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1. Introduction

Let S™(r) be an n-dimensional standard sphere of radius r, S™ = S™(1), R” be an
n-dimensional Euclidean space, and H™(c) be an n-dimensional hyperbolic space of
constant curvature ¢ < 0 defined by

. 1
H"(¢) ={y = (yo. 1) €RT; (y,9)1 = - % >0},

where for any integer N > 2, RV = R; x RVN~! is the N-dimensional Lorentzian
space with the standard Lorentzian inner product (-,-); given by

<yay/>1 = 7y0y6 +y1 : ylla y= (y()ayl)v yl = (leayi) € Ri\f’

where the dot “” denotes the standard Euclidean inner product on R¥~1. In the
sequel, we write H™ = H"™(—1).

Let S7 be the hemisphere in S™ whose first coordinate is positive. Then, there
are two conformal diffeomorphisms o : R* — S™\{(-1,0)} and 7 : H" — S}

* The corresponding author.
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defined by

1—|ul> 2u
— R"
o(u) (1+|u|2,1+|u|2 . uweR"

(1.1)
o 1y _ n n+1
T(y)_ (7)7 y_(yOvyl)eH CRl :
Yo Yo

Let  : M™ — S™*P be an immersed submanifold in S™*P without umbilical
points. Wang [27] introduced four basic Mébius invariants of z: the Mébius metric
g, the Mobius form @, the Blaschke tensor A and the Mobius second fundamental
form B, which will be given in section 2. These invariants is closely related to the
research of Willmore hypersurfaces and of conformal differential geometry (see [1],
[2] and [15]). In recent years, Mdbius geometry on submanifolds in S”*? has been
studied by many authors and many interesting results are obtained (cf. [5], [6], [7],
(9], [10], [11], [12], [13], [14], [16], [17], [20], [21], [22], and so on). A hypersurface
without umbilical points is called Mobius isoparametric if the Mobius form vanishes
and Mobius principal curvatures are constant. In [18], Li, Liu, Wang and Zhao has
classified Mobius isoparametric hypersurfaces with two distinct M&bius principal
curvatures. Furthermore, Hu and Li [8] have classified all immersed hypersurfaces
in S™*! with parallel Mobius second fundamental forms.

Recently, the second author and Zhang [24] have studied hypersurfaces without
umbilical points in S™*! with parallel Blaschke tensor and have given a classification
of this kind of hypersurfaces. A hypersurface without umbilical points is called
Blaschke isoparametric if eigenvalues of the Blaschke tensor are constant and the
Mobius form vanishes. When m < 4 (see [25] and [26]), they have given a complete
classification for Blaschke isoparametric hypersurfaces and for any dimension m, if
the distinct Blaschke eigenvalues is two, then, they have also classified it in [25].

On the other hand, Li and Wang [19] gave a Mdobius characterization of hy-
persurfaces without umbilical points in real space forms, and with constant mean
curvature and constant scalar curvature under the following assumptions:

(1) the Mobius form vanishes identically;
(2) there are two functions A,  such that

A+ AB = —pug.

In this case, functions A, 1 are necessarily constant (for further developments, see
23)).

Define D* = A + AB for some real number A. D* is called a para-Blaschke
tensor. Zhong and Sun [28] have classified hypersurfaces without umbilical points
if the Mobius form vanishes and the para-Blaschke tensor has exactly two distinct
eigenvalues.

In this paper, we study the general case. We will give a complete classification
of hypersurfaces without umbilical points if the para-Blaschke tensor is parallel.

Theorem 1.1. Let x : M™ — S™F! (m > 2) be an immersed hypersurface without
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umbilical points. Suppose that, for some constant X, the para-Blaschke tensor D =
A+ AB of x is parallel.

(1) If the Mébius form vanishes identically, then we have

(i) when the para-Blaschke tensor D* has only one distinct eigenvalue, Mis
locally Mobius equivalent to

(a) an immersed hypersurface in S™*1 with constant scalar curvature and
constant mean curvature, or

(b) the image under o of an immersed hypersurface in R™T1 with constant
scalar curvature and constant mean curvature, or

(c) the image under T of an immersed hypersurface in H™*1 with constant
scalar curvature and constant mean curvature;

(ii) when the Mébius second fundamental form B is parallel, M is locally Mébius
equivalent to

(d) a standard torus S (r) x S"=E(\/1—7r2) in S™ for some r > 0 and
positive integer K, or

(e) the image under o of a standard cylinder S (r) x R™ K in R™*1 for some
r > 0 and positive integer K, or

(f) the image under T of a standard cylinder SX (r)x H™ ¥ (- lez) in H™+!
for some r > 0 and positive integer K; or

(g) CSS(p,q,r) for some constants p,q,r (see Example 3.1);

(iii) when the para-Blaschke tensor D> has at least two distinct constant eigenval-
ues and the Mobius second fundamental form B is non-parallel, M is locally
Mébius equivalent to

(h) one of the immersed hypersurfaces as indicated in Example 3.2, or
(i) one of the immersed hypersurfaces as indicated in Example 3.3.

