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1. Introduction

Let Sn(r) be an n-dimensional standard sphere of radius r, Sn = Sn(1), Rn be an
n-dimensional Euclidean space, and Hn(c) be an n-dimensional hyperbolic space of
constant curvature c < 0 defined by

Hn(c) = {y = (y0, y1) ∈ Rn+1
1 ; 〈y, y〉1 =

1
c
, y0 > 0},

where for any integer N ≥ 2, RN
1 ≡ R1 × RN−1 is the N -dimensional Lorentzian

space with the standard Lorentzian inner product 〈·, ·〉1 given by

〈y, y′〉1 = −y0y
′
0 + y1 · y′1, y = (y0, y1), y′ = (y′0, y

′
1) ∈ RN

1 ,

where the dot “·” denotes the standard Euclidean inner product on RN−1. In the
sequel, we write Hn = Hn(−1).

Let Sn
+ be the hemisphere in Sn whose first coordinate is positive. Then, there

are two conformal diffeomorphisms σ : Rn → Sn\{(−1, 0)} and τ : Hn → Sn
+

* The corresponding author.
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defined by

σ(u) =
(

1− |u|2

1 + |u|2
,

2u

1 + |u|2

)
, u ∈ Rn,

τ(y) =
(

1
y0

,
y1

y0

)
, y = (y0, y1) ∈ Hn ⊂ Rn+1

1 .

(1.1)

Let x : Mm → Sm+p be an immersed submanifold in Sm+p without umbilical
points. Wang [27] introduced four basic Möbius invariants of x: the Möbius metric
g, the Möbius form Φ, the Blaschke tensor A and the Möbius second fundamental
form B, which will be given in section 2. These invariants is closely related to the
research of Willmore hypersurfaces and of conformal differential geometry (see [1],
[2] and [15]). In recent years, Möbius geometry on submanifolds in Sm+p has been
studied by many authors and many interesting results are obtained (cf. [5], [6], [7],
[9], [10], [11], [12], [13], [14], [16], [17], [20], [21], [22], and so on). A hypersurface
without umbilical points is called Möbius isoparametric if the Möbius form vanishes
and Möbius principal curvatures are constant. In [18], Li, Liu, Wang and Zhao has
classified Möbius isoparametric hypersurfaces with two distinct Möbius principal
curvatures. Furthermore, Hu and Li [8] have classified all immersed hypersurfaces
in Sm+1 with parallel Möbius second fundamental forms.

Recently, the second author and Zhang [24] have studied hypersurfaces without
umbilical points in Sm+1 with parallel Blaschke tensor and have given a classification
of this kind of hypersurfaces. A hypersurface without umbilical points is called
Blaschke isoparametric if eigenvalues of the Blaschke tensor are constant and the
Möbius form vanishes. When m ≤ 4 (see [25] and [26]), they have given a complete
classification for Blaschke isoparametric hypersurfaces and for any dimension m, if
the distinct Blaschke eigenvalues is two, then, they have also classified it in [25].

On the other hand, Li and Wang [19] gave a Möbius characterization of hy-
persurfaces without umbilical points in real space forms, and with constant mean
curvature and constant scalar curvature under the following assumptions:

(1) the Möbius form vanishes identically;
(2) there are two functions λ, µ such that

A + λB = −µg.

In this case, functions λ, µ are necessarily constant (for further developments, see
[23]).

Define Dλ = A + λB for some real number λ. Dλ is called a para-Blaschke
tensor. Zhong and Sun [28] have classified hypersurfaces without umbilical points
if the Möbius form vanishes and the para-Blaschke tensor has exactly two distinct
eigenvalues.

In this paper, we study the general case. We will give a complete classification
of hypersurfaces without umbilical points if the para-Blaschke tensor is parallel.

Theorem 1.1. Let x : Mm → Sm+1 (m ≥ 2) be an immersed hypersurface without
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umbilical points. Suppose that, for some constant λ, the para-Blaschke tensor Dλ =
A + λB of x is parallel.

(1) If the Möbius form vanishes identically, then we have

(i) when the para-Blaschke tensor Dλ has only one distinct eigenvalue, M is
locally Möbius equivalent to

(a) an immersed hypersurface in Sm+1 with constant scalar curvature and
constant mean curvature, or

(b) the image under σ of an immersed hypersurface in Rm+1 with constant
scalar curvature and constant mean curvature, or

(c) the image under τ of an immersed hypersurface in Hm+1 with constant
scalar curvature and constant mean curvature;

(ii) when the Möbius second fundamental form B is parallel, M is locally Möbius
equivalent to

(d) a standard torus SK(r) × Sm−K(
√

1− r2) in Sm+1 for some r > 0 and
positive integer K, or

(e) the image under σ of a standard cylinder SK(r)×Rm−K in Rm+1 for some
r > 0 and positive integer K, or

(f) the image under τ of a standard cylinder SK(r)×Hm−K(− 1
1+r2 ) in Hm+1

for some r > 0 and positive integer K; or
(g) CSS(p, q, r) for some constants p, q, r (see Example 3.1);

(iii) when the para-Blaschke tensor Dλ has at least two distinct constant eigenval-
ues and the Möbius second fundamental form B is non-parallel, M is locally
Möbius equivalent to

(h) one of the immersed hypersurfaces as indicated in Example 3.2, or
(i) one of the immersed hypersurfaces as indicated in Example 3.3.

(2) If the Möbius form does not vanish identically, then x has exactly two distinct
principal curvatures with one of which being simple; Furthermore, x(Mm) is
foliated by a family of m−1-dimensional totally umbilical submanifolds of Sm+1.

