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INEQUALITIES FOR EIGENVALUES
OF A CLAMPED PLATE PROBLEM

QING-MING CHENG AND HONGCANG YANG

ABSTRACT. Let D be a connected bounded domain in an n-dimensional Eu-
clidean space R™. Assume that

O< A <A< <A < e
are eigenvalues of a clamped plate problem or an eigenvalue problem for the
Dirichlet biharmonic operator:

A%y =Au, in D,

ou
— =0.
on|sp
Then, we give an upper bound of the (k+1)-th eigenvalue A\;4; in terms of the

first k eigenvalues, which is independent of the domain D, that is, we prove
the following:

k 1/2 4 k 1/2
1 8(n+2 1
A1 < % E i + {Q] % E |:)\i(>\k+1 - )\i)} .
i=1

2
n i=1

ulpp =

Further, a more explicit inequality of eigenvalues is also obtained.

1. INTRODUCTION

Let R™ denote an n-dimensional Euclidean space and let D be a connected
bounded domain in R™. An eigenvalue problem of a fixed membrane or Dirichlet
Laplacian on a bounded domain D in R is the following;:

Au = —Mu, in D,

u|6D = 07

(1.1)

where A is the Lapalacian in R"™.
It is well known that this problem has a real and purely discrete spectrum

O<>\1<)\2§)\3§"'—>OO.
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Here each eigenvalue is repeated from its multiplicity. When n = 2, in 1955 and
1956, Payne, Pélya and Weinberger proved that, in [10] and [11],

A2<3 for D C R?,
1

and they conjectured
A2 _
M
with equality if and only if D is a disk. For general n > 2, an analogous statement
is

isk ~ 2.5387
_)\ |d k

A 4
)\—2<1+— for D C R™,
1

and the conjecture of Payne, Pélya and Weinberger is

Ao )\gl
)\1 > )\ n-ball

with equality if and only if D is an n-ball. In their excellent papers [3], [4] and
[5], Ashbaugh and Benguria solved this important conjecture of Payne, Pélya and
Weinberger.

On the other hand, for estimates of higher eigenvalues, Payne, Pdlya and Wein-
berger in [I1I] proved

2 m
(1.2) /\m+1—)\m§EZ)\i,m:1,2,~-~,

i=1

for D C R2. For general n > 2, we have

4 m
1.3 Am —)\m<—E Ai, m=1,2---
(1.3) +1 = mn & m

for D C R™. Although these results introduced by Payne, Pélya and Weinberger
have been extended by many authors, a result of Hile and Protter in [7] and a result
of the second author in [12] are two main developments. Namely, in 1980, Hile and
Protter [7] proved

i A mn
1.4 — > =1.2.....
i=1
It is not hard to check that the inequality (1.4) of Hile and Protter is sharper than
the inequality (1.3) of Payne, Pélya and Weinberger. In 1991, Yang [12] obtained

very sharp inequalities, that is, he derived

. 4
1.5 E Amt1 — XN ) [ Amger — (T+ =)A< 0, fi =1,2,---.
) i—1( i >< +1= +n) ) o
According to the inequality, we can infer
1
(1.6) Ama1 < —(1 + E A, form=1,2,-

i=1

It is easy to prove that Yang’s inequalities (1.5) and (1.6) are sharper than the
inequality (1.4) of Hile and Protter (see [1] and [2] for details).
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On the other hand, in order to describe vibrations of a clamped plate, we must
consider an eigenvalue problem for Dirichlet biharmonic operator, called a clamped
plate problem:

A%y =\u, in D,

(1.7) op = du
wop = 5,

where A is the Laplacian in R” and AZ2 is the biharmonic operator in R™.
For this clamped plate problem, in 1956, Payne, Pélya and Weinberger [11] also
established an inequality for the biharmonic operator A2. They obtained

k
8(n+2)1
(1.8) Mgt = M € =50 Z
As a generalization of their result, in 1984, Hile and Yeh [8] obtained
k 1/2 n2k3/2 k -1/
A k
1.9 L by
49 > e % 28 r) (Z ) |

by making use of an improved method of Hile and Protter [7]. Furthermore, in
1990, Hook [9], Chen and Qian [6] proved, independently, the following inequality:

n2k2 )\1/2 k 1/2
1.1 — < —_—t AT
( O) 8(Tl + 2) |Jz_; )\k+1 — )\i ; g

Recently, in [I], a survey paper on recent developments of eigenvalue problems,
Ashbaugh pointed out whether one can establish inequalities for eigenvalues of the
vibrating clamped plate problem which are analogous inequalities of Yang in the
case of the eigenvalue problem of the Laplacian with Dirichlet boundary condition.

