

(

(2n + 4)λ
1
2
i + n2

) (

λ
1
2
i + n2

4

)

.
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510 Q.-M. Cheng et al.

Since the inequality (1.9) is a quadratic inequality of λk+1, it is not difficult to derive an
upper bound for λk+1 according to the first k eigenvalues.

2 Proof of Theorem

Assume that ui is an eigenfunction corresponding to the i th eigenvalue λi such that {ui }∞i=1
becomes an orthonormal basis of L2(�). Thus, ui satisfies

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(−�)l ui = λi ui , in �

ui = ∂ui

∂ν
= · · · = ∂ l−1ui

∂νl−1 = 0, on ∂�
∫

�

ui u j = δi j .

(2.1)

Let x1, x2, . . . , xn+1 be the standard coordinate functions of the n+1-dimensional Euclidean
space Rn+1, then

Sn(1) =
{

(x1, x2, . . . , xn+1) ∈ Rn+1|
n+1∑

α=1

x2
α = 1

}

.

It is well known that, for any i, j = 1, 2, . . . , n,

∇i∇ j xα = −gi j xα, α = 1, . . . , n + 1, (2.2)

where ∇i and gi j denote the covariant differentiation and components of metric tensor of the
unit sphere Sn(1), respectively.

In order to prove our theorem, the following Propositions 2.1 and 2.2 play an essential role.

Proposition 2.1

(−�)l(ui xα) = (−�)l−1(a1xα) + (−�)l−1(∇b1 · ∇xα)

= (−�)l−2(a2xα) + (−�)l−2(∇b2 · ∇xα)

= · · ·
= al xα + ∇bl · ∇xα,

where ak and bk are functions of ui , (−�)ui , . . . , (−�)kui and satisfy

a0 = ui , b0 = 0, a1 = µui , b1 = −2ui .

and

ak+1 = (−�)ak + nak − 2(−�)bk = µak − 2(−�)bk

bk+1 = −2ak + (−�)bk − (n − 2)bk = −2ak + ηbk .

Here µ and η are defined by µ = (−�) + n, η = (−�) − (n − 2), respectively.

Proof Since the Ricci curvature of the unit sphere Sn(1) is n − 1, from the Ricci identity,
we have, for any functions f and g,

(−�)(∇ f ) · ∇g = ∇{(−�) f } · ∇g − (n − 1)∇ f · ∇g.
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Estimates for eigenvalues of the poly-Laplacian with any order 511

For any k ≤ l, we infer from (2.2)

(−�)l−k(ak xα) = (−�)l−k−1 {(−�)ak xα − 2∇ak · ∇xα + ak(−�)xα}
= (−�)l−k−1 {((−�)ak + nak)xα} + (−�)l−k−1 {∇(−2ak) · ∇xα}

and

(−�)l−k(∇bk · ∇xα)

= (−�)l−k−1

⎧
⎨

⎩
(−�)(∇bk) · ∇xα − 2

n∑

i, j=1

∇i∇ j bk∇i∇ j xα + ∇bk · (−�)∇xα

⎫
⎬

⎭

= (−�)l−k−1 {∇((−�)bk) · ∇xα − 2(−�)bk xα + ∇bk · ∇((−�)xα)

− 2(n − 1)∇bk · ∇xα}
= (−�)l−k−1 {−2(−�)bk xα} + (−�)l−k−1 {∇[(−�)bk − (n − 2)bk] · ∇xα}.

According to the above two equalities, we have

ak+1 = (−�)ak + nak − 2(−�)bk = µak − 2(−�)bk

bk+1 = −2ak + (−�)bk − (n − 2)bk = −2ak + ηbk

with

a0 = ui , b0 = 0, a1 = µui , b1 = −2ui .

�	
Lemma 2.1 ak and bk in the Proposition 2.1 satisfy

bk = −2
k−1∑

j=0

ηk− j−1a j , (2.3)

ak = µka0 + 4(−�)

k−2∑

j=0

µk− j−1 − ηk− j−1

µ − η
a j , (2.4)

for k = 2, 3, . . . , l.