(2) If the Mobius form does not vanish identically, then x has exactly two distinct
principal curvatures with one of which being simple; Furthermore, x(M™) is
foliated by a family of m—1-dimensional totally umbilical submanifolds of S™+1.

2. Preliminaries

Let  : M™ — S™*P be an immersed submanifold without umbilical points, n =
m + p. Denote by h the second fundamental form of z with components hf; and
H = Ltrh the mean curvature vector field. Define

1
m 3
= ——(|h|* = m|H? Y =p(1 2.1
p= (52 (a2 = i) ¥ = sl ), (2.)
then Y : M™ — R?*2 is an immersion of M™ into the Lorentzian space R7"? and
is called the Mobius position vector of z. The function p given by (2.1) is called the
Moébius factor for the immersion z. Define

CT ={Y = (Y5,Y) e Ry x R™™; (Y, Y); =0, Yy >0} .
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If O(n + 1,1) is the Lorentzian group of all elements in GL(n + 2;R) preserving
the standard Lorentzian inner product (-, -); on R}, then there exists a subgroup
Ot (n+1,1) of O(n +1,1) given by

Ot(n+1,1)={T € O(n+1,1); T(C}T™) cCyt}. (2.2)
In [27], Wang proved the following theorem:

Theorem 2.1. Two submanifolds x, T : M™ — S™1P with Mébius position vectors
Y,Y respectively are Mobius equivalent if and only if there is a T € OT(n +1,1)
such that Y =T(Y).

By Theorem 2.1, the induced metric g = (dY,dY); = p*dx - dz on M™ from
the Lorentzian inner product (-,-); is a Mobius invariant and is called the Mobius
metric of z. Let A denote the Laplacian with respect to the Mobius metric g.
Defining N : M — R?Jrl by

1

1

we can infer
(AY,Y) = —m, (AY,dY); =0, (AY,AY); =1+m?x,

(Y,Y)1 = (N,N); =0, (Y,N); =1, (2.4)

where m(m — 1)k denotes the scalar curvature M with respect to the Mobius metric
g.

Let V — M be the vector subbundle of the trivial Lorentzian bundle M x R7*2
defined as the orthogonal complement of RY @ RN @ Y, (T'M) with respect to the
Lorentzian product (-,-);. One calls V' Mébius normal bundle of the immersion .
Clearly we have the following vector bundle decomposition:

M xR =RY RN @ Y. (TM) @ V. (2.5)

Let T*-M be the normal bundle of the immersion # : M — S™, then the mean

curvature vector field H of x defines a bundle isomorphism f : T+M — V by
fle)=(H-e,(H-e)x+e), YeecT-M. (2.6)

It is easily seen that f preserves the inner products and connections on 7-M and
V. We make use of the following conventions on the ranges of indices throughout
this article:

1§i7j7k7"'§m, m+1§a,6,'y,-~~<n,

For any local orthonormal frame field {e;} with respect to the induced metric dx-dz
with its dual frame field {#’} and any orthonormal normal frame field {e,} of z,
setting

Ei=ple;, w'=pb, E,= flea), (2.7)
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{E;} is a local orthonormal frame field with respect to the M&bius metric g, {w?}
is the dual frame field of {F;}, and {E,} is a local orthonormal frame field of the
Mobius normal bundle V' — M.

o= Z B, A= ZA,»jwiwj, B= ZB% W E, (2.8)
are called Mobius form, Blaschke tensor and Mé6bius second fundamental form,
respectively, where

B — — p? (H“+Z — H%;;) ej(logﬂ))
Ay =— (Hesm](logp) — ei(log p)e;(log p) — ZHQ a)
_ %p—Q (ldlog p|?> — 1 + |H|?) 6

(2.9)

in which the subscript “,i” and Hess ;; denote, respectively, components of covariant
derivatives and Hessian with respect to the induced metric dz - dzx.

Denote by R;j;r; and R;;, respectively, components of the Riemannian curvature
tensor and the Ricci tensor with respect to the Mobius metric g, then we have

1
trAd = %(1 +m?k),

m—1
trB = ZBf’éLEa 207 |B|2 = Z(B%)Q =T

m

(2.10)

Riji = Z( G B5 — B Bjy) + Audjr — Aixdji + Ajrdi — Ajidik
Rij == BB +6itrA+ (m —2)Aj;j.

Let ®7, Aijk, B i denote components of the covariant derivatives of ®, A, B,

respectively. We can infer
‘1)%‘ - ‘I)?i = Z(B%Akj - Bl?jAki)a
Aiji — Aij = Y (BG4S — BE®R), (2.12)
By — Biyj =0i 9 — 0i @5
By (2.10) and (2.12), one infers
(m—1)0y =-> Bg,. (2.13)

According to (2.10), (2.11) and (2.13), if m > 3, the M6bius form ® and the Blaschke
tensor A are determined by the Mobius metric ¢ and Mébius second fundamental
form B. The following theorem can be found in [27]:

(2.11)

Theorem 2.2. Two immersed hypersurfaces x,: M™ — S™1 and % : M™ —
S™tL m >3, are Mébius equivalent if and only if there exists a diffeomorphism
M™ — M™ which preserves the Mobius metric and the Mdbius second fundamental
forms.



