Lower order eigenvalues of Dirichlet Laplacian
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Abstract

In this paper, we investigate an eigenvalue problem for the Dirichlet Lapla-
cian on a domain in an n-dimensional compact Riemannian manifold. First we
give a general inequality for eigenvalues. As one of its applications, we study
eigenvalues of the Laplacian on a domain in an n-dimensional complex pro-
jective space, on a compact complex submanifold in complex projective space
and on the unit sphere. By making use of the orthogonalization of Gram-
Schmidt (QR-factorization theorem), we construct trial functions. By means
of these trial functions, estimates for lower order eigenvalues are obtained.

1 Introduction

Let M be an n-dimensional compact C*° Riemannian manifold with or without
boundary, where the boundary OM of M is assumed to be C*°. It is known that
a large amount of information about the manifold is carried by the spectrum of its
Laplacian. The spectrum of the Laplacian on M is an important analytic invariant
and has important geometric meanings (cf. Chavel [8] and Protter [28]).

For M = Q a bounded domain in R", let {\;} be the set of eigenvalues and {u;}
an orthonormal basis of eigenfunctions of the following Dirichlet eigenvalue problem:

Au=—Xu in €,
{ u=20 on 0f, (1.1)

where A denotes the Laplacian on R™. It is well known that the spectrum of this
eigenvalue problem (1.1) is real and discrete:

O<)\1<)\2§/\3§"'—>OO,

where each eigenvalue is repeated with its multiplicity. When € = B" is the
n-dimensional unit ball in R", we write \;(B") for these eigenvalues. It is well
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known that \;(B") are given by squares of the positive zeros of Bessel functions,
eg. M(B") =72, , and \o(B") = -+ = A1 (B") = 52 ,,, where j,; denotes
the k™ positive zero of the Bessel function J,(z) of the first kind of order p. The
following conjecture of Payne, Pélya and Weinberger is well known:

Conjecture of Payne, Pélya and Weinberger: For a bounded domain €2 in R",
the eigenvalues of (1.1) satisfy

(1) A2 < Ao (B )’

A T A(BR)
Mg+ Az 4+ A Aa(BT) + A3(B") -+ A1 (B7) A(B7)
(2) < =n )
A A\ (Bn) A (B7)

The conjecture (1) of Payne, Pélya and Weinberger was studied by many math-
ematicians, for examples, Payne, Pélya and Weinberger [27], Brands [7], de Vries
[13], Chiti [12], Hile and Protter [17]. Finally, Ashbaugh and Benguria [3] (cf. [2]
and [4]) proved this conjecture.

With regard to the conjecture (2) of Payne, Pdlya and Weinberger, in the case

n = 2, the bound A2+ Ag

1
)\2;_ A3 < 3 ++/7 by Brands [7]. Furthermore, Hile and Protter [17] obtained
1

A2 + A3

< 6 of Payne, Pdlya and Weinberger [27] was improved

to

(15 4+ +/345) /6. In 1993, for
1

general dimensions n > 2, Ashbaugh and Benguria [5] proved
4

Ay + A
< 5.622. In [25], Marcellini proved =2 A
1

<
5]

X+ As+ o+ A
A1

<n(l+-). (1.2)

In this paper, we consider an eigenvalue problem for the Dirichlet Laplacian on a
domain € in an n-dimensional compact Riemannian manifold without boundary. In
the sequel, we will always assume that boundary 02 of the domain €2 is C*°. First
we will give a general inequality for eigenvalues of the Dirichlet Laplacian. As an
application, we study lower order eigenvalues of the Laplacian on a domain in an
n-dimensional complex projective space CP"(4), on a compact complex subman-
ifold in complex projective space and on the unit sphere, that is, we will give an
upper bound for Ay + A3 + - -+ + A\, 1, where n is the dimension of the Riemannian
manifold. We use the notation CP"(4) in this paper to denote the n-dimensional
complex projective space equipped with the Fubini-Study metric of the holomor-
phic sectional curvature 1 (whereas CP" carries the Fubini-Study metric with holo-
morphic sectional curvature 1). We emphasize that in the sequence of eigenvalues