2. Preliminaries

Let x : Mm → Sm+p be an immersed submanifold without umbilical points, n =
m + p. Denote by h the second fundamental form of x with components hα

ij and
H = 1

m trh the mean curvature vector field. Define

ρ =
(

m

m− 1
(
|h|2 −m|H|2

)) 1
2

, Y = ρ(1, x), (2.1)

then Y : Mm → Rn+2
1 is an immersion of Mm into the Lorentzian space Rn+2

1 and
is called the Möbius position vector of x. The function ρ given by (2.1) is called the
Möbius factor for the immersion x. Define

Cn+1
+ =

{
Y = (Y0, Y ) ∈ R1 × Rn+1; 〈Y, Y 〉1 = 0, Y0 > 0

}
.
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If O(n + 1, 1) is the Lorentzian group of all elements in GL(n + 2; R) preserving
the standard Lorentzian inner product 〈·, ·〉1 on Rn+2

1 , then there exists a subgroup
O+(n + 1, 1) of O(n + 1, 1) given by

O+(n + 1, 1) =
{
T ∈ O(n + 1, 1); T (Cn+1

+ ) ⊂ Cn+1
+

}
. (2.2)

In [27], Wang proved the following theorem:

Theorem 2.1. Two submanifolds x, x̃ : Mm → Sm+p with Möbius position vectors
Y, Ỹ respectively are Möbius equivalent if and only if there is a T ∈ O+(n + 1, 1)
such that Ỹ = T (Y ).

By Theorem 2.1, the induced metric g = 〈dY, dY 〉1 = ρ2dx · dx on Mm from
the Lorentzian inner product 〈·, ·〉1 is a Möbius invariant and is called the Möbius
metric of x. Let ∆ denote the Laplacian with respect to the Möbius metric g.
Defining N : M → Rn+1

1 by

N = − 1
m

∆Y − 1
2m2

〈∆Y,∆Y 〉1Y, (2.3)

we can infer

〈∆Y, Y 〉1 = −m, 〈∆Y, dY 〉1 = 0, 〈∆Y, ∆Y 〉1 = 1 + m2κ,

〈Y, Y 〉1 = 〈N,N〉1 = 0, 〈Y,N〉1 = 1,
(2.4)

where m(m−1)κ denotes the scalar curvature M with respect to the Möbius metric
g.

Let V → M be the vector subbundle of the trivial Lorentzian bundle M ×Rn+2
1

defined as the orthogonal complement of RY ⊕ RN ⊕ Y∗(TM) with respect to the
Lorentzian product 〈·, ·〉1. One calls V Möbius normal bundle of the immersion x.
Clearly we have the following vector bundle decomposition:

M × Rn+2
1 = RY ⊕ RN ⊕ Y∗(TM)⊕ V. (2.5)

Let T⊥M be the normal bundle of the immersion x : M → Sn, then the mean
curvature vector field H of x defines a bundle isomorphism f : T⊥M → V by

f(e) = (H · e, (H · e)x + e) , ∀e ∈ T⊥M. (2.6)

It is easily seen that f preserves the inner products and connections on T⊥M and
V . We make use of the following conventions on the ranges of indices throughout
this article:

1 ≤ i, j, k, · · · ≤ m, m + 1 ≤ α, β, γ, · · · ≤ n.

For any local orthonormal frame field {ei} with respect to the induced metric dx ·dx

with its dual frame field {θi} and any orthonormal normal frame field {eα} of x,
setting

Ei = ρ−1ei, ωi = ρθi, Eα = f(eα), (2.7)
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{Ei} is a local orthonormal frame field with respect to the Möbius metric g, {ωi}
is the dual frame field of {Ei}, and {Eα} is a local orthonormal frame field of the
Möbius normal bundle V → M .

Φ =
∑

Φα
i ωiEα, A =

∑
Aijω

iωj , B =
∑

Bα
ijω

iωjEα (2.8)

are called Möbius form, Blaschke tensor and Möbius second fundamental form,
respectively, where

Φα
i =− ρ−2

(
Hα

,i +
∑

(hα
ij −Hαδij)ej(log ρ)

)
,

Aij =− ρ−2
(
Hess ij(log ρ)− ei(log ρ)ej(log ρ)−

∑
Hαhα

ij

)
− 1

2
ρ−2

(
|d log ρ|2 − 1 + |H|2

)
δij

Bα
ij =ρ−1

(
hα

ij −Hαδij

)
,

(2.9)

in which the subscript “, i” and Hess ij denote, respectively, components of covariant
derivatives and Hessian with respect to the induced metric dx · dx.

Denote by Rijkl and Rij , respectively, components of the Riemannian curvature
tensor and the Ricci tensor with respect to the Möbius metric g, then we have

trA =
1

2m
(1 + m2κ),

trB =
∑

Bα
iiEα = 0, |B|2 =

∑
(Bα

ij)
2 =

m− 1
m

,

(2.10)

Rijkl =
∑

(Bα
ilB

α
jk −Bα

ikBα
jl) + Ailδjk −Aikδjl + Ajkδil −Ajlδik

Rij = −
∑

Bα
ikBα

kj + δijtrA + (m− 2)Aij .
(2.11)

Let Φα
ij , Aijk, Bα

ijk denote components of the covariant derivatives of Φ, A, B,
respectively. We can infer

Φα
ij − Φα

ji =
∑

(Bα
ikAkj −Bα

kjAki),

Aijk −Aikj =
∑

(Bα
ikΦα

j −Bα
ijΦ

α
k ),

Bα
ijk −Bα

ikj =δijΦα
k − δikΦα

j .

(2.12)

By (2.10) and (2.12), one infers

(m− 1)Φα
i = −

∑
Bα

ijj . (2.13)

According to (2.10), (2.11) and (2.13), if m ≥ 3, the Möbius form Φ and the Blaschke
tensor A are determined by the Möbius metric g and Möbius second fundamental
form B. The following theorem can be found in [27]:

Theorem 2.2. Two immersed hypersurfaces x, : Mm → Sm+1 and x̃ : M̃m →
Sm+1, m ≥ 3, are Möbius equivalent if and only if there exists a diffeomorphism ϕ :
Mm → M̃m which preserves the Möbius metric and the Möbius second fundamental
forms.
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For a hypersurface without umbilical points x : Mm → Sm+1, one calls Dλ =
A + λB a para-Blaschke tensor of x with parameter λ, where λ is a real number.
From (2.12), we have then

Dλ
ijk −Dλ

ikj = (Bik − λδik)Φj − (Bij − λδij)Φk, (2.14)

where Dλ
ijk are components of the covariant derivatives of Dλ.