February 1, 2009 20:26 WSPC/INSTRUCTION FILE ch-li-qgi-ijmformat

6 Qing-Ming Cheng, Xingzriao Li and Xuerong Qi

For a hypersurface without umbilical points = : M™ — S™+1 one calls D* =
A + AB a para-Blaschke tensor of x with parameter A, where \ is a real number.
From (2.12), we have then

D}y — Dy = (Bik — Air)®; — (Bij — Adij) @i, (2.14)

where Di)‘j . are components of the covariant derivatives of D>

3. Examples

In this section, we would like to present several immersed hypersurfaces in S™*!
and show that their para-Blaschke tensors are parallel.

Example 3.1([8]). Let R* be the half line of positive real numbers. For any two
positive integers p, ¢ satisfying p + ¢ < m and a real number r € (0,1), we consider
an imbedded hypersurface u : SP(r) x S? (\/ 1-— 7”2) x RT x Rm—P—¢=1 _, R+l
defined by u = (tu’, tu”, u""), where

U/ e SP(T) C RPJFI’ u// e Sq (m) C RQ“Fl’ te R“r, u/// c Rm7p7Q*1.

Then x = ocou : SP(r) x S¢ (\/1 —r2> x RT x R™=P=2=1 . g™+l defines a

hypersurface in S™*! without umbilical points, which is denoted by CSS(p,q,r).

By a direct calculation, one derives that C'SS(p,q,r) has three distinct Mobius

principal curvatures and that the Mobius second fundamental form and the Blaschke

tensor of it are parallel. Therefore the para-Blaschke tensor D* for any A is parallel.
The following two families of examples can be found in [24], [25] and [28].

Example 3.2. Let A € R. For any integers m, K satisfying m > 3 and 2 < K <
m—1, let g, : My — SE+(r) ¢ RE+2 be an immersed hypersurface without
umbilical points such that the scalar curvature S; and the mean curvature H; of it

satisfy
mK(K —1) — (m — 1)r? 5 m
S1 = o +m(m—1)\%, H;= T (3.1)
Let
~ ~ m— 1 m—
g = (9o,72) : H K (_r2> — Ry et (32)
be the canonical embedding and
- _ 1 - o
M™ =M, x H" ¥ (—ﬂ> o Y = (Jo, G1, G2)- (3.3)

We have that Y : M™ — R7*3 is an immersion satisfying (Y, Y); = 0 and inducing
a Riemannian metric

g =(dY,dY), = —dj? + dij? + dij3. (3.4)
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Obviously,
rm ~2 m—K 1 JOR
(7 9) = (b1 x (175 (< ) i (35)
is a Riemannian manifold. Define
- U1 Y2 . .
Ty =—=—, To==—", IT=(T1,T2), 3.6
! Yo 2 Yo ( ! 2> ( )

then |Z|?> = 1. Hence, & : M™ — S™7T! defines an immersed hypersurface without
umbilical points. It is easy to have

- dyo ,. . 1,
47 =~ (71, 92) + —(dijn, di). (3.7)
Yo Yo
Therefore the induced metric § = dz - dZ is given by
9="10"9- (3.8)

If 71 be a unit normal vector field of §; in SE*1(r) C RE*2 then 7 = (711,0) €
R™+2 is a unit normal vector field of Z. Consequently, by (3.6), the second funda-
mental form A of Z is given by

h = —dn-di = —g; *(diy - dijy) = yy *h, (3.9)

where h is the second fundamental form of the immersion . Let {F;,1 <1i < K}
and {E;, K +1 < i < m}) be a local orthonormal frame field on (M, dg?) and on
H™=K(—1L), respectively. We know that {E;,1 < i < m} is a local orthonormal
frame field on (M™, g). Putting e; = §oFi, i = 1,--- ,m, then {e;,1 <i < m}is a
local orthonormal frame field on (M'™, §). Thus

hij = gohsy, for 1<14,5 < K;

- (3.10)
hij =0, for ¢>Korj>K.
The mean curvature of Z is given by
~ K B
H= EyOHl = —yo)\. (311)

Therefore, by definition, the Mobius factor p of Z is determined by

K
s M 72 2| M -2 2 2| _ -2
P I Zhij_m|H| —myo Z hij_m)‘ =Y%o-
%,J 3,j=1
Here we have used (3.1) and the Gauss equation of §;. Hence, p = §jo and Y is the
MGobius position of Z. Therefore, the Mdbius metric of Z is (dY,dY); = g and the

Moébius second fundamental form of Z is given by

K m
B= p~_1 Z(Bij — ﬁéij)wiwj = Z (hij + A(Sij)wiwj + Z )\(wi)z, (3.12)
4,j=1 i=K+1

where {w’} is the local coframe field with respect to {E;} on M™.
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On the other hand, by (3.4) and the Gauss equations of 7,7, the Ricci tensor
with respect to g is given by

K1 u . -
Rij :T(S” — m)\h” — kz_:lhikhkj, if 1 S 1, S K;
K1 (3.13)
Riyj=- "0 6, #K+1<ij<m;

2

r
Rij=0, f1<i<K K+1<j<m,orK+1<i<m,1<j<K.