1
A1 < Ag < A3 < --- each eigenvalue is always repeated with its multiplicity.

Theorem 1.1. For a domain € in CP"(4), we consider the eigenvalue problem:

{ Au=— u in §, (1.3)

u=>0 on 0,



where /\ denotes the Laplacian on CP™(4). Let Ay be the k'™ eigenvalue of the
eigenvalue problem (1.3). Then we have

2n
1 2

Theorem 1.2. For a domain ) in an n-dimensional compact complex submanifold
M of CP""™(4), we consider the eigenvalue problem:

(1.4)

Au=— u in §,
u=>0 on 02,

where I\ is the Laplacian on M. Then, the eigenvalues N\ (k=1,2,--+ ,2n+1) of
the eigenvalue problem (1.4) satisfy

2n
1 2
— ANiv1 < 4 1 1+ =)\
g 2 et S 4+ )+ (14 D

Theorem 1.3. For a domain § in the n-dimensional unit sphere S™(1), let A\, be
the k™ eigenvalue of the eigenvalue problem:

(2o mo, w
where A is the Laplacian on S™(1). Then we have
1 iAm <n+(1+ é)Al. (1.6)
n < n
Remark 1.1. When Q = S™(1), we know that Ay = 0 and Ay = -+- = A1 = n.

Hence, inequality (1.6) in the Theorem 1.3 becomes an equality. Thus, the inequality
(1.6) is optimal.

On the other hand, it seems to be an interesting and difficult problem to discuss
the sharpness of the inequalities in Theorems 1.1 and 1.2.

Remark 1.2. Estimates for higher order eigenvalues of the Laplacian have been
obtained by many mathematicians (cf. [9], [10], [11], [14], [15], [16], [17], [22], [23],
24], [27], [29], [30] and [31]). For instance, when 2 is a bounded domain in R", the
sharpest estimate for higher order eigenvalues is due to Yang [30] (¢f. Payne, Polya
and Weinberger [27], Hile and Protter [17]), that is

k
4
}:@Hl—&xmﬂf41+gM»go,ﬁrk:Lz,u.

i=1

In particular, we should remark that, in [24], Levitin and Parnovski have used com-
mutator identities to obtain universal estimates for eigenvalues. They have given
abstract generalizations of the Payne, Polya and Weinberger formula and of the
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Yang’s formula. It seems difficult, however, to make the estimates in [24] explicit
for the situation treated in this paper so that the relation of our present results to the
general results of Levitin and Parnovski would be clarified. We believe that it is not
possible to derive our present results from [24], at least if the ambient Riemannian
manifold has non-constant curvature.

When Q is a domain in the unit sphere S™(1), Cheng and Yang [9] have proved

k k
4
S Mt = A2 < S O = M)+ =N, fork=1,2,---.
(A1 )® < (Akt1 )(”+n ), for

i=1 =1

When  is a domain in the n-dimensional complex projective space CP™(4), in [11],
they have derived

k
1\ 1
)\k+1§ (1—1-5)%;)\1‘4‘2(%4-1)

11 ’ 2\ 1< 1\
i—1 j=1 i=1

This paper is organized as follows. In Section 2 we consider an eigenvalue problem
for the Laplacian on a domain in an n-dimensional compact Riemannian manifold.
A general inequality for eigenvalues \; 1 will be given. As applications, in Sections 3,
4 and 5, we shall prove our Theorems 1.1, 1.2 and 1.3, respectively. In order to prove
our theorems, we must find good trial functions. In this paper, we make use of the
orthogonalization of Gram-Schmidt (QR-factorization theorem) to construct trial
functions. By means of these trial functions we obtain our estimates for eigenvalues.

1/2

Acknowledgements. We would like to express our gratitude to the referee and
the editor for their valuable suggestions.

2 An estimate for the eigenvalues of the Lapla-
cian

In this section, we shall consider an eigenvalue problem for the Laplacian on a domain
2 in an n-dimensional Riemannian manifold M. We shall obtain a general inequality
for the eigenvalues which plays an important role in proofs of the Theorems 1.1, 1.2
and 1.3.