In this paper, we shall give an affirmative answer for the problem introduced by
Ashbaugh, that is, we obtain the following:

Theorem 1. Let \; denote the i-th eigenvalue of the clamped plate problem

A%y =\u, inD,

(1.11) I
ulop = ——

on =0

where D is a connected bounded domain in R™. Then we have

(112)  Appr — % zf: [ n j 2)] v % f: {Ai()\kﬂ - )\i)] "

From Theorem 1, we can conclude the following more explicit inequality which
is weaker than (1.12).
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Corollary 1. Under the assumption of Theorem 1, we have

k
4n+2)]1
)\k+1 < |:1+T:| E;)\Z

(1.13) 2y 1/2

k 2 k k
An+2)1 8(n+2)1 1
—a EZ_M T R M RN

Remark 1. Tt is obvious that inequalities (1.12) and (1.13) are sharper than the
inequality

8(n+2)]1 b
. < ==
(1 14) Akt1 < |:1 + 2 ] A - A

It is easy to see that inequality (1.14) is better than inequality (1.8) of Payne, Pélya
and Weinberger. We shall also discuss the relation between inequality (1.14) and
inequality (1.10) introduced by Hook [9], and Chen and Qian [6] in the Remark 2
of Section 2.

2. PROOFS OF MAIN RESULTS

In this section, we shall prove our main results.

Proof of Theorem 1. Let g = 2P, p = 1,---,n, where (z%,22,--- ,2") are the
standard Euclidean coordinates. Let u; be i-th orthonormal eigenfunction corre-
sponding to eigenvalue \;, i = 1,2,--- k, that is, u; satisfies

Azui = )\iui, in D,
(2.1) uiloo = 3| =0

/ UUj = 6ij, for any ’L,j
D

Defining a function ¢; by

k
(22) Y = gu; — Z (lij’l.Lj,
j=1
where a;; = [}, guiu; = aj;, then we have
2.3 ujp; =0, foranyi,j=1,--- k.
( i Y i
D
Hence, we have
fD(ASOi)2

(2.4) Ap1 < .

fD(SOi)2
From the definition of g, we have
(25) VQZ(O""7071a05"'a0)7

where V denotes the gradient operator of R™.
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Next, we shall make an estimate of [,,(Ag;)?. From (2.1), (2.2) and (2.3), we

obtain
/ (Ap;)? = / ©iA%p;
D D
k
:/ @i § A% (gu; — Zaij“j)
D =
:/ (A2 gu;) Za”)\ u])
D
(2.6)
/ %( (Vg,V(Au;)) + )\iguz'>
{4 gu; — Z aiju;)(Vg, V(Au;)) + w\z-gui}
i=1 b
where
(27) bij = /D(Vg, Vuz)(Auj) = —bji
and

Bk :/ i,
D

By a simple calculation, we have, from (2.5),

4/ 9ui(Vg, V(Au;))
D
(2.8) :—2/ Aui(Vu;, Vg?) —2/ Au;i(u; Ag?)
D D
:/ (4Vpuil* + 2/Vui]?) = 4| Vpus|* + 2] Vs 2.
D

Then, according to (2.4), (2.6) and (2.8), we obtain

k
(2.9) M1 = 20) [ @i IIP< 21Vl + 41 Vpual®) — 4 aijbi;.
j=1

On the other hand, since

/ u;(V(gui),Vg) = 5
D
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holds, we have

/ oi(~2(V g, Vi)
D

k
=— 2/D(gui — > aiu;)(Vg, Vi)

=1

(2.10) k
=2/ ui(V(gui), Vg) +2/ > aiui(Vg, V)
D D j=1
k
=1 + 2 Z aijcij,
j=1
where
(211) Cij = / U (Vg,V'LLl} = —Cjj-.
D
Because of
)\iaij = / (AQUZ‘)gUJj = /\jaij + 4/ <Vg, Vuﬁ(Auz) = )\jaij — 4bz’j,
D D
we have
(212) _()\z — )\j)aij = 41)” = —4bj7;.

For any constant a > 0, we have, from (2.3), (2.5) and (2.10),

k
1 + 2 Z Q;ijCij
7j=1

k
:/ vi | —2(Vg, Vu;) +2 Z CijUj
D —
(2.13) ’

< /D{oap? + é (—(Vg, Vu;) + zk:cijuj)Q}

1
—allil + — | IVl = 2,
j=1
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Multiplying (2.13) by (Ag+1 — A;), we infer, from (2.9),

K
(]. + 2 Zaijcij)()\kH — )\z)
=1
! k
S R e (A 3L
=1

(2.14) )

<a | 2| Vul* + 4| Vpus||* = 4 aiby

=1

A A b
k+1 — A
+ IVpuil® =D e

Putting a = (A\gr1 — \i) Y21, a1 = (2n 4 4)7'/2, we have

k
Mgl — Ay + 2 Z()\k+l — A)aijci;
j=1
015) Sl - A0 [ 2ATulE ATl 13 agh
j=1
1 k
1/2 2 2
+ o Akt = A) ANVl — Zcij
Jj=1
Taking sum on ¢ from 1 to k for (2 15), we have
k k
Z()‘kJrl )+ 2 Z Z Ak+1 = Ai)aijcij
=1 1j5=1
k
(2.16) <o Z Aes1 — )2 | 2]V | + 4| Vpui|* - 4Zaijbij
j=1

i=1

Defining

k k
1
o 2w = )Y (Wpun? -3
j=1

2631

k
1
(217) A=A 1/2[ 4V, uz|2+2||w||2> a—lwpuﬂ,
1=1

we have

k k k
Z()\k+1 Z Z >\k+1 az]Cz]
=1 i=1 j=1
k k
- 4&1 Z Z AkJrl az] ij T T Z Z )\kJrl /2

lel

(2.18)

2
74]
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Since Qi5 = Qji, Cij = —Cji, WE have
k k k kK
2% N kst — Mg = — > (A = Aagies;.
i=1 j=1 i=1 j=1

From (2.12), we have
4bij = 7()\1 — )\j)aij.