Here we should notice µ − η = 2(n − 1), which is scalar. But, for convenience, we still
write it in µ − η.

Proof For k = 2, from the Proposition 2.1, we have

b2 = −2a1 + (−�b1) − (n − 2)b1 = −2a1 − 2ηa0.

Suppose that equality (2.3) holds for k − 1, that is,

bk−1 = −2
k−2∑

j=0

ηk− j−2a j , k = 2, 3, . . . , l.

Then, for integer k, from the Proposition 2.1, we derive

bk = −2ak−1 + ηbk−1 = −2ak−1 − 2
k−2∑

j=0

ηk− j−1a j = −2
k−1∑

j=0

ηk− j−1a j .

Therefore, (2.3) is proved.
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512 Q.-M. Cheng et al.

For k = 2, (2.4) is obvious. We assume that (2.4) holds for k − 1. Then, from the Propo-
sition 2.1 and (2.3), we have

ak = µak−1 + 4(−�)

k−2∑

j=0

ηk− j−2a j

= µ

⎧
⎨

⎩
µk−1a0 + 4(−�)

k−3∑

j=0

µk− j−2 − ηk− j−2

µ − η
a j

⎫
⎬

⎭
+ 4(−�)

k−2∑

j=0

ηk− j−2a j

= µka0 + 4(−�)

k−2∑

j=0

µk− j−1 − ηk− j−1

µ − η
a j .

Thus, it completes the proof of (2.4). �	

Proposition 2.2 Defining pi by

pi = (−�)l(ui xα) − xα(−�)l ui ,

we have

n+1∑

α=1

∫

�

ui xα pi ≤
(

λ
1
l
i + n

)l

− λi + [2l+2 − 4(l + 1)]λ
1
l
i

(

λ
1
l
i + n

)l−2

.

In order to prove this proposition, we need to prepare several lemmas.
Define a set Vk(t) of polynomials in t by

Vk(t) :=
{

vk(t) = vk tk + vk−1tk−1 + · · · + v1t + v0

∣
∣
∣
∣vi ≥ 0, i = 0, 1, . . . k

}

.

Defining

∇k =
{

�
k
2 , k is even

∇(�
k−1

2 ), k is odd,
(2.5)

The following inequality can be proved by the same method as in [4], in which Chen and
Qian proved it for a bounded domain in the Euclidean space Rn . For any integer k satisfying
1 ≤ k ≤ l,

∫

�

|∇kui |2 ≤ λ
k
l
i . (2.6)

Lemma 2.2 For any k ≤ l and any polynomial vl−k(t) ∈ Vl−k(t), we have

∫

�

uivl−k((−�))ak ≥ 0. (2.7)
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Estimates for eigenvalues of the poly-Laplacian with any order 513

Proof For k = 0, we know

∫

�

uivl((−�))a0 =
∫

�

uivl((−�))ui =
∫

�

vlui (−�)l ui +
∫

�

vl−1ui (−�)l−1ui + · · ·

+
∫

�

v1ui (−�)ui +
∫

�

v0u2
i = vl

∫

�

|∇lui |2 + vl−1

∫

�

|∇l−1ui |2 + · · ·

+ v1

∫

�

|∇ui |2 + v0 ≥ 0.

Suppose that the inequality (2.7) holds for 0, 1, . . . , k − 1. Then, for the integer k, we can
derive, from the Lemma 2.1,

∫

�

uivl−k((−�))ak =
∫

�

uivl−k((−�))µka0 + 4
∫

�

uivl−k((−�))(−�)

×
k−2∑

j=0

µk− j−1 − ηk− j−1

µ − η
a j =

∫

�

uivl((−�))a0

+ 4
k−2∑

j=0

∫

�

uivl−k((−�))(−�)

k− j−1∑

r=0

(
k − j − 1

k − j − 1 − r

)

(−�)r

×{nk− j−1−r − (−n + 2)k− j−1−r }a j

=
∫

�

uivl((−�))a0 + 4
k−2∑

j=0

∫

�

uivl−k((−�))(−�)vk− j−1((−�))a j

=
∫

�

uivl((−�))a0 + 4
k−2∑

j=0

∫

�

uivl− j ((−�))a j ≥ 0.