Hence, we derive the scalar curvature m(m — 1)k with respect to g

= m(K(K—-1)— (m—K)(m—K —1)) — (m — 1)r?

2
m2(m — 1)r? A (3.14)
Thus
1 KK -1)-(m-K)(m—-K-1) 1
g ) = Zom = T)r? Fyme o (B4)

From (2.11), (3.12)~(3.15) and m > 3, we infer that the Blaschke tensor of Z is
given by A = > A;;w'w’ with

1 1

2r2 2
1 1 . . 3.16
Aij:_(w+2A2>5ij, if K+1<14,j <m; (3.16)
Ay =0, f1<i<K K+1<j<m,or K+1<i<m,1<j<K.
Therefore, the para-Blaschke tensor D = A +\B =Y Df‘jwiwj satisfies
A 1 1., o
Dij :AU—F)\B” = ﬁ—‘r§A (Si]', fOI‘ ISZ,] SK,
1 1
D) =Ayj + ABy; = ( + 2A2> 5ij, for K+1<i,j<m; (3.17)

—5.3

D)y =0, for1<i<K K+1<j<m,orK+1<i<m, 1<j<K.
Thus, we know that D* is parallel.

Example 3.3. For A € R and integers m, K satisfyingm >3 and 2 < K <m —1,
let § = (Jo,91) : My — HE+! (—T%) C R{(H be an immersed hypersurface without
umbilical points so that its scalar curvature S; and mean curvature H; are given
by

mK(K —1) + (m — 1)r?

— 2 __m
S =— 3 +m(m—1)\°, H; = —?)\. (3.18)

Assume that

o 2 S™E(r) — RMTEAL (3.19)
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is the canonical embedding. Putting

Mm = M, x SmiK(r)a Y/ = (g07glag2)7 (320)

Y : M™ — R is an immersion satisfying (Y,Y); = 0 and the induced metric
g=(dY,dY) = —dgs + djj} + dg3
is a Riemannian metric. Defining

= Gy =2 F= (i), i), (3.21)
Yo Yo
|2 =1, & : M™ — S™F! determines an immersed hypersurface without umbilical
points and Y is its M&bius position vector. By the same assertions as in the example
3.2, we have

3 dijo . 1,
dit = =222 (1, 2) + — (dijr, dji), (3.22)
Yo Yo
and the induced metric g = dz - d% is given by
g =10 (=dijs + dgi + dij3) = Gy °g. (3.23)

If (7ig, 1) is the unit normal vector field of § in HX+! (— %) c RT"*?, then it is
easy to verify that

i = (fiy,0) — fipd € R™T2
is a unit normal vector field of Z. Consequently, by (3.22)
dn - dz =(dn1,0) - d¥ — nedz - dz
= — (g 2dijo)dny - §1 + o “diia - dijy — Tiofy > (—dfiy + it + dij3)  (3.24)
=fo ' (—diodgo + iy - dijr) — 7oy g,
where, in the third equality, we have used
—nodyo + 11 - dyr = 0. (3.25)

Thus, the second fundamental form h of the immersion Z is related to the second
fundamental form A of the immersion § and the metric g in the following way:

h = —di - di = —jy " (d(fg, 1), diJ)1 + Pody 29 = Yo “h + Nodly 29 (3.26)

Let {E;,1 < i < K} and {E;, K +1 < i < m} be a local orthonormal frame
field on (My,dj?) and on S™~ K (r)), respectively. {E;,1 < i < m} becomes a local
orthonormal frame field on (M™, g). Putting e; = goE;, it = 1,--- ,m, {e;,1 <i <
m} is a local orthonormal frame field on (M™, g) and we have
hij =h(ei, e;) = Goh(Ei, E;) = Goh(Ei, E;) + fiog(Es, )
Zgohij + ﬁo(sij7 when 1 <1i4,j < K; (327)
?Lij :ﬁodij, when i > K or j> K.
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The mean curvature of the immersion Z is given by

K
H = —jjoHy +iig = iio — o). (3.28)

Therefore, by definition, the Mobius factor p of Z is determined by

~ m 7 o ~
= (R - mlAP | = i Zh2—m)\2 — R

Here we have used (3.18) and the Gauss equation of the immersion §. Hence p =
7o and Y is the M&bius position of . Consequently, the M&bius metric of Z is
(dY,dY'); = g and the Mdbius second fundamental form of Z is