Theorem 2.1. For a domain () in an n-dimensional compact Riemannian manifold
M without boundary, we consider the eigenvalue problem:

Au= - u in ,
u=>0 on 0,

where /\ denotes the Laplacian on M. Assume that \; is the i eigenvalue and {u;}

be an orthonormal system of eigenfunctions corresponding to {\;}. If g; € C*(Q)
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satisfies fQ giuu; =0 for j =2,--- 1, then, the following holds:
(Air1 = M)(Vg)w|]? < [(Agi)ur + 2V g; - V|7,
where V denotes the gradient operator on M and ||f||* = [, f*.

Proof. From the assumptions of the Theorem 2.1, we have

/giuluj =0, fori>j>1. (2.1)
Q

We define a function ¢; by

Vi = g1 — Uy / giu3. (2.2)
Q

/ QiU = 0.
Q

/gpiuj =0, for any j with j <.
Q

It is easy to see

Combining with (2.1) ; satisfies

Thus, ¢; is a trial function. According to the Rayleigh-Ritz inequality, we have

JolVeil”

Aip1 < fQ 7

(2.3)

From the definition of ¢;, we have

/%2:/%- <giu1—u1/giuf)=/%gz‘ul, (2.4)
Q Q Q Q

AN = (Agi)uy + 2V g; - Vuyg — A\giug + Muy / giu%. (2.5)
Q

and

From (2.2), (2.

2.4)
/|V90z‘|2 = —/%’A%‘
Q Q

= _/ il (Agi)ur +2Vg; - Vuy — Agius }
Q

= )\1/ wr — / ©i{(Agi)ur +2Vyg; - Vuy }.
Q Q

and (2.5), we infer

From (2.3) and the above inequality, we obtain

(Nit1 — M) / o] < — / ei{(Agi)us +2Vyg; - Vuy }.
Q "
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Letting w; = — [, pi{ (Agi)us +2Vg; - Vug }, we have
A1 = M) lill* < wi. (2.6)
From the Cauchy-Schwarz inequality, we derive
wi < lleill*ll(Agiur +2Vg; - V. (2.7)
Multiplying (2.7) by (Aix1 — A1), we get
A1 = M)wf < it = M) llwilPl(Agi)ur +2Vgi - V||, (2.8)
Combining this with (2.6) we obtain
(Aig1 — M)wi < [[(Agi)uy +2Vg; - Vuy || (2.9)

On the other hand, we have
w; = —/ eil(Agi)us +2Vg; - Vi }
)
1
—— | adayii =5 [ vat-vu 2.10)
Q 2 Ja
+ /(Agz)uf / giu? + / Vg - Vu? / giu?.
Q Q Q Q
By making use of Stokes’ formula, it is easy to obtain
1
- / gi(Ag)ut = / 1 Vgi|? + 3 / Vg? - Vu? (2.11)
Q Q Q

and

/(Agi)u% = — / Vg, - Vuj. (2.12)
Q 0
Substituting (2.11) and (2.12) into (2.10), we have
wi = / 1 Vail? = [|(Tgs)un (2.13)
Q
According to (2.13) and (2.9), we infer

(Niv1 = M)(Vg)u|* < [[(Agi)ur +2Vgi - Vuu [°

It completes the proof of the Theorem 2.1.



3 Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1. First we state two simple
algebraic lemmas, which will be used in proof of the Theorem.

Let A* denote the adjoint matrix of a matrix A = (a;;), U(n) and O(n) be
the set of all n x n unitary matrices and the set of all n x n orthogonal matrices,
respectively.

Lemma 3.1. For a matriz C = (C,,) € U(n), we have A = (A,p) = (CpsCyt) €
U(n?) and B = (Bag) = (CpsCyt) € U(n?), where a = (p,q), B = (s,t).
Lemma 3.2. For a complex matriz A+ iB € U(n), where A and B are n x n real

, A —-B
matrices, we have D = ( B A ) € O(2n).