Here and in the sequel, without loss of the generality, we use the same sign to denote a
different polynomial in Vk(t). Therefore, for any k ≤ l, we have

∫

�

uivl−k((−�))ak ≥ 0. (2.8)

�	

Lemma 2.3 For r < l − k, we have

∫

�

uivl−k−r ((−�))µr ak ≥
∫

�

uivl−k−r ((−�))ηr ak . (2.9)
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514 Q.-M. Cheng et al.

Proof Since the Lemma 2.2,
∫

�

uivl−k−r ((−�))(µr − ηr )ak

=
∫

�

uivl−k−r ((−�))

r∑

j=0

(
r

r − j

)

(−�)r− j {n j − (−n + 2) j }ak

=
r∑

j=0

(
r

r − j

)

{n j − (−n + 2) j }
∫

�

uivl−k−r ((−�))(−�)r− j ak ≥ 0. (2.10)

�	
Lemma 2.4 For any k ≤ l, we have

∫

�

uivl−k((−�))ak ≥
∫

�

uivl−k((−�))µak−1. (2.11)

Proof For k = 1, since a1 = µa0, (2.11) is obvious. Suppose that inequality (2.11) holds for
0, 1, . . . , k − 1. Then, for integer k, from the Proposition 2.1 and the Lemma 2.1, we infer

∫

�

uivl−k((−�))(ak − µak−1)

= 4
∫

�

uivl−k((−�))(−�){ak−2 + ηak−3 + · · · + ηk−2a0}

= 4
∫

�

uivl−k+1((−�)){ak−2 + ηak−3 + · · · + ηk−2a0}

≥ 4
∫

�

uivl−k+1((−�)){(µ + η)ak−3 + η2ak−4 + · · · + ηk−2a0}.

Since vl−k+1((−�))(µ + η) ∈ Vl−k+2((−�)), we derive
∫

�

uivl−k+1((−�))(µ + η)ak−3 ≥
∫

�

uivl−k+1((−�))(µ + η)µak−4.

Hence, we have

4
∫

�

uivl−k+1((−�)){(µ + η)ak−3 + η2ak−4 + · · · + ηk−2a0}

≥ 4
∫

�

uivl−k+1((−�)){(µ2 + µη + η2)ak−4 + · · · + ηk−2a0}

≥ · · · ≥ 4
∫

�

uivl−k+1((−�))(µk−2 + µk−3η + · · · + µηk−3 + ηk−2)a0

= 4
∫

�

uivl−1((−�))a0 ≥ 0.
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Therefore,
∫

�

uivl−k((−�))ak ≥
∫

�

uivl−k((−�))µak−1.

�	
Lemma 2.5 For any k ≤ l, we have

∫

�

uivl−k((−�))ak ≤ 2
∫

�

uivl−k((−�))µak−1. (2.12)

Proof For k = 1, we know
∫

�

uivl−1((−�))(a1 − 2µa0) = −
∫

�

uivl−1((−�))µa0

= −
∫

�

uivl((−�))a0 ≤ 0.

Suppose that the inequality (2.12) holds for 0, 1, . . . , k−1. Then, for the integer k, we obtain,
from the Proposition 2.1 and the Lemma 2.1,

∫

�

uivl−k((−�))(ak − 2µak−1)

=
∫

�

uivl−k((−�))
(
−µak−1 + 4(−�){ak−2 + ηak−3 + · · · + ηk−2a0}

)

=
∫

�

uivl−k((−�))
(
−µ2ak−2 − 4(−�){µak−3 + µηak−4 + · · · + µηk−3a0}

+ 4(−�){ak−2 + ηak−3 + · · · + ηk−2a0}
)

=
∫

�

uivl−k((−�))
(
(−µ2 + 4(−�))ak−2

+ 4(−�){−(µ − η)ak−3 − (µ − η)ηak−4 − · · · − (µ − η)ηk−3a0}
)

From µ − η = 2(n − 1) and the Lemma 2.4, we have
∫

�

−uivl−k((−�))(−�)(µ − η)ak−3 ≤
∫

�

−uivl−k((−�))(−�)(µ − η)µak−4.