K m
B =p " (hij — Hoij)w'e? = Y (hij + Mijlw'w’ + Y AMw')?, (3.29)
i,j=1 i=K+1

where {w’} is the local coframe field with respect to {E;} on M™.
On the other hand, by (3.26) and the Gauss’ equations of ¢, ¢, the Ricci tensor
with respect to g follows:

K—1 K

Rij = — Tém - m/\h” — ;hikhkj7 if 1 S i,j S K;
~K-1 (3.30)
Rij :mT(sij, iFK+1<i,j<m;

Ri;=0, ifl<i<K K+1<j<m,or K+1<i<m,1<j<K,
and the scalar curvature m(m — 1)k with respect to this metric satisfies
~m((m—K)(m—-K—-1) - K(K —1)) — (m—1)r?

P + A% (3.31)
Thus
2171(1 +m?k) = (m = K)(mQ_(ni(_l;i; KK -1) + %m)\Q. (3.32)
From (2.11), (3.29) ~ (3.32) and m > 3, we infer
Ajj=— (1+1)\2) 8ij — Ahij,  if1<4,j < K;
%2 9 J J
(3.33)

1
Aij:(22_)‘2>5ijv lfK-l-ISZ,JSm,

Ay =0, f1<i<K K+1<j<m,or K+1<i<m,1<j<K.
Thus, the para-Blaschke tensor D* = A+ AB = Y D w'w/ is given by

1 1
Di}‘j =A;; + A\B;; = <22 + )\2) 035, forl<i,j <K;

1
22
D} =0, for1<i<K K+1<j<m,orK+1<i<m,1<j<K.

(3.34)

Di)\j:Aij+)\Bij:< + /\2)5ij, for K+1<1i,j<m;
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Hence, we derive that D* is parallel.
The main theorem in [28] can be restated as follows:

Theorem 3.1. Let x : M™ — S™F! be a hypersurface without umbilical points
and with vanishing Mobius form ®. If there exists a A € R such that the para-
Blaschke tensor D* has only two distinct constant eigenvalues, then x is locally
Mébius equivalent to

(1) a standard torus S (r) x S™=K (/1 —r2) in S™F for some r > 0 and positive
integer K; or

(2) the image under o of a standard cylinder S¥(r) x R™=K in R™*! for some
r > 0 and positive integer K; or

(3) the image under T of a standard cylinder S* (r) x H™~ (- 1+sz) in H™+1(—1)
for some r > 0 and positive integer K ; or

(4) one of the immersed hypersurfaces as indicated in Example 3.2; or

(5) one of the immersed hypersurfaces as indicated in Example 3.3.

4. Proof of Theorem 1.1

Let z : M™ — S™*! be an immersed hypersurface without umbilical points. First
of all, we restate a theorem given by Li and Wang [19],

Theorem 4.1. For an immersed hypersurface x : M™ — S™1 without umbilical
points and with vanishing Mdébius form ®, if the para-Blaschke tensor D satisfies
D> = fg for some function f on M, then f is constant and x is Mébius equivalent
to one of the following:

(1) an immersed hypersurface T : M™ — S™+L with constant scalar curvature and
constant mean curvature;

(2) the image under o of an immersed hypersurface in R™*Y with constant scalar
curvature and constant mean curvature;

(3) the image under T of an immersed hypersurface in H™ ! with constant scalar
curvature and constant mean curvature.

In order to prove Theorem 1.1, we prepare several lemmas.

Lemma 4.1. If D is parallel, then eigenvalues of D* are constant on M™.

Proof. Since D* is symmetric, there exists a local orthonormal frame field {E;}
such that, at each point

D) = D};;. (4.1)
Because D? is parallel, we have

0=>_ D}w" =dD}; — Dyjwf — Djwh, (4.2)
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where {w'} is the local coframe field dual to {E;} and w} are the Levi-Civita con-
nection form with respect to the metric g. Then it follows easily that

dD}; — (D} — D})wi =0, (4.3)
which implies that
dD3 = 0.
Hence, D{\i is constant and eigenvalues of D* are constant on M™. Thus, we also
have
wi=0 if D}+# D} (4.4)
since D* is parallel and dDi)‘j =0. O

At first, we consider the case that & = 0.

Lemma 4.2. If ® =0, then B;; = 0 whenever eigenvalues D} # DJ)»‘ of D*.

Proof. By (2.12), we derive
> BixDpj — D) Bij = @i — @i = 0.

From (4.1), we have B;;(D} — D}') = 0. We infer B;; = 0 whenever eigenvalues

D} # D3 |

By Lemma 4.2, at any point p, we can choose an orthonormal basis such that
both D* and B are diagonalized simultaneously.