Let Z = (Z° Z',---,Z™) be a homogeneous coordinate system on CP"(4).
Defining functions f,; by

AYAL
fri=5—— (3.1)
AVA
r=0
we have "
for =T D foafa=1. (3.2)
p,q=0

Let €2 be as in Theorem 1.1. For any fixed point P € (), we can choose a new
homogeneous coordinate system on CP"(4) such that, at P,

2040, Z'=...=2"=0 (3.3)

and .
7r =3 " CpZ', (3.4)

r=0
where the (n 4+ 1) x (n + 1)-matrix C' = (Cy,) € U(n + 1). Therefore, if we denote
2P = Z?/Z°% then z = (z!,---,2") is a local holomorphic coordinate system on

CP"(4) in a neighborhood U of P € Q and
=1, = =2"=0 (3.5)
at P. Define functions f;@ by

~ AVAS 2Pz

fpﬁ - = (36)

r=0 r=1

It is easy to check that qu and f,; satisty

fra = Z Cprc_qSJ?v"Ea p,g=0,1,--- n. (3.7)

r,s=0



Now we consider the 2(n + 1)? functions Re(f,;

where p,g =0,1,...,n. Then, we have

2(n+1)2
Z ga Z ququ Z ququ
p,q=0 p,q=0
and
2(n+1

Z 9aVga = 0.

In the local coordinate system we have

n B (?2f

p,q=1

> gpgdzPdz? is the Fubini-Study metric of CP"(4), and

where ds? =
p,g=1
Oz 292P
Ipg = 5(1 - - 25
r|2
1431 <1+z|zr|2>

= r=1

(g/pﬁ)il = (gzﬁ),

g = (1+Z|z |2) (077 + 2927).

Let g, denote the 2(n + 1)? functions Re( qu) and Im(qu), where p, ¢
From (3.5) and (3.6), it is not difficult to check that, at P,

=4 Z zr(‘?zT

Vﬁ,q :~0, when pq # 0~0r p=q=0,
ReVp 5= 5pq, ImVp 5= 5pq,
Revpfoq Opgs Imvpfﬂq Opgs

_ 0, when p # ¢,
Afyg =14 —4n, whenp=q=0,
4, when p =qg=1r #0.

) and Im(f,5), denoted by ga,

=0,1,...,n.

(3.10)

(3.11)

(3.12)



Lemma 3.3. At any point P € 2, the functions g, satisfy

( 2(n+1)?
Z |v9a|2 = 4n,
a=1
2(n+1)2
S |Agal? = 16n(n + 1),
a=1
2(n+1)2
Z VgaAga =0,
a=1

2(n;1)2
S Vg - Vui|? = 2|V |2

\ a=1

Proof. By making use of the same notation as above, because of C' = (C,,) €
U(n + 1), from the Lemma 3.1 we infer A = (Ayp) = (CpsCy) € U((n + 1)2). Put
A=A +iAy. From (3.7), we know

(A —A ~
(ga) = ( Ay, A, ) (gﬁ)'
From the Lemma 3.2, we see
A —A,
Ay Ay

is a 2(n+1)* x 2(n + 1)? orthogonal matrix. We denote it by O = (O,g). Thus, we
have, for any «,

9o =Y _ Oaplp. (3.13)
B

Without loss of generality, we rearrange the 2(n + 1)? functions g, such that the
first 4n functions are

Refy, - Refyg, Imfyg, -, Imf5 Refor, -, Refom, I fg, - -, Im fo,

denoted by g4 and go;, where s, = 1,--- ,n. And we still denote the other 2(n +
1)? — 4n functions by g,. Therefore, from (3.11), we have

vp’gpozla p:17"'72n7

VPEQPZL p:17"'7n7
vpgﬂp:_la p:n+17"'72n7

VpGa = 0, a=4n+1,---,2(n+1)>%

(3.14)

Since O is an orthogonal matrix, from (3.13) and (3.14), we have

2(n+1)? 2(n+1)2 2(n+1)?2 2(n+1)2
> Vel = 2. > OasViss 3 OaVi,
a=1 a=1 [s=1 y=1
2(n+1)2 2n
= Z ’V:qva‘z:ZKvpng)z"i‘(vngp)Q}
a=1 p=1
= 4n.