3. Examples

In this section, we would like to present several immersed hypersurfaces in Sm+1

and show that their para-Blaschke tensors are parallel.

Example 3.1([8]). Let R+ be the half line of positive real numbers. For any two
positive integers p, q satisfying p + q < m and a real number r ∈ (0, 1), we consider
an imbedded hypersurface u : Sp(r) × Sq

(√
1− r2

)
× R+ × Rm−p−q−1 → Rm+1

defined by u = (tu′, tu′′, u′′′), where

u′ ∈ Sp(r) ⊂ Rp+1, u′′ ∈ Sq
(√

1− r2
)
⊂ Rq+1, t ∈ R+, u′′′ ∈ Rm−p−q−1.

Then x = σ ◦ u : Sp(r) × Sq
(√

1− r2
)
× R+ × Rm−p−q−1 → Sm+1 defines a

hypersurface in Sm+1 without umbilical points, which is denoted by CSS(p, q, r).
By a direct calculation, one derives that CSS(p, q, r) has three distinct Möbius
principal curvatures and that the Möbius second fundamental form and the Blaschke
tensor of it are parallel. Therefore the para-Blaschke tensor Dλ for any λ is parallel.

The following two families of examples can be found in [24], [25] and [28].

Example 3.2. Let λ ∈ R. For any integers m,K satisfying m ≥ 3 and 2 ≤ K ≤
m − 1, let ỹ1 : M1 → SK+1(r) ⊂ RK+2 be an immersed hypersurface without
umbilical points such that the scalar curvature S1 and the mean curvature H1 of it
satisfy

S1 =
mK(K − 1)− (m− 1)r2

mr2
+ m(m− 1)λ2, H1 = −m

K
λ. (3.1)

Let

ỹ = (ỹ0, ỹ2) : Hm−K

(
− 1

r2

)
→ Rm−K+1

1 (3.2)

be the canonical embedding and

M̃m = M1 ×Hm−K

(
− 1

r2

)
, Ỹ = (ỹ0, ỹ1, ỹ2). (3.3)

We have that Ỹ : M̃m → Rm+3
1 is an immersion satisfying 〈Ỹ , Ỹ 〉1 = 0 and inducing

a Riemannian metric

g = 〈dỸ , dỸ 〉1 = −dỹ2
0 + dỹ2

1 + dỹ2
2 . (3.4)
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Obviously,

(M̃m, g) = (M1, dỹ2
1)×

(
Hm−K

(
− 1

r2

)
, 〈dỹ, dỹ〉1

)
(3.5)

is a Riemannian manifold. Define

x̃1 =
ỹ1

ỹ0
, x̃2 =

ỹ2

ỹ0
, x̃ = (x̃1, x̃2), (3.6)

then |x̃|2 = 1. Hence, x̃ : Mm → Sm+1 defines an immersed hypersurface without
umbilical points. It is easy to have

dx̃ = −dỹ0

ỹ2
0

(ỹ1, ỹ2) +
1
ỹ0

(dỹ1, dỹ2). (3.7)

Therefore the induced metric g̃ = dx̃ · dx̃ is given by

g̃ = ỹ−2
0 g. (3.8)

If ñ1 be a unit normal vector field of ỹ1 in SK+1(r) ⊂ RK+2, then ñ = (ñ1, 0) ∈
Rm+2 is a unit normal vector field of x̃. Consequently, by (3.6), the second funda-
mental form h̃ of x̃ is given by

h̃ = −dñ · dx̃ = −ỹ−1
0 (dñ1 · dỹ1) = y−1

0 h, (3.9)

where h is the second fundamental form of the immersion ỹ. Let {Ei, 1 ≤ i ≤ K}
and {Ei,K + 1 ≤ i ≤ m}) be a local orthonormal frame field on (M1, dỹ2

1) and on
Hm−K(− 1

r2 ), respectively. We know that {Ei, 1 ≤ i ≤ m} is a local orthonormal
frame field on (M̃m, g). Putting ei = ỹ0Ei, i = 1, · · · ,m, then {ei, 1 ≤ i ≤ m} is a
local orthonormal frame field on (M̃m, g̃). Thus

h̃ij = ỹ0hij , for 1 ≤ i, j ≤ K;

h̃ij = 0, for i > K or j > K.
(3.10)

The mean curvature of x̃ is given by

H̃ =
K

m
ỹ0H1 = −ỹ0λ. (3.11)

Therefore, by definition, the Möbius factor ρ̃ of x̃ is determined by

ρ̃2 =
m

m− 1

∑
i,j

h̃2
ij −m|H̃|2

 =
m

m− 1
ỹ2
0

 K∑
i,j=1

h2
ij −mλ2

 = ỹ2
0 .

Here we have used (3.1) and the Gauss equation of ỹ1. Hence, ρ̃ = ỹ0 and Ỹ is the
Möbius position of x̃. Therefore, the Möbius metric of x̃ is 〈dỸ , dỸ 〉1 = g and the
Möbius second fundamental form of x̃ is given by

B̃ = ρ̃−1
∑

(h̃ij − H̃δij)ωiωj =
K∑

i,j=1

(hij + λδij)ωiωj +
m∑

i=K+1

λ(ωi)2, (3.12)

where {ωi} is the local coframe field with respect to {Ei} on Mm.
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On the other hand, by (3.4) and the Gauss equations of ỹ1, ỹ, the Ricci tensor
with respect to g is given by

Rij =
K − 1

r2
δij −mλhij −

K∑
k=1

hikhkj , if 1 ≤ i, j ≤ K;

Rij =− m−K − 1
r2

δij , if K + 1 ≤ i, j ≤ m;

Rij =0, if 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K.