Let ¢ be the number of distinct eigenvalues of D*, and dy, - - - , d; be the distinct
eigenvalues of D*. Let {E;} be an orthonormal frame field such that

(Dz)\j) :Dlag(dla 7d1,d23"' 7d27‘” adh"' 7dt)’ (45)
— — ——
k1 ko ke
namely,
DlA:...:Di;l:d17...7D’I);L*k't+1:...:D’rkn:dt' (46)

Lemma 4.3. Assume ® = 0. If D is parallel and t > 3, then,
B, = B; whenever D} = D;»‘, (4.7)

where B;’s are eigenvalues of (Bjj).

Proof. From Lemma 4.2, we can choose an appropriate orthonormal frame field
{E;} such that (4.5) and B;; = B;d;; hold. By (4.4), for any ¢, j, w} = 0 whenever
D} + Dj).‘. Thus, dwj» = 0, which implies

0 = BiiBj; — BY; + (D}, — ABi;) — (D}y — ABij)ds; + (D}, — ABjj) — (D;)

ij

— )\Bw)éw
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namely,

BiBj — N(B; + B;) + D} + D} =0. (4.8)
If there exist 4, j such that D = DJ)»‘ and B; # By, then for all k satisfying D; # D},
we have

BBy, — N(Bi + By) + D} + Dy =0, B;By — A(Bj + By) + D} + Diy =0. (4.9)

From (4.9), we have (B; — B;)(Byx — A) = 0, which implies By = A. Thus by (4.9),
ch‘ -\ =-D}) = —Dj-‘. This means that ¢ = 2. The contradiction finishes the
proof of Lemma 4.3. O

Corollary 4.1. Under the assumptions of Lemma 4.3, there exists an orthonormal
frame field {E;} such that

D}y = D}6;j, Bij = Bidy; (4.10)
and
(sz) - Diag(bla o 7b17 b27 T aan o 7bt7 e abt)a (411)
—_— — —
k1 ko k¢
that is,
Bi=-=Bi, =bi ,Bupyp1 == B = by, (4.12)
where by, .-+ by are not necessarily different from each other.

Lemma 4.4. Under the assumptions, of Lemma 4.3, Mobius principal curvatures
by, -+ ,by of x are constant, namely, x is Mobius isoparametric.

Proof. Without loss of generality, it suffices to show that b; is constant. Accord-
ing to the assumptions and Corollary 4.1, we can choose a frame field {E;} in a
neighborhood of any point such that (4.5), (4.10) and (4.11) hold. Note that for
1<i<k andj > kl, by (44)

> Bijgw* =dBij =Y Bijwf = > Bijwt =0. (4.13)
Therefore, B;j, = 0. By the symmetry of B;ji, we see that B;;; = 0, in case that
two of i, j,k are less than or equal to k; with the other larger than ki, or one of
1, ],k is less than or equal to k; with the other larger than k. Hence, for any i, j
satisfying 1 <i,j5 < kq,

k1
Z Bijkwk = dB” — Z .Bkj(.d,éC — Z Bikw;-“ = dBZ(SZ] — ijg — Bzw;
k=1

We infer

k1
Z Biikwk = dbl, (414)
k=1
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which yields
Ep(b) =0, ki+1<k<m. (4.15)
Similarly,
Ei(Bj)=0, 1<i<ky, ki+1<j<m. (4.16)
On the other hand, from (4.8) we have
b1Bj —A(bi+ Bj) +di+D} =0, ki+1<j<m. (4.17)
We derive, for 1 < k < kq,
Ee(b)(B; —N) =0, 1<k<k, ki+1<j<m. (4.18)

Define U = {¢ € M™;B;(q) # X for some j > k;}. For any point p € U, we can
find some j > k; such that B; # X around p. Therefore by (4.18), Ex(b;) = 0
for 1 < k < kq, which and (4.15) implies that by is a constant. This proves that
b, is constant on the closure U of U. On the other hand, for any p & U, we have
By, 41 =+ = By, = A around p. By (4.12), B has exactly two distinct eigenvalues
at p. If M™\U is an open set, from (2.10), we know that b; is a constant in M™\U.
Since M™ is connected, we have that b; is constant identically on M™. O

Corollary 4.2. Under the assumptions of the lemma 4.3, t = 3 and B is parallel.

Proof. From (4.13) and (4.14), we infer that B is parallel.

If ¢ > 3, then there exist at least four indices iy,792,%3,%4, such that
D}, D, Dy, Dy are distinct each other. Then we have from (4.8) that
(Bi, = A\)(Bi, =A\) = A2+ D} + D} =0, (Bi, —\)(Bi, = \) — A+ D} + D} =
(Biy, = N)(Biy = A) =N+ D) + D}, =0, (Bj, —A)(Biyy —A) =X+ D} + D} =0

It follows that (D;, — D} )(D;, — D;x) = 0. It is a contradiction. m|
Lemma 4.5. Assume ® = 0. If D is parallel and B is not parallel, then one of
the following cases holds:

(1) t =1 and D* is proportional to the metric g;

(2) t =2, di+ds = \? and B; = X either for all1 < i < ky, or for all ky+1 <i < m.