Similarly, we have
2(n+1)2 n
> VgaAga = Y (VRefyzARefy; + VImfrz Almf,g) = 0,
P,q=0
2(n+1)? [ —
Gol” =Y Afyalfu

2(n+1)2
}E: ‘139a|2:: 2{: |ngaP
p,q=0

a=1 a=1
=4n-4n+4-4-n=16n(n+1)
2(n+1)? 2(n+1)2 2(n+1)? 2(n+1)?2
> (Vo V)= ) Z 0asV s - Vi Z OV - Vuy
a=1 a=1
2(n+1)2 2(n+1)2 2p
= > (Vgg-Vu)?*= > O VpgsVem)’
B=1 p=1 p=1

2n

D _[(V3G0Vpur)* + (Voliop V)]
—1

= ;|Vu1|2.

This finishes the proof of the Lemma 3.3

0

(gap) is a constant orthogonal 2(n +

Lemma 3.4. Let (h,) = Q(g), where Q =
1)? x 2(n 4+ 1)* matriz. At any point P € Q, we then have
Vho* <2, a=1,---,2(n+1)>2

Proof. From (3.13), we have
= QO(3p)-

(ha) = Q(gs)

Without loss of generality, we still denote the orthogonal 2(n+1)% x 2(n+1)* matrix

QO by O = (O4p). Thus, we have
(ha) = O(9p)-
By rearranging the 2(n + 1)? functions g, as in the proof of the Lemma 3.3, from

(3.13) and (3.14) we obtain
2n 2(n+1)? _ 2(n+1)2
|Vh0¢|2 = Z Z Oaﬂvpgﬁ Z Oavvpg'y
p=1 p=1 v=1
2n
z (Oa(p,O) Vpgp() + Oa(O,p) vaOp)

p=1
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n

2n
= > (Ouap0) + Oatop)* + 2 (Oao) — Oafop))?

p=1 p=n+1
2n
< Zl[(Oa(p,O))2 + (Oa0.0)) + 2|0a(,0)Oa(op)]
p:
2n

IN
g

1[(Oa(p,0))2 + (Oa(O,p))Q]
p:
2(n+1)2

< 2 Y (Oap)=2
4=1

Hence, the Lemma 3.4 is proved.

O

Proof of Theorem 1.1. Let Z = (Z° Z',--- | Z™) be a homogeneous coordinate
system on CP"(4). We consider the functions f,, defined by (3.1). Let g, denote
the 2(n+1)? functions Ref,, and Im f,, as above. We consider the 2(n+1)*x2(n+1)?
matrix A defined by

fQ J1u1uUg fQ J1uius fQ J1ULUL(n41)2+1
= Jo g2t us Jogourus - [ gaun a2
fQ 92(n+1)2U1U2 fQ J2(n+1)2U1U3 - - fQ 92(n+1)2U1U(n+1)241

From the orthogonalization of Gram-Schmidt (QR-factorization theorem), we know
that A can be written by
T = OA,

where O = (Oy;) is an orthogonal 2(n 4+ 1)? x 2(n + 1)? matrix and 7' is an upper
triangular matrix. Hence, we have, for any k£ and j with & > 7,

Z Okz/glu1uj+1 = 0.
0

Defining functions hy by (hy) = O(g;), i.e. hy = Z?(:an)Q Ok;gj, we infer, for any
i,j=1,2,---,2(n+ 1)? satsfying i > 7,

/ hiulujﬂ =0. (315)
Q

Hence, these functions h,, a = 1,2,---,2(n + 1)?, satisfy the conditions in the
Theorem 2.1. Applying the theorem we obtain

Aag1 — M) (Vho)ur])? < |(Aha)uy 4+ 2Vhg - Vg ||

Summing on « from 1 to 2(n + 1)%, we have

2(n+1)2 2(n+1)2
> Aastl(Vh)wl> < > [[(Ahe)us + 2Vhy - Vg ||, (3.16)
a=1 a=1

11



2(n+1)2
Since ho = Y, Oapgp holds, from the Lemma 3.3 we obtain
=1

( 2(n+1)2
S |Vha|? = 4n,
a=1
2(n+1)2
S |Ahg|? = 16n(n + 1),
2(33)2 (3.17)
S VhoAhg =0,
2(%3)2
Z \Vha-Vu1\2:2|Vu1]2.