(3.13)

Hence, we derive the scalar curvature m(m− 1)κ with respect to g

κ =
m(K(K − 1)− (m−K)(m−K − 1))− (m− 1)r2

m2(m− 1)r2
+ λ2. (3.14)

Thus

1
2m

(1 + m2κ) =
K(K − 1)− (m−K)(m−K − 1)

2(m− 1)r2
+

1
2
mλ2. (3.15)

From (2.11), (3.12)∼(3.15) and m ≥ 3, we infer that the Blaschke tensor of x̃ is
given by A =

∑
Aijω

iωj with

Aij =
(

1
2r2

− 1
2
λ2

)
δij − λhij , if 1 ≤ i, j ≤ K;

Aij =−
(

1
2r2

+
1
2
λ2

)
δij , if K + 1 ≤ i, j ≤ m;

Aij =0, if 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K.

(3.16)

Therefore, the para-Blaschke tensor Dλ = A + λB =
∑

Dλ
ijω

iωj satisfies

Dλ
ij =Aij + λBij =

(
1

2r2
+

1
2
λ2

)
δij , for 1 ≤ i, j ≤ K;

Dλ
ij =Aij + λBij =

(
− 1

2r2
+

1
2
λ2

)
δij , for K + 1 ≤ i, j ≤ m;

Dλ
ij =0, for 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K.

(3.17)

Thus, we know that Dλ is parallel.

Example 3.3. For λ ∈ R and integers m,K satisfying m ≥ 3 and 2 ≤ K ≤ m− 1,
let ỹ = (ỹ0, ỹ1) : M1 → HK+1

(
− 1

r2

)
⊂ RK+2

1 be an immersed hypersurface without
umbilical points so that its scalar curvature S1 and mean curvature H1 are given
by

S1 = −mK(K − 1) + (m− 1)r2

mr2
+ m(m− 1)λ2, H1 = −m

K
λ. (3.18)

Assume that

ỹ2 : Sm−K(r) → Rm−K+1 (3.19)
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is the canonical embedding. Putting

M̃m = M1 × Sm−K(r), Ỹ = (ỹ0, ỹ1, ỹ2), (3.20)

Ỹ : Mm → Rm+3
1 is an immersion satisfying 〈Ỹ , Ỹ 〉1 = 0 and the induced metric

g = 〈dỸ , dỸ 〉1 = −dỹ2
0 + dỹ2

1 + dỹ2
2

is a Riemannian metric. Defining

x̃1 =
ỹ1

ỹ0
, x̃2 =

ỹ2

ỹ0
, x̃ = (x̃1, x̃2), (3.21)

|x̃|2 = 1, x̃ : M̃m → Sm+1 determines an immersed hypersurface without umbilical
points and Ỹ is its Möbius position vector. By the same assertions as in the example
3.2, we have

dx̃ = −dỹ0

ỹ2
0

(ỹ1, ỹ2) +
1
ỹ0

(dỹ1, dỹ2), (3.22)

and the induced metric g̃ = dx̃ · dx̃ is given by

g̃ = ỹ−2
0 (−dỹ2

0 + dỹ2
1 + dỹ2

2) = ỹ−2
0 g. (3.23)

If (ñ0, ñ1) is the unit normal vector field of ỹ in HK+1
(
− 1

r2

)
⊂ Rm+2

1 , then it is
easy to verify that

ñ = (ñ1, 0)− ñ0x̃ ∈ Rm+2

is a unit normal vector field of x̃. Consequently, by (3.22)

dñ · dx̃ =(dñ1, 0) · dx̃− ñ0dx̃ · dx̃

=− (ỹ−2
0 dỹ0)dñ1 · ỹ1 + ỹ−1

0 dñ1 · dỹ1 − ñ0ỹ
−2
0 (−dỹ2

0 + dỹ2
1 + dỹ2

2)

=ỹ−1
0 (−dñ0dỹ0 + dñ1 · dỹ1)− ñ0ỹ

−2
0 g,

(3.24)

where, in the third equality, we have used

−ñ0dỹ0 + ñ1 · dỹ1 = 0. (3.25)

Thus, the second fundamental form h̃ of the immersion x̃ is related to the second
fundamental form h of the immersion ỹ and the metric g in the following way:

h̃ = −dñ · dx̃ = −ỹ−1
0 〈d(ñ0, ñ1), dỹ〉1 + ñ0ỹ

−2
0 g = y−1

0 h + ñ0ỹ
−2
0 g. (3.26)

Let {Ei, 1 ≤ i ≤ K} and {Ei,K + 1 ≤ i ≤ m} be a local orthonormal frame
field on (M1, dỹ2) and on Sm−K(r)), respectively. {Ei, 1 ≤ i ≤ m} becomes a local
orthonormal frame field on (Mm, g). Putting ei = ỹ0Ei, i = 1, · · · ,m, {ei, 1 ≤ i ≤
m} is a local orthonormal frame field on (Mm, g̃) and we have

h̃ij =h̃(ei, ej) = ỹ2
0h̃(Ei, Ej) = ỹ0h(Ei, Ej) + ñ0g(Ei, Ej)

=ỹ0hij + ñ0δij , when 1 ≤ i, j ≤ K;

h̃ij =ñ0δij , when i > K or j > K.

(3.27)
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The mean curvature of the immersion x̃ is given by

H̃ =
K

m
ỹ0H1 + ñ0 = ñ0 − ỹ0λ. (3.28)

Therefore, by definition, the Möbius factor ρ̃ of x̃ is determined by

ρ̃2 =
m

m− 1

∑
i,j

h̃2
ij −m|H̃|2

 =
m

m− 1
ỹ2
0

∑
i,j

h2
ij −mλ2

 = ỹ2
0 .