Proof. From Corollary 4.2, it follows that ¢ < 2. It suffices to consider the case
that ¢ = 2. For any point p € M™, we can find an orthonormal frame field {E;}
such that (4.1) holds around p and B;;(p) = B;J;;. By (4.4)

wh=0, 1<i<ky, k+1<j<m, (4.19)
hold. By making use of the same assertion as (4.8), we have

BiBj = ABi+Bj)+ D} + D} =0, 1<i<k;, ki+1<j<m. (4.20)
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If there exist g, jo with 1 < ig < ky, k1 +1 < jo < m such that B;, # A and
Bj, # A, there exist two Mobius principal curvatures different from \. For any ¢,
1 <4<k,
BiyBj, — N(Bi, + Bj,) + Dyt + D} =0, B;Bj, — N(B; + Bj,) + D} + D}, = 0.
Thus, (B; — B;,)(Bj, — A) = 0. We obtain

B, =B,;,, 1<i<k. (4.21)
Similarly,

Bj = Bjo’ kjl S] S m. (422)

Therefore, there are exactly two distinct Mobius principal curvatures around point
p. From (2.10) we know that Md&bius principal curvatures B; are constant. Thus,
(4.11) and (4.19) hold. Hence, B is parallel from (4.13). It is impossible. Either
B, = Afor i, 1 <1 < ki, or B = X for j, ki < j < m. We have by (4.20),
di +dy = N2 |

Next, we consider the case that ® # 0.
Since our classification theorem is a local one, we can assume from now on that
® £ (0 everywhere on M™ without loss of generality.

Lemma 4.6. If the Mdbius form ® of © does not vanish and D> is parallel, then
x has exactly two distinct Mobius principal curvatures one of which is simple.

Proof. For any given point p € M™, we can choose an orthonormal frame field
{E;} around p with respect to the Mébius metric g, such that B;;(p) = B;d;;. Since
D* is parallel, we derive from (2.14)

(Bi = A)(0i®; — 6;5Pr) = 0. (4.23)
If there exist i # i such that B;, — X # 0, B;, — A # 0, then, for any 4, j, we have
6i1jPi(p) = 04,i®;(p) =0,  6i,;Pi(p) — 04, ®5(p) = 0. (4.24)

It is not hard to derive ®;(p) = 0. It is a contradiction, which finishes the proof of
Lemma 4.6. O

Lemma 4.7. If the Mébius form ® of x does not vanish and D> is parallel, then
x has exactly two distinct principal curvatures with one of which being simple. Fur-

thermore x(M™) is foliated by a family of m — 1-dimensional totally umbilical sub-
manifolds of S™+1.

Proof. By Lemma 4.6, there are two different M&bius principal curvatures b; and
be with by being simple. According to (2.10), be = 5%, by = —smT_l, where € = £1.
Furthermore, by the definition of the Mdébius second fundamental form B, x has two
distinct principal curvatures hy and he with hq being simple. Therefore z(M™) is
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foliated by a family of its hypersurfaces tangent to the eigenvector space distribution
corresponding to ho.
For any p € M™, we take an orthonormal frame field { E;} such that B;; = B;d;;,
where
m—1 1

B1:b1:—€ s BQZ---ZBm:bQZEf. (425)
m m

By (4.23), we know that the Mobius form ® = 3 ®;w’ satisfies
Dy £0, B, =0, j=2,---,m. (4.26)

By a direct computation, we have

m—1

H = —(hi+(m—1)hy), |h|2—mH2:T(h1—h2)2, p=|h1—hal|. (4.27)

1
m
We derive, from (2.9)

o, = —pQ{ei(hl) (; + B;Sgn (hy — h2)>

(4.28)
m—1
+ ei(hg) (m — Bngn (hl — hg)) },
where e; = pE;. Since et = By = p~!(hy — H) = —1Sgn(hy — hs), we have
Sen (hy — he) = —e. We infer, from (4.25) and (4.28),
O = —plei(h), P =—p2ej(ha), j=2,---,m. (4.29)

(4.26) and (4.29) yield e;(h2) = 0 which means that hs is constant along the leaves.
On the other hand, from (4.13) and (4.25), we derive

Bi1i = Bapi =0, Bigi = Ba1i=—¢l'};, 1<i<m, 2<a,b<m, (4.30)

where Ffj is determined by wf =3 ngwk .
By (2.12), (4.26) and (4.30), we have

I'Yy = —eBiap = €(Bap1 — Ba1y) = (006 P1 — 901 D),
that is
'Yy =e0ap®1, 2<a,b<m. (4.31)

Denoting by V the Levi-Civita connection with respect to the induced metric
. . —k = .
g = p2g, the connection coefficients [';; of V are related with Ffj by

=k
Ffj =p 'Ty; 4 p 2 (xei(p) — dijen(p)) .
It follows that
9(Ve,er,ea) =Ty = Ty — p " e1(p)dab = San(ep®1 — p~'ex ().