Thus,
∫

�

uivl−k((−�))
(
(−µ2 + 4(−�))ak−2

+ 4(−�){−(µ − η)ak−3 − (µ − η)ηak−4 − · · · − (µ − η)ηk−3a0}
)
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516 Q.-M. Cheng et al.

≤
∫

�

uivl−k((−�))
(
(−µ2 + 4(−�))ak−2

+4(−�){−(µ − η)(µ + η)ak−4 − · · · − (µ − η)ηk−3a0}
)
.

Since vl−k((−�))(−�)(µ − η)(µ + η) ∈ Vl−k+2((−�)), according to the Lemma 2.4, we
infer

∫

�

−uivl−k((−�))(−�)(µ − η)(µ + η)ak−4

≤
∫

�

−uivl−k((−�))(−�)(µ − η)(µ + η)µak−5.

Therefore,
∫

�

uivl−k((−�))
(
(−µ2 + 4(−�))ak−2

+ 4(−�){−(µ − η)(µ + η)ak−4 − · · · − (µ − η)ηk−3a0}
)

≤
∫

�

uivl−k((−�))
(
(−µ2 + 4(−�))ak−2

+ 4(−�){−(µ − η)(µ2 + µη + η2)ak−5 − · · · − (µ − η)ηk−3a0}
)

≤ · · · ≤
∫

�

uivl−k((−�))
{
(−µ2 + 4(−�))ak−2

− 4(−�)(µ − η)(µk−3 + µk−4η + · · · + µηk−4 + ηk−3)a0

}

≤ 0.

Here we have used vl−k((−�))(µ2 − 4(−�)) ∈ Vl−k+2((−�)) with n ≥ 2. Therefore,

∫

�

uivl−k((−�))ak ≤ 2
∫

�

uivl−k((−�))µak−1.

It finishes the proof of the Lemma 2.5. �	

Proof of Proposition 2.2 Since
∑n+1

α=1 x2
α = 1, from the Proposition 2.1, we have

n+1∑

α=1

∫

�

ui xα pi =
n+1∑

α=1

⎧
⎨

⎩

∫

�

(−�)l(ui xα)ui xα −
∫

�

ui (−�)l ui (xα)2

⎫
⎬

⎭

=
n+1∑

α=1

⎧
⎨

⎩

∫

�

{al xα + ∇bl · ∇xα}ui xα −
∫

�

ui (−�)l ui (xα)2

⎫
⎬

⎭
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=
∫

�

ui al −
∫

�

ui (−�)l ui

=
∫

�

ui al − λi . (2.13)

Since ak+1 = µak − 2(−�)bk and bk = −2
∑k−1

j=0 ηk− j−1a j , we infer, from the
Lemmas 2.3 and 2.5, we have

∫

�

alui =
∫

�

ui {µal−1 − 2(−�)bl−1}

=
∫

�

ui

⎧
⎨

⎩
µal−1 + 4(−�)

l−2∑

j=0

ηl− j−2a j

⎫
⎬

⎭

≤
∫

�

ui

⎧
⎨

⎩
µal−1 + 4(−�)

l−2∑

j=0

µl− j−2a j

⎫
⎬

⎭

(from the Lemma 2.3)

=
∫

�

ui

⎧
⎨

⎩
µ2al−2 + 4µ(−�)

l−3∑

j=0

ηl− j−3a j + 4(−�)

l−2∑

j=0

µl− j−2a j

⎫
⎬

⎭

≤
∫

�

ui

⎧
⎨

⎩
µ2al−2 + 4(−�)

l−3∑

j=0

µl− j−2a j + 4(−�)

l−2∑

j=0

µl− j−2a j

⎫
⎬

⎭

≤
∫

�

uiµ
la0 + 4

∫

�

ui (−�)
{

al−2 + 2µal−3 + · · · + (l − 1)µl−2a0

}

≤
∫

�

uiµ
la0

+ 4
∫

�

ui (−�)
{

2µal−3 + 4µ2al−4 + · · · + 2(l − 2)µl−2a0 + (l − 1)µl−2a0

}

(from the Lemma 2.5)