Here we have used (3.18) and the Gauss equation of the immersion ỹ. Hence ρ̃ =
ỹ0 and Ỹ is the Möbius position of x̃. Consequently, the Möbius metric of x̃ is
〈dỸ , dỸ 〉1 = g and the Möbius second fundamental form of x̃ is

B̃ = ρ̃−1(h̃ij − H̃δij)ωiωj =
K∑

i,j=1

(hij + λδij)ωiωj +
m∑

i=K+1

λ(ωi)2, (3.29)

where {ωi} is the local coframe field with respect to {Ei} on Mm.
On the other hand, by (3.26) and the Gauss’ equations of ỹ1, ỹ, the Ricci tensor

with respect to g follows:

Rij =− K − 1
r2

δij −mλhij −
K∑

k=1

hikhkj , if 1 ≤ i, j ≤ K;

Rij =
m−K − 1

r2
δij , if K + 1 ≤ i, j ≤ m;

Rij =0, if 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K,

(3.30)

and the scalar curvature m(m− 1)κ with respect to this metric satisfies

κ =
m((m−K)(m−K − 1)−K(K − 1))− (m− 1)r2

m2(m− 1)r2
+ λ2. (3.31)

Thus
1

2m
(1 + m2κ) =

(m−K)(m−K − 1)−K(K − 1)
2(m− 1)r2

+
1
2
mλ2. (3.32)

From (2.11), (3.29) ∼ (3.32) and m ≥ 3, we infer

Aij =−
(

1
2r2

+
1
2
λ2

)
δij − λhij , if 1 ≤ i, j ≤ K;

Aij =
(

1
2r2

− 1
2
λ2

)
δij , if K + 1 ≤ i, j ≤ m;

Aij =0, if 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K.

(3.33)

Thus, the para-Blaschke tensor Dλ = A + λB =
∑

Dλ
ijω

iωj is given by

Dλ
ij =Aij + λBij =

(
− 1

2r2
+

1
2
λ2

)
δij , for 1 ≤ i, j ≤ K;

Dλ
ij =Aij + λBij =

(
1

2r2
+

1
2
λ2

)
δij , for K + 1 ≤ i, j ≤ m;

Dλ
ij =0, for 1 ≤ i ≤ K, K + 1 ≤ j ≤ m, or K + 1 ≤ i ≤ m, 1 ≤ j ≤ K.

(3.34)
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Hence, we derive that Dλ is parallel.
The main theorem in [28] can be restated as follows:

Theorem 3.1. Let x : Mm → Sm+1 be a hypersurface without umbilical points
and with vanishing Möbius form Φ. If there exists a λ ∈ R such that the para-
Blaschke tensor Dλ has only two distinct constant eigenvalues, then x is locally
Möbius equivalent to

(1) a standard torus SK(r)×Sm−K(
√

1− r2) in Sm+1 for some r > 0 and positive
integer K; or

(2) the image under σ of a standard cylinder SK(r) × Rm−K in Rm+1 for some
r > 0 and positive integer K; or

(3) the image under τ of a standard cylinder SK(r)×Hm−K(− 1
1+r2 ) in Hm+1(−1)

for some r > 0 and positive integer K; or
(4) one of the immersed hypersurfaces as indicated in Example 3.2; or
(5) one of the immersed hypersurfaces as indicated in Example 3.3.

4. Proof of Theorem 1.1

Let x : Mm → Sm+1 be an immersed hypersurface without umbilical points. First
of all, we restate a theorem given by Li and Wang [19],

Theorem 4.1. For an immersed hypersurface x : Mm → Sm+1 without umbilical
points and with vanishing Möbius form Φ, if the para-Blaschke tensor Dλ satisfies
Dλ = fg for some function f on M , then f is constant and x is Möbius equivalent
to one of the following:

(1) an immersed hypersurface x̃ : Mm → Sm+1 with constant scalar curvature and
constant mean curvature;

(2) the image under σ of an immersed hypersurface in Rm+1 with constant scalar
curvature and constant mean curvature;

(3) the image under τ of an immersed hypersurface in Hm+1 with constant scalar
curvature and constant mean curvature.

In order to prove Theorem 1.1, we prepare several lemmas.

Lemma 4.1. If Dλ is parallel, then eigenvalues of Dλ are constant on Mm.

Proof. Since Dλ is symmetric, there exists a local orthonormal frame field {Ei}
such that, at each point

Dλ
ij = Dλ

i δij . (4.1)

Because Dλ is parallel, we have

0 =
∑

Dλ
ijkωk = dDλ

ij −Dλ
kjω

k
i −Dλ

ikωk
j , (4.2)
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where {ωi} is the local coframe field dual to {Ei} and ωi
j are the Levi-Civita con-

nection form with respect to the metric g. Then it follows easily that

dDλ
ij − (Dλ

i −Dλ
j )ωi

j = 0, (4.3)

which implies that

dDλ
ii = 0.

Hence, Dλ
ii is constant and eigenvalues of Dλ are constant on Mm. Thus, we also

have

ωi
j = 0 if Dλ

i 6= Dλ
j (4.4)

since Dλ is parallel and dDλ
ij = 0.

At first, we consider the case that Φ ≡ 0.

Lemma 4.2. If Φ ≡ 0, then Bij = 0 whenever eigenvalues Dλ
i 6= Dλ

j of Dλ.

Proof. By (2.12), we derive∑
BikDλ

kj −Dλ
ikBkj = Φij − Φji = 0.

From (4.1), we have Bij(Dλ
j − Dλ

i ) = 0. We infer Bij = 0 whenever eigenvalues
Dλ

i 6= Dλ
j .

By Lemma 4.2, at any point p, we can choose an orthonormal basis such that
both Dλ and B are diagonalized simultaneously.