Since each leaf of the foliation has e; as it unit normal in z(M™), we see easily
that all leaves of the foliation are totally umbilical with respect to their normals in
x(M™), that is, those leaves are totally umbilical as m — 1-submanifolds of S™1
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Proof of Theorem 1.1. By Lemma 4.7, we need only to consider the case that
the Mobius form @ = 0. By making use of Theorem 4.1 and the classification of
hypersurfaces with parallel M6bius second fundamental forms given by Hu, Li in [8],
we need only to prove that if x does not have parallel Mobius second fundamental
form and the number ¢ of distinct eigenvalues of D? is larger than 1, then x must
be Mébius equivalent to one of the immersed hypersurfaces given in Examples 3.2
and 3.3.

According to Lemma 4.1, we know that D* has constant eigenvalues. If ¢ > 3,
then the Md&bius second fundamental form, from Corollary 4.2, is parallel. Hence,
t = 2. Without loss of generality, we can assume, by Lemma 4.5, that

t=2 dy=d, dy=M)—d, Bgyr= =B, =)\ (4.32)

where K = k;. Since the Mdbius second fundamental form B of x is not parallel,
the number of distinct Mébius principal curvatures must be larger than 2 (see [18]).
Then it follows easily that m > 3. Because D?* is parallel, the tangent bundle
TM™ has a decomposition TM™ = V; & V5, where V; and V5, are eigenspaces
of D* for eigenvalues d; = d and dy = A? — d, respectively. Let {F;,1 < i <
K}, {E;,K < j < m} are orthonormal frame fields for subbundles V; and V5,
respectively. Then {F;,1 < i < m} is an orthonormal frame field on M™ with
respect to the Mébius metric g. (4.19) implies that both V; and V5 are integrable,
and thus Riemannian manifold (M™, g) can be decomposed locally into a direct
product of two Riemannian manifolds (M7, g1) and (Ma, g2), that is,

(M, g) = (Mi,91) x (M2, g2). (4.33)

Tt follows from (2.11) and (4.6) that the Riemannian curvature tensors of (M, g1)
and (Ma, go) have respectively the following components:

Rijr =(2d — N)(8udjk — dirdju) + (B — N)(Bjk — A) — (Bir, — X)(Bji — \),

1<i,j,k 1 <K;

Rijin =(A* = 2d) (06 — 6irdj1), K +1<i,j k1 <my

(4.34)
Thus (Ma, g2) is of constant sectional curvature A\?> — 2d. Since dy # da, (4.32)
implies that 2d — A? # 0.

Next, we consider separately the following two subcases:

Subcase (1): 2d — A% > 0. In this case, then (Ma,go) is locally isometric to
H™ K (= L) with 7 = (2d — A)7%. Let § = (o, §2) : H™ 5 (=) — Rp~ K+
be the canonical embedding. Since h = Zle(Bij — Aij)w'w’ is a Codazzi tensor
on (M, ¢1), it follows from (4.34) that there exists an isometric immersion

o1 (My,g1) — SETL(r) cRET2. 2< K <m —1, (4.35)

such that h is its second fundamental form. Clearly, §; is without umbilical points.
Furthermore, it has constant scalar curvature S; and constant mean curvature H;
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as follows:

mK(K —1)— (m—1)r? m
o PRUC Dty

Note that M™ can be locally identified with M™ = (M, g1) x Hm™=K(-1).

Define ; = %, Tg = g—i and & = (&1, Z2), then, by the discussion in Example
3.2, & : M™ — S™F1 gives an immersed hypersurface with the given metric g, B,
respectively, as its Mobius metric and Mobius second fundamental form. Therefore,
by Theorem 2.2, x is Mobius equivalent to .

Subcase (2): 2d — A? < 0. In this case, (M2, g2) is locally isometric to S™~ % (r)
with r = (A2 — 2d)~2. Let §y : S™ 5 (r) — R™ K+! be the canonical embedding.
Since h = Y1, (Bij — A )w'w’ is a Codazzi tensor on (My,gy), it follows from
(4.34) that there exists an isometric immersion

- [ 1
9= (Y0,71): (M1,91) — HEH (—ﬂ) - R{(JrQ, 2< K <m-—1, (4.36)

such that h is its second fundamental form. Clearly, 7 is without umbilical points.
Furthermore, it has constant scalar curvature S; and constant mean curvature H;

as follows:
mK(K —1) — (m —1)r?

m
51 mr? ’ ! K)\

Note that M™ can be locally identified with M™ = (M, g,) x H" K (—}2)

Define 7, = g—;, To = e and & = (&1, T2), then, by the discussion in Example
3.3, % : M™ — §m+! gives an immersed hypersurface with the given metric g, B,
respectively, as its Mobius metric and Mobius second fundamental form. Therefore,
by Theorem 2.2, z is Mobius equivalent to .
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