\ a=1

Hence, we infer, from (3.16) and (3.17),

2(n+1)2
> At Vhoua|* < 16n(n + 1) + 4(n + 2)A;.

a=1
On the other hand, from (3.17) and Lemma 3.4, we have

2(n+1)2

Z )‘a+l|Vha|2
a=1

n 2(n+1)?
> 3 Aart| Vha + Azn1 20 [Vha|?
a=1 a=2n+1

2n 2n

= >‘a+1|Vha|2 + Aoppa(dn — |Vha|2)
a=1 a=1
2n 2n

= > Aat1|Vha|* + Xopi1 D5 (2 = |[Vhe[?)
a=1 a=1

2n 2n
= 21 )‘a+1|VhOc|2 + 21(2 - |Vha|2)>‘a+1

Therefore, we have

2n 2(n+1)2 2(n+1)2
/ 23 Aoyt < / S et Vhalut = S Aat[Vhawm |
Q a=1 Q a=1 a=1

Thus, we finally infer

2n

1 2

which is the claim made in Theorem 1.1.
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4  Proof of Theorem 1.2

In this section, we shall give the proof of the Theorem 1.2. Let €2 be a do-
main in an n-dimensional compact complex submanifold M of CP"™(4). Let
Z = (Z° 7., Z™™) be a homogeneous coordinate system on CP""™(4). The
functions f,; defined by

AIA

qu ~ ntm

Y 77
r=0

(4.1)

satisfy

n—+m
fpﬁzfqﬁ ) Z fpﬁfpﬁz 1. (4.2)
p,q=0
By making use of the same assertion as in the section 3, for any point P € €2, we
can choose a new homogeneous coordinate system on CP""(4) such that, at P,

2040, Z' == 2" =0 (4.3)
and
n+m N
7= CnZ, (4.4)
r=0
where C = (C,,) € U(n + m + 1). Therefore, if we denote 2# = Z?/Z°, then
z = (z',---,2"™) is a local holomorphic coordinate system of CP""™(4) in a

neighborhood U of P € 2 and

M=1, = =" =0 (4.5)
at P, and 2" = [;(z,...,2") (i = 1,---,m) are holomorphic functions of
2t ..., 2" which satisfy

ol;

Then, we can easily compute

~ 7r Za 2Pz
fpﬁ = ntm - n+m ’ (47)

Z 7770 1 + Z 2"z
r=0 r=1

and
n+m

qu: Z CPTC_qSﬁ"Ev p7q:0717"' 7n+m‘ (48)

r,5=0
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Now we consider the 2(n + m + 1)? functions Re(f,;) and Im(f,5), denoted by g,,
where p,q =0,1,...,n+ m. Then, we have

2(n+m-+1)2 n+m n+m
Z Z ququ Z ququ (4.9)
a=1 p,q=0 p,q=0
and
2(n4+m41)>2
> 9aV9a=0. (4.10)
a=1

In the local coordinate system on U, we have ds?y; = > d2Pdz? + O(z?). For the
=

Laplacian A on the n-dimensional complex submanifold M in CP""™(4) we have

Agprimgyf = Df+37 fari nyi- We denote the 2(n+m+1)? functions Re(f;g) and
i=1

Im(fyq) by Ga, where p,q=0,1,...,n+m. From (4.6), (4.7) and (4.8) we have, at

P,

=4 4.11
Z 27“82’” ( )

Vf;,q:O Whenpq%OorpZCI:O,
ReV f Opg [mvp 6?(17 (4.12)
Revpf(]q = 5pq7 Imvpfoq pq>

. 0, Whenp#q7 OTp:q:n+17~~-,n—|-m,
Afg=14 —4n, whenp=q=0, (4.13)
4, whenp=q=1,---,n

By making use of the same calculations as in the Lemma 3.3 and Lemma 3.4, we
now obtain the following:

Lemma 4.1. For any point P € ), we have

( 2(n+m+1)2

> Vol =4n,

a=1
2(n+m+1)2
S |Aga)? = 16n(n + 1),

a=1
2(n+m+1)2 (4'14)

Z VgozAga = 07
a=1

2(n+;L+1)2
Z |Vga . VU1|2 = 2|VU1|2

\ a=1

Lemma 4.2. Let (hy) = Q(gs), where Q = (qag) is a constant orthogonal 2(n +
m+ 1)? X 2(n +m + 1)? matriz. At any point P € Q, we have

Vhe|? <2, a=1,---,2(n+m+1)>% (4.15)

14



Proof of Theorem 1.2. From Lemma 4.1 and Lemma 4.2, we can derive Theorem by
employing the same arguments as in the proof of Theorem 1.1.