Let t be the number of distinct eigenvalues of Dλ, and d1, · · · , dt be the distinct
eigenvalues of Dλ. Let {Ei} be an orthonormal frame field such that

(Dλ
ij) = Diag(d1, · · · , d1︸ ︷︷ ︸

k1

, d2, · · · , d2︸ ︷︷ ︸
k2

, · · · , dt, · · · , dt︸ ︷︷ ︸
kt

), (4.5)

namely,

Dλ
1 = · · · = Dλ

k1
= d1, · · · , Dλ

m−kt+1 = · · · = Dλ
m = dt. (4.6)

Lemma 4.3. Assume Φ ≡ 0. If Dλ is parallel and t ≥ 3, then,

Bi = Bj whenever Dλ
i = Dλ

j , (4.7)

where Bi’s are eigenvalues of (Bij).

Proof. From Lemma 4.2, we can choose an appropriate orthonormal frame field
{Ei} such that (4.5) and Bij = Biδij hold. By (4.4), for any i, j, ωi

j = 0 whenever
Dλ

i 6= Dλ
j . Thus, dωi

j = 0, which implies

0 = BiiBjj −B2
ij +(Dλ

ii−λBii)− (Dλ
ij −λBij)δij +(Dλ

jj −λBjj)− (Dλ
ij −λBij)δij .
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namely,

BiBj − λ(Bi + Bj) + Dλ
i + Dλ

j = 0. (4.8)

If there exist i, j such that Dλ
i = Dλ

j and Bi 6= Bj , then for all k satisfying Dλ
k 6= Dλ

i ,
we have

BiBk − λ(Bi + Bk) + Dλ
i + Dλ

k = 0, BjBk − λ(Bj + Bk) + Dλ
j + Dλ

k = 0. (4.9)

From (4.9), we have (Bi − Bj)(Bk − λ) = 0, which implies Bk = λ. Thus by (4.9),
Dλ

k − λ2 = −Dλ
i = −Dλ

j . This means that t = 2. The contradiction finishes the
proof of Lemma 4.3.

Corollary 4.1. Under the assumptions of Lemma 4.3, there exists an orthonormal
frame field {Ei} such that

Dλ
ij = Dλ

i δij , Bij = Biδij (4.10)

and

(Bij) = Diag(b1, · · · , b1︸ ︷︷ ︸
k1

, b2, · · · , b2︸ ︷︷ ︸
k2

, · · · , bt, · · · , bt︸ ︷︷ ︸
kt

), (4.11)

that is,

B1 = · · · = Bk1 = b1, · · · , Bm−kt+1 = · · · = Bm = bt, (4.12)

where b1, · · · , bt are not necessarily different from each other.

Lemma 4.4. Under the assumptions, of Lemma 4.3, Möbius principal curvatures
b1, · · · , bt of x are constant, namely, x is Möbius isoparametric.

Proof. Without loss of generality, it suffices to show that b1 is constant. Accord-
ing to the assumptions and Corollary 4.1, we can choose a frame field {Ei} in a
neighborhood of any point such that (4.5), (4.10) and (4.11) hold. Note that for
1 ≤ i ≤ k1 and j > k1, by (4.4)∑

Bijkωk = dBij −
∑

Bkjω
k
i −

∑
Bikωk

j = 0. (4.13)

Therefore, Bijk = 0. By the symmetry of Bijk, we see that Bijk = 0, in case that
two of i, j, k are less than or equal to k1 with the other larger than k1, or one of
i, j, k is less than or equal to k1 with the other larger than k1. Hence, for any i, j

satisfying 1 ≤ i, j ≤ k1,
k1∑

k=1

Bijkωk = dBij −
∑

Bkjω
k
i −

∑
Bikωk

j = dBiδij −Bjω
j
i −Biω

i
j .

We infer
k1∑

k=1

Biikωk = db1, (4.14)
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which yields

Ek(b1) = 0, k1 + 1 ≤ k ≤ m. (4.15)

Similarly,

Ei(Bj) = 0, 1 ≤ i ≤ k1, k1 + 1 ≤ j ≤ m. (4.16)

On the other hand, from (4.8) we have

b1Bj − λ(b1 + Bj) + d1 + Dλ
j = 0, k1 + 1 ≤ j ≤ m. (4.17)

We derive, for 1 ≤ k ≤ k1,

Ek(b1)(Bj − λ) = 0, 1 ≤ k ≤ k1, k1 + 1 ≤ j ≤ m. (4.18)

Define U = {q ∈ Mn;Bj(q) 6= λ for some j > k1}. For any point p ∈ U , we can
find some j > k1 such that Bj 6= λ around p. Therefore by (4.18), Ek(b1) = 0
for 1 ≤ k ≤ k1, which and (4.15) implies that b1 is a constant. This proves that
b1 is constant on the closure U of U . On the other hand, for any p 6∈ U , we have
Bk1+1 = · · · = Bm = λ around p. By (4.12), B has exactly two distinct eigenvalues
at p. If Mm\U is an open set, from (2.10), we know that b1 is a constant in Mm\U .
Since Mm is connected, we have that b1 is constant identically on Mm.

Corollary 4.2. Under the assumptions of the lemma 4.3, t = 3 and B is parallel.

Proof. From (4.13) and (4.14), we infer that B is parallel.
If t > 3, then there exist at least four indices i1, i2, i3, i4, such that

Dλ
i1

, Dλ
i2

, Dλ
i3

, Dλ
i4

are distinct each other. Then we have from (4.8) that

(Bi1 − λ)(Bi2 − λ)− λ2 + Dλ
i1 + Dλ

i2 = 0, (Bi3 − λ)(Bi4 − λ)− λ2 + Dλ
i3 + Dλ

i4 = 0,

(Bi1 − λ)(Bi3 − λ)− λ2 + Dλ
i1 + Dλ

i3 = 0, (Bi2 − λ)(Bi4 − λ)− λ2 + Dλ
i2 + Dλ

i4 = 0.

It follows that (Dλ
i1
−Dλ

i4
)(Dλ

i2
−Dλ

i3
) = 0. It is a contradiction.