=
∫

�

uiµ
la0 + 8

∫

�

ui (−�)µ
{

al−3 + 2µal−4 + · · · + (l − 3)µl−4a1

}

+
∫

�

8(l − 2)ui (−�)µl−2a0 +
∫

�

4(l − 1)ui (−�)µl−2a0

≤
∫

�

uiµ
la0 +

(
l−1∑

k=1

2l−k+1k

) ∫

�

ui (−�)µl−2a0

=
∫

�

uiµ
la0 + [2l+2 − 4(l + 1)]

∫

�

ui (−�)µl−2a0
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=
∫

�

l∑

k=0

(
l

l − k

)

nl−kui (−�)ka0

+[2l+2 − 4(l + 1)]
∫

�

l−2∑

k=0

(
l − 2

l − k − 2

)

nl−k−2ui (−�)k+1a0

=
∫

�

l∑

k=0

(
l

l − k

)

nl−kui (−�)kui

+[2l+2 − 4(l + 1)]
∫

�

l−2∑

k=0

(
l − 2

l − k − 2

)

nl−k−2ui (−�)k+1ui

=
l∑

k=0

(
l

l − k

)

nl−k
∫

�

|∇kui |2

+ (2l+2 − 4(l + 1))

l−2∑

k=0

(
l − 2

l − k − 2

)

nl−k−2
∫

�

|∇k+1ui |2

≤
l∑

k=0

(
l

l − k

)

nl−kλ
k
l
i + (2l+2 − 4(l + 1))

l−2∑

k=0

(
l − 2

l − k − 2

)

nl−k−2λ
k+1

l
i

(from (2.6))

= (λ
1
l
i + n)l + [2l+2 − 4(l + 1)]λ

1
l
i (λ

1
l
i + n)l−2.

In view of the formula (2.13), the Proposition 2.2 is proved.

From now we can prove our theorem by the Rayleigh–Ritz inequality. In order to prove
our results, we need to introduce k free constants. For the Laplacian and the second-order
Laplacian one free constant is introduced, but this is not sufficient in our case.

Proof We define φα
i and ri j for i, j = 1, 2, . . . , k, by

φα
i = ui xα −

k∑

j=1

ri j u j ,

(2.14)
ri j =

∫

�

ui u j xα.

Then, from (2.1) and (2.14), we have

φα
i |∂� = ∂φα

i

∂ν
|∂� = · · · = ∂ l−1φα

i

∂νl−1 |∂� = 0,

∫

�

u jφ
α
i = 0.
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It follows from the Rayleigh–Ritz inequality that

λk+1 ≤

∫

�

φα
i (−�)lφα

i
∫

�

(φα
i )2

. (2.15)

We have
∫

�

φα
i (−�)lφα

i =
∫

�

φα
i (−�)l(ui xα)

=
∫

�

φα
i {((−�)l(ui xα) − xα(−�)l ui ) + xα(−�)l ui }

= λi

∫

�

φα
i (ui xα) +

∫

�

φα
i pi

= λi

∫

�

φα
i

⎛

⎝ui xα −
k∑

j=1

ri j u j

⎞

⎠ +
∫

�

φα
i pi

= λi‖φα
i ‖2 +

∫

�

⎛

⎝ui xα −
k∑

j=1

ri j u j

⎞

⎠ pi

= λi‖φα
i ‖2 +

∫

�

ui xα pi −
k∑

j=1

ri j si j ,

where

‖φα
i ‖2 =

∫

�

|φα
i |2,

pi = (−�)l(ui xα) − xα(−�)l ui ,

si j =
∫

�

pi u j =
∫

�

{(−�)l(ui xα) − xα(−�)l ui }u j

=
∫

�

{ui xα(−�)l u j − u j xα(−�)l ui } (2.16)

= (λ j − λi )

∫

�

xαui u j

= (λ j − λi )ri j

= −s ji .