O

5 Proof of Theorem 1.3

In this section, we shall give the proof of the Theorem 1.3.
Let © C S™(1) be a domain in the n-dimensional unit sphere S™(1). Let

xl 2% -+ 2™ be the standard coordinate functions on R™! so that S"(1) =
{(xt, 2% - 2"™) € R”“;Z?;l(xj)Q = 1}. It is well known that 2? (for p =
1,---,n+1) satisfy

AxP = —naP.

Lemma 5.1. Let (hy) = Q(2”), where Q = (qap) is a constant orthogonal (n+ 1) x
(n+ 1) matriz. For any point P in §, we have

|Vhp|2 <1, forp=1,2---,n,
n+1

Z IVh,|> =n,
p=1

n+1

N (Vhy - V) = |Vl

p=1
Proof. For any fixed point P € €, we can find a coordinate system (z!,...,z""1)
on R™"*! such that, at P,

=..=7"=0, " =1,

5.1
Vit =0; V,31=6,. (p,ga=1,...,n). (5:1)

In fact, we can choose a constant (n 4 1) x (n + 1) orthonormal matrix A = (a;;)

such that
n+1

P = Z Apa T,

a=1
and (5.1), (5.2) is satisfied at P. Hence, we have
(ha) = QA("),

where QA is also a constant orthogonal (n + 1) x (n 4 1) matrix. We still denote it
by A = (a;;) without loss of generality. Thus, at P, we have

n+1 n+1
IVh|” =) 0,aVE* ) a,5Vz”
a=1 [B=1

15



n n+l

=D D 4patysV;3° -V,

=1 a,f=1
n

= E :apjam’ <1,
i=1

n+1
Z |Vh,|* =n,
p=1

and
n+1 n+1

Z(Vhp Vuy)? = Z ayag (VP - Vu,;)(Vz? - Vu,)
p=1 p,q,o=1
n+1 n

= Z(pr Vuy)? = Z(Vpuif

p=1
Since P is arbitrary the Lemma is proved.

0J

Proof of Theorem 1.3. For the functions g; = x*, we consider the (n+ 1) x (n + 1)
matrix A defined by

f J1u1U2 f giuiuz - f J1U1Up+2

Q Q Q

A — fQ gau1u2 fQ gauruz - fQ G2U1Un+2
fg Gn+1U1UL fQ Jny1urug - fQ Gn+1U1Unt2

From the same arguments as in the proof of Theorem 1.1 in the Section 3, we

infer that there exists an orthogonal matrix O = (Oy;) such that hy = Z;L;rll Ok;9;

satisfies, for any i, =1,2,--- ,n+ 1 with i > j,

/ hiU1Uj+1 =0. (52)
Q

Applying Theorem 2.1 to the functions h; and summing on 7 from 1 to n+ 1, we get

n+1 n+1
> i = MN(Vh)ua > <Y 7 [(Ahi)uy +2Vhi - Vg ||,
i=1 =1
Since Z;;l(xp)Z =1, AaP = —naP, we have
n+1
> V(@) =0,
p=1
n+1 n+1
Z |VaP|? = —prAxp = n.
p=1 p=1

16



Hence, from Lemma 5.1, we infer

and

n+1
Z )\i+1||VhZ'U1”2 S n2 + (4 + n))\1

=1

n+1 n

> Xl VAP =D N [V + | Vi

i=1 i=1

= Z Xis1|Vhi? + Apga (n — Z [Vhil?)

i=1 i=1

n
> Z Aig1-
i—1

Thus we have proved the claim

1< 4
n n

=1
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