Lemma 4.5. Assume Φ ≡ 0. If Dλ is parallel and B is not parallel, then one of
the following cases holds:

(1) t = 1 and Dλ is proportional to the metric g;
(2) t = 2, d1+d2 = λ2 and Bi = λ either for all 1 ≤ i ≤ k1, or for all k1+1 ≤ i ≤ m.

Proof. From Corollary 4.2, it follows that t ≤ 2. It suffices to consider the case
that t = 2. For any point p ∈ Mm, we can find an orthonormal frame field {Ei}
such that (4.1) holds around p and Bij(p) = Biδij . By (4.4)

ωi
j = 0, 1 ≤ i ≤ k1, k1 + 1 ≤ j ≤ m, (4.19)

hold. By making use of the same assertion as (4.8), we have

BiBj − λ(Bi + Bj) + Dλ
i + Dλ

j = 0, 1 ≤ i ≤ k1, k1 + 1 ≤ j ≤ m. (4.20)
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If there exist i0, j0 with 1 ≤ i0 ≤ k1, k1 + 1 ≤ j0 ≤ m such that Bi0 6= λ and
Bj0 6= λ, there exist two Möbius principal curvatures different from λ. For any i,
1 ≤ i ≤ k1,

Bi0Bj0 − λ(Bi0 + Bj0) + Dλ
i0 + Dλ

j0 = 0, BiBj0 − λ(Bi + Bj0) + Dλ
i + Dλ

j0 = 0.

Thus, (Bi −Bi0)(Bj0 − λ) = 0. We obtain

Bi = Bi0 , 1 ≤ i ≤ k1. (4.21)

Similarly,

Bj = Bj0 , k1 ≤ j ≤ m. (4.22)

Therefore, there are exactly two distinct Möbius principal curvatures around point
p. From (2.10) we know that Möbius principal curvatures Bi are constant. Thus,
(4.11) and (4.19) hold. Hence, B is parallel from (4.13). It is impossible. Either
Bi = λ for i, 1 ≤ i ≤ k1, or Bj = λ for j, k1 ≤ j ≤ m. We have by (4.20),
d1 + d2 = λ2.

Next, we consider the case that Φ 6≡ 0.
Since our classification theorem is a local one, we can assume from now on that

Φ 6= 0 everywhere on Mn without loss of generality.

Lemma 4.6. If the Möbius form Φ of x does not vanish and Dλ is parallel, then
x has exactly two distinct Möbius principal curvatures one of which is simple.

Proof. For any given point p ∈ Mm, we can choose an orthonormal frame field
{Ei} around p with respect to the Möbius metric g, such that Bij(p) = Biδij . Since
Dλ is parallel, we derive from (2.14)

(Bi − λ)(δikΦj − δijΦk) = 0. (4.23)

If there exist i1 6= i2 such that Bi1 − λ 6= 0, Bi2 − λ 6= 0, then, for any i, j, we have

δi1jΦi(p)− δi1iΦj(p) = 0, δi2jΦi(p)− δi2iΦj(p) = 0. (4.24)

It is not hard to derive Φi(p) = 0. It is a contradiction, which finishes the proof of
Lemma 4.6.

Lemma 4.7. If the Möbius form Φ of x does not vanish and Dλ is parallel, then
x has exactly two distinct principal curvatures with one of which being simple. Fur-
thermore x(Mm) is foliated by a family of m− 1-dimensional totally umbilical sub-
manifolds of Sm+1.

Proof. By Lemma 4.6, there are two different Möbius principal curvatures b1 and
b2 with b1 being simple. According to (2.10), b2 = ε 1

m , b1 = −εm−1
m , where ε = ±1.

Furthermore, by the definition of the Möbius second fundamental form B, x has two
distinct principal curvatures h1 and h2 with h1 being simple. Therefore x(Mm) is
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foliated by a family of its hypersurfaces tangent to the eigenvector space distribution
corresponding to h2.

For any p ∈ Mm, we take an orthonormal frame field {Ei} such that Bij = Biδij ,
where

B1 = b1 = −ε
m− 1

m
, B2 = · · · = Bm = b2 = ε

1
m

. (4.25)

By (4.23), we know that the Möbius form Φ =
∑

Φiω
i satisfies

Φ1 6= 0, Φj = 0, j = 2, · · · ,m. (4.26)

By a direct computation, we have

H =
1
m

(h1 +(m−1)h2), |h|2−mH2 =
m− 1

m
(h1−h2)2, ρ = |h1−h2|. (4.27)

We derive, from (2.9)

Φi = −ρ−2

{
ei(h1)

(
1
m

+ BiSgn (h1 − h2)
)

+ ei(h2)
(

m− 1
m

−BiSgn (h1 − h2)
) }

,

(4.28)

where ei = ρEi. Since ε 1
m = B2 = ρ−1(h2 − H) = − 1

mSgn (h1 − h2), we have
Sgn (h1 − h2) = −ε. We infer, from (4.25) and (4.28),

Φ1 = −ρ−2e1(h1), Φj = −ρ−2ej(h2), j = 2, · · · ,m. (4.29)

(4.26) and (4.29) yield ej(h2) = 0 which means that h2 is constant along the leaves.
On the other hand, from (4.13) and (4.25), we derive

B11i = Babi = 0, B1ai = Ba1i = −εΓa
1i, 1 ≤ i ≤ m, 2 ≤ a, b ≤ m, (4.30)

where Γk
ij is determined by ωj

i =
∑

Γj
ikωk.

By (2.12), (4.26) and (4.30), we have

Γa
1b = −εB1ab = ε(Bab1 −Ba1b) = ε(δabΦ1 − δa1Φb),

that is

Γa
1b = εδabΦ1, 2 ≤ a, b ≤ m. (4.31)

Denoting by ∇ the Levi-Civita connection with respect to the induced metric
g = ρ−2g, the connection coefficients Γ

k

ij of ∇ are related with Γk
ij by

Γk
ij = ρ−1Γ

k

ij + ρ−2 (δjkei(ρ)− δijek(ρ)) .