Thus, from (2.15), we obtain

(λk+1 − λi )‖φα
i ‖2 ≤

∫

�

φα
i pi
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=
∫

�

ui xα pi −
k∑

j=1

ri j si j

=
∫

�

ui xα pi +
k∑

j=1

(λi − λ j )r
2
i j . (2.17)

On the other hand, putting

ti j =
∫

�

u j

(

∇ui · ∇xα + ui�xα

2

)

,

ti j satisfies

ti j = −
∫

�

∇u j · ∇xαui −
∫

�

ui u j�xα +
∫

�

ui u j�xα

2

= −
∫

�

ui

(

∇u j · ∇xα + u j�xα

2

)

= −t j i .

Thus, for any constant δi > 0, we have

−2
∫

�

φα
i

(

∇ui · ∇xα + ui�xα

2

)

= −2
∫

�

φα
i

⎧
⎨

⎩

(

∇ui · ∇xα + ui�xα

2

)

−
k∑

j=1

ti j u j

⎫
⎬

⎭

≤ δi‖φα
i ‖2 + 1

δi

∥
∥
∥
∥
∥
∥
∇ui · ∇xα + ui�xα

2
−

k∑

j=1

ti j u j

∥
∥
∥
∥
∥
∥

2

≤ δi‖φα
i ‖2 + 1

δi

⎛

⎝

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

−
k∑

j=1

t2
i j

⎞

⎠.

Putting δi = δ′
i (λk+1 − λi ), where δ′

i is a positive constant, we infer from (2.17),

− 2(λk+1 − λi )
2
∫

�

φα
i

⎧
⎨

⎩

(

∇ui · ∇xα + ui�xα

2

)

−
k∑

j=1

ti j u j

⎫
⎬

⎭

≤ δ′
i (λk+1 − λi )

3‖φα
i ‖2 + λk+1 − λi

δ′
i

⎛

⎝

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

−
k∑

j=i

t2
i j

⎞

⎠

≤ δ′
i (λk+1 − λi )

2

⎛

⎝

∫

�

ui xα pi +
k∑

j=1

(λi − λ j )r
2
i j

⎞

⎠

+ λk+1 − λi

δ′
i

⎛

⎝

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

−
k∑

j=i

t2
i j

⎞

⎠
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Taking the sum on i from 1 to k, we have

k∑

i=1

(λk+1 − λi )
2
∫

�

(−2ui xα∇ui · ∇xα − u2
i xα�xα) + 2

k∑

i, j=1

(λk+1 − λi )
2ri j ti j

≤
k∑

i=1

δ′
i (λk+1 − λi )

2
∫

�

ui xα pi +
k∑

i=1

1

δ′
i
(λk+1 − λi )

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

+
k∑

i, j=1

δ′
i (λk+1 − λi )

2(λi − λ j )r
2
i j −

k∑

i, j=1

1

δ′
i
(λk+1 − λi )t

2
i j . (2.18)

Since ri j = r ji , ti j = −t j i and (λi − λ j )ri j = −si j , we have

2
k∑

i, j=1

(λk+1 − λi )
2ri j ti j = −2

k∑

i, j=1

(λk+1 − λi )(λi − λ j )ri j ti j . (2.19)

Defining

δ′
i = δ

(λ
1
l
i + n)l − λi + (2l+2 − 4(l + 1))λ

1
l
i (λ

1
l
i + n)l−2

, (2.20)

where δ > 0 is any constant, we derive

k∑

i, j=1

δ′
i (λk+1 − λi )

2(λi − λ j )r
2
i j +

k∑

i, j=1

δ′
i (λk+1 − λi )(λi − λ j )