Thus, we can obtain

Eok
— 40(1 Z Z()\k+1 — )\i)l/2aijbij
i=1 j=1
k
= Z Z()\k_H - /\1)1/2()\2 - )xj)afj
i=1 j=1
(2.19) ;
o
:71 > Z{()‘k+1 =) = (Mg — )\j)l/z}()\z‘ — \j)ag;
i=1 j=1
a P& 1
1 2 2
E— A= A)%al
2 ;j=1 (Akg1 = A2+ (A1 — )\j)l/Q( 1) a;
and
L
- A o )\z 1/2 2
a ;;( k+1 ) Cij
(2.20) .
1
=—— ZZ{(AkJA — )Y+ (N1 — )\j)l/2}c§j.
2an j=1
Since
k
DD i = Aages;
i=1 j=1
« k& 1
1 2 2
2.21 <% N = \)%a2,
(221) T2 ;;(/\k+1_Ai)l/Q"'()\k-&-l_)‘j)l/Z( 2

koK
1
oo ZZ{()\;@H =) 4 (g — )‘j)l/2}612j
i=1 j=

holds, we infer, from (2.18), (2.19), (2.20) and (2.21),

k
D (kg1 — M) < A,
i=1
That is,
k
(2.22) EXja1 — Z A\ < A.

i=1
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From the definition of A and «; = (2n + 4)_%, we obtain, by taking the sum on p
from 1 to n for (2.22),

k k
1
’I’L(k‘)\kJrl - Z )\1) S Z()\kJrl — )\i)l/Q [al(Qn + 4) + a—l HVUZHZ
(2.23) =t =1

k
= [B(n+2)1"7> (Akgr — X)) 2V,
i=1
Since

(224)  ||Vui]? = /D IV ? = /D wi(—Aug) < (s 2] A |2)

we have

1/2 _ (}\01/2’

12 _k

k 1/2
(2.25) kX — 3 A < Bln+ 2P > {(Akﬂ - )\i))\i] .

n
i=1 i=1
This completes the proof of Theorem 1.
We now prove Corollary 1.

Proof of Corollary 1. Let

(2.26) Ay =

k 1 k
Yo, Ti= %ZA%
=1 3

x| =

It follows from (2.25) that
(M1 — Ag)?

2
8(n+2) |1 y 12
< 2 E i_l{(/\k_;,_l — )\z))\z}
(2.27) A
8(n+2)1
< (n2 )EZWH — )X
=1
8(n+2
= (n2 )(/\k+1Ak—Tk)
Therefore,
4(n+2 ?
{)\kJrl - [1 + (nn;'— )} Ak}
(2.28)
8(n+2) 16(n+2)*],, 8(n+2)
< n2 nd Ak - 7 Lk
Namely,
4(n+2
Akt1 — {14- ( 3 )] Ay
(2.29) 4n+2) . 1* 8(n+2)1 v
n+ n+ 2
- {[ o] - R } '

This finishes the proof of Corollary 1.
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Remark 2. In order to prove our Theorem 1, we introduced a factor (Agyr1 — A;)
in the formula (2.14). From the assertions from formulas (2.14) to (2.22), we know
that unwanted terms between both sides of the inequalities are eliminated perfectly.
If we do not introduced the factor (A1 — A;) in the formula (2.14), we shall obtain
the inequality (2.10) of Hook, and Chen and Qian. In fact, putting o = ()";“17)‘2“2,
=1 A
and taking the sum on ¢ from 1 to k for (2.13), we have, from (2.9),

k
k +2 Z Aj5Cij

_ nk
Q2 = 1m+2)

5,j=1
k k
Z % Z: Hvuz||2+4”v uz” ) Z(/\i_)‘j)a?j}
=1 A =1 1,5=1

w\»—‘

le

K3
k k
S 95 sl (R LI
— T j=1

where we used the formula (2.12). From the antisymmetry of ¢;; and (\; — \;)a?

R
we have
k k

4,5=1 4,j=1
Making use of the similar assertion in the proof of Theorem 1, we have

>‘1/2 172 Zl LA
Z Ak 1 Z)\ Z )\k+1

i,5=1

(2.30) nk < 2(n+2)ag+ —

+1*

Hence, we have

1/2 ;
1/2 1 Cij
(2.31) n+2 {Z )\k+1 ]Z)\ Z)\l Z )xk+1j A

Therefore, in order to infer the inequality (1.10), we must throw away the unwanted
term in (2.31). Thus, we know that the inequality in Theorem 1 should be sharper
than (1.10). If we multiply (2.13) by a factor (Agpq — A;)2 and use a similar
argument, we shall obtain the inequality (1.14).
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