It follows that

g(∇eb
e1, ea) = Γ

a

1b = ρΓa
1b − ρ−1e1(ρ)δab = δab(ερΦ1 − ρ−1e1(ρ)).

Since each leaf of the foliation has e1 as it unit normal in x(Mm), we see easily
that all leaves of the foliation are totally umbilical with respect to their normals in
x(Mm), that is, those leaves are totally umbilical as m− 1-submanifolds of Sm+1.
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Proof of Theorem 1.1. By Lemma 4.7, we need only to consider the case that
the Möbius form Φ ≡ 0. By making use of Theorem 4.1 and the classification of
hypersurfaces with parallel Möbius second fundamental forms given by Hu, Li in [8],
we need only to prove that if x does not have parallel Möbius second fundamental
form and the number t of distinct eigenvalues of Dλ is larger than 1, then x must
be Möbius equivalent to one of the immersed hypersurfaces given in Examples 3.2
and 3.3.

According to Lemma 4.1, we know that Dλ has constant eigenvalues. If t ≥ 3,
then the Möbius second fundamental form, from Corollary 4.2, is parallel. Hence,
t = 2. Without loss of generality, we can assume, by Lemma 4.5, that

t = 2, d1 = d, d2 = λ2 − d, BK+1 = · · · = Bm = λ, (4.32)

where K = k1. Since the Möbius second fundamental form B of x is not parallel,
the number of distinct Möbius principal curvatures must be larger than 2 (see [18]).
Then it follows easily that m ≥ 3. Because Dλ is parallel, the tangent bundle
TMm has a decomposition TMm = V1 ⊕ V2, where V1 and V2 are eigenspaces
of Dλ for eigenvalues d1 = d and d2 = λ2 − d, respectively. Let {Ei, 1 ≤ i ≤
K}, {Ej ,K ≤ j ≤ m} are orthonormal frame fields for subbundles V1 and V2,
respectively. Then {Ei, 1 ≤ i ≤ m} is an orthonormal frame field on Mm with
respect to the Möbius metric g. (4.19) implies that both V1 and V2 are integrable,
and thus Riemannian manifold (Mm, g) can be decomposed locally into a direct
product of two Riemannian manifolds (M1, g1) and (M2, g2), that is,

(M, g) = (M1, g1)× (M2, g2). (4.33)

It follows from (2.11) and (4.6) that the Riemannian curvature tensors of (M1, g1)
and (M2, g2) have respectively the following components:

Rijkl =(2d− λ2)(δilδjk − δikδjl) + (Bil − λ)(Bjk − λ)− (Bik − λ)(Bjl − λ),

1 ≤ i, j, k, l ≤ K;

Rijkl =(λ2 − 2d)(δilδjk − δikδjl), K + 1 ≤ i, j, k, l ≤ m;
(4.34)

Thus (M2, g2) is of constant sectional curvature λ2 − 2d. Since d1 6= d2, (4.32)
implies that 2d− λ2 6= 0.

Next, we consider separately the following two subcases:
Subcase (1): 2d − λ2 > 0. In this case, then (M2, g2) is locally isometric to

Hm−K
(
− 1

r2

)
with r = (2d − λ2)−

1
2 . Let ỹ = (ỹ0, ỹ2) : Hm−K

(
− 1

r2

)
→ Rm−K+1

1

be the canonical embedding. Since h =
∑K

k=1(Bij − λδij)ωiωj is a Codazzi tensor
on (M1, g1), it follows from (4.34) that there exists an isometric immersion

ỹ1 : (M1, g1) → SK+1(r) ⊂ RK+2, 2 ≤ K ≤ m− 1, (4.35)

such that h is its second fundamental form. Clearly, ỹ1 is without umbilical points.
Furthermore, it has constant scalar curvature S1 and constant mean curvature H1
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as follows:

S1 =
mK(K − 1)− (m− 1)r2

mr2
, H1 = −m

K
λ.

Note that Mm can be locally identified with M̃m = (M1, g1)×Hm−K(− 1
r2 ).

Define x̃1 = ỹ1
ỹ0

, x̃2 = ỹ2
ỹ0

and x̃ = (x̃1, x̃2), then, by the discussion in Example
3.2, x̃ : M̃m → Sm+1 gives an immersed hypersurface with the given metric g, B,
respectively, as its Möbius metric and Möbius second fundamental form. Therefore,
by Theorem 2.2, x is Möbius equivalent to x̃.

Subcase (2): 2d− λ2 < 0. In this case, (M2, g2) is locally isometric to Sm−K(r)
with r = (λ2 − 2d)−

1
2 . Let ỹ2 : Sm−K(r) → Rm−K+1 be the canonical embedding.

Since h =
∑K

k=1(Bij − λδij)ωiωj is a Codazzi tensor on (M1, g1), it follows from
(4.34) that there exists an isometric immersion

ỹ = (ỹ0, ỹ1) : (M1, g1) → HK+1

(
− 1

r2

)
⊂ RK+2

1 , 2 ≤ K ≤ m− 1, (4.36)

such that h is its second fundamental form. Clearly, ỹ is without umbilical points.
Furthermore, it has constant scalar curvature S1 and constant mean curvature H1

as follows:

S1 = −mK(K − 1)− (m− 1)r2

mr2
, H1 = −m

K
λ.

Note that Mm can be locally identified with M̃m = (M1, g1)×Hm−K
(
− 1

r2

)
.

Define x̃1 = ỹ1
ỹ0

, x̃2 = ỹ2
ỹ0

and x̃ = (x̃1, x̃2), then, by the discussion in Example
3.3, x̃ : M̃m → Sm+1 gives an immersed hypersurface with the given metric g, B,
respectively, as its Möbius metric and Möbius second fundamental form. Therefore,
by Theorem 2.2, x is Möbius equivalent to x̃.
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