2r2
i j

=
k∑

i, j=1

δ′
i (λk+1 − λi )(λk+1 − λ j )(λi − λ j )r

2
i j

= 1

2

k∑

i, j=1

(δ′
i − δ′

j )(λk+1 − λi )(λk+1 − λ j )(λi − λ j )r
2
i j ≤ 0 (2.21)

since δ′
i is a monotone decreasing function of λ

1
l
i . It is obvious that

2
k∑

i, j=1

(λk+1 − λi )(λi − λ j )ri j ti j ≤
k∑

i, j=1

δ′
i (λk+1 − λi )(λi − λ j )

2r2
i j

+
k∑

i, j=1

1

δ′
i
(λk+1 − λi )t

2
i j . (2.22)

We infer, from (2.18), (2.19), (2.21) and (2.22)

k∑

i=1

(λk+1 − λi )
2
∫

�

(−2ui xα∇ui · ∇xα − u2
i xα�xα)

≤
k∑

i=1

δ′
i (λk+1 − λi )

2
∫

�

ui xα pi +
k∑

i=1

1

δ′
i
(λk+1 − λi )

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

. (2.23)

123



522 Q.-M. Cheng et al.

From (2.2) and
n+1∑

α=1

x2
α = 1, we have

n+1∑

α=1

∫

�

(−2ui xα∇ui · ∇xα − u2
i xα�xα) = −

∫

�

ui∇ui∇
(

n+1∑

α=1

x2
α

)

+ n
∫

�

u2
i

n+1∑

α=1

x2
α = n (2.24)

and

n+1∑

α=1

∥
∥
∥
∥∇ui · ∇xα + ui�xα

2

∥
∥
∥
∥

2

=
n+1∑

α=1

∥
∥
∥∇ui · ∇xα − n

2
ui xα

∥
∥
∥

2

=
∫

�

n+1∑

α=1

(∇ui · ∇xα)2 − n

2

∫

�

ui∇ui∇
(

n+1∑

α=1

x2
α

)

+ n2

4

∫

�

u2
i

n+1∑

α=1

x2
α = ‖∇ui‖2 + n2

4
≤ λ

1
l
i + n2

4
. (2.25)

Taking the sum on α from 1 to n + 1 for (2.23) and making use of (2.24) and (2.25), we
obtain

n
k∑

i=1

(λk+1 − λi )
2 ≤

k∑

i=1

δ′
i (λk+1 − λi )

2
n+1∑

α=1

∫

�

ui xα pi +
k∑

i=1

1

δ′
i
(λk+1 − λ j )

(

λ
1
l
i + n2

4

)

.

Therefore, the Proposition 2.2 implies

n
k∑

i=1

(λk+1 − λi )
2

≤
k∑

i=1

δ′
i (λk+1 − λi )

2
{

(λ
1
l
i + n)l − λi + [2l+2 − 4(l + 1)]λ

1
l
i (λ

1
l
i + n)l−2

}

+
k∑

i=1

1

δ′
i
(λk+1 − λi )

(

λ
1
l
i + n2

4

)

.

According to (2.20), we infer

n
k∑

i=1

(λk+1 − λi )
2 ≤ δ

k∑

i=1

(λk+1 − λi )
2

+ 1

δ

k∑

i=1

(λk+1 − λi )

{

(λ
1
l
i + n)l − λi + [2l+2 − 4(l + 1)]λ

1
l
i (λ

1
l
i + n)l−2

}(

λ
1
l
i + n2

4

)

.
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Putting

δ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

k∑

i=1

(λk+1 − λi )
2

{

(λ
1
l
i + n)l − λi + [2l+2 − 4(l + 1)]λ

1
l
i

(

λ
1
l
i + n

)l−2
}

(λ
1
l
i + n2

4
)

k∑

i=1

(λk+1 − λi )
2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

1
2

,

we obtain
k∑

i=1

(λk+1 − λi )
2 ≤ 4

n2

k∑

i=1

(λk+1 − λi )

{

(λ
1
l
i + n)l − λi

+[2l+2 − 4(l + 1)]λ
1
l
i (λ

1
l
i + n)l−2

} (

λ
1
l
i + n2

4

)

.

It completes the proof of theorem. �	
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