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Outline

○Theory of stellar evolution

○stellar wind   Massive stars lose significant fraction of mass.

○binarity          High frequency of binary/multiple stellar systems

Because of the long timescale, 1D modeling is inevitable.

Then, how can we include the effects of

○convection

○stellar rotation

○stellar magnetism ?

   Stars are the fundamental component of the universe.

   What are the robust predictions and the uncertainties involved in the theory?

Wind Binarity

Convection

Rotation
Magnetic field
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Non-rotating, non-magnetized & single star

○Where are uncertainties?

Stellar evolution is described by a set of partial differential equations:
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Rotating pop III 40 Msol model: KT+14

p, e, κ, ϵ, ·Yi,reac(ρ, T, Yi)
microphysics:

ρ, T, Yi, r, L
independent variables:
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macrophysics:

: Convection
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Convection

○Prediction

○Convection

A region becomes convective when the radiative energy transport is not 
efficient enough to carry the whole energy flux.

(Schwartzschild/Ledoux criterion & Mixing length theory)

19.06.07 rho jump
Kippenhahn diagram showing the evolution of the entropy per baryon in a 15M progenitor
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The numbers and durations of 
shell convective burning 
episodes are important for 
determining the final progenitor 
structure.

reasonably good (~a few %) estimate for the structure of the Sun.→
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Convection

○What determines properties of shell convections?

mass

“buoyancy” ~ entropy

base

outer boundary

base

∇rad > ∇ad

mass

“buoyancy” ~ entropy
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When Lnuc > Lnu, a convective region extends, and 
when Lnuc < Lnu, a convective region recedes.

The important assumptions: “Inside a convective region, the entropy is constant.”

extension/recession(, and the lifetime) of a convective region should be 
solely determined by the net heating/cooling in the region.

→

as well as the chemical abundances
“The released energy is compensated by the ν cooling.”
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Convection

○What determines properties of shell convections?

x 1

x 10

x 1/10

Changing the mixing coefficient D has negligible effects on the 
convective properties.

KT+ in prep.
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Convection

convectively- 
unstable

stable
◯entrainment

KH inst.

○Missing dynamical physics

Obs.: the size of a H burning convective core 
is larger than the model prediction.

 -main sequence width

   (Maeder 1976, Schaller et al. 1992, etc.)

 -measurements by asteroseismology

   (e.g., Aerts et al. 2018)

convectively- 
unstable

stable

◯overshooting

→ convective boundary mixing (CBM) 
      -convective overshoot

      -matter entrainment (e.g. Woodward et al. 2015)

(e.g. Freytag et al. 1996)19.07.11 rho jump

He core models with different overshoot parameters

⚪ prescription

mass

mixing coeff. D

Dcv

Dov

r2/τevol

⚪ model parameter

MHe/Msol = 4, 8, 16, 32
fov = 0, 1e-3, 3e-3, 5e-3, 1e-2, 2e-2, 3e-2

↑ almost negligible ↑ strong effects
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Convection

○effect of CBM

19.07.11 rho jump

8 Msol
⚪ KHD

-8 Msun forms a radiative CO core. 
-fov = 0.03 can affect up to Si core convection. 
-significant extensions 
-shell C convections are significantly altered. 
-merger between C & O shell convection

fov = 0.001 fov = 0.03

19.07.11 rho jump

8 Msol

⚪ density and entropy distributions

-The CO core mass linearly increases. 
-fov < 0.02 develop O shell convection → ρr3 ~ constant. 
-fov = 0.03, Fe core is directly surrounded by the C+O convective shell.
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Progenitor structure is affected by a large 
CBM parameter. 
  -extension enhanced

  -convective merger between O & Ne/C shells

KT+ in prep.
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Convection

○Indication of active core convection

→ Merger of convective regions may explain the 
energetic nuclear burning triggering the mass ejection

(Quataert & Shiode 2012, Smith & Arnett 2014).

Obs.: SNe IIn indicate that strong mass ejections happen 
~10 yr before the SN happens (e.g., Smith et al. 2007).

→ Multi-D velocity & density fluctuations formed by 
convective turbulence can help the CCSN explosion

(Couch & Ott 2013, Müller et al. 2015, Takahashi et al. 2016).

Obs.: CCSNe explode with Eexp ~ 1051 erg.

Smith et al. 2008

Couch & Ott 2013
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Convection

○Multi-D hydrodynamical simulations

Multi-D simulation ⇆ 1D evolution calculation
→ find an alternative treatment of Lconv, Dconv, and DCBM.
(Arnett & Meakin 2011, Jones et al. 2017, Arnett et al. 2018a, b,,,)

Arnett & Meakin 2011

For the CCSN progenitor structure
→ produce more realistic initial conditions.
(Müller et al. 2016, 18, Yadav et al. 2019, Yoshida et al. 2019,,,)

Yoshida, Kotake, Takiwaki, KT et al. 2019

→ Yoshida-san’s talk.
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Convection

○Summary
1D treatment (MLT) is not so bad.
CBM is the most significant, but highly uncertain.
3D convection may have a key importance for the CCSN explosion.
Multi-D hydro calc is powerful and indispensable. 

Furthermore, interplay among rotation, B field, and convection can be important.
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Stellar rotation

○Expected effects of stellar rotation

Interferometry of α-Leo (Regulus), 
Vrot ~ 300 km s-1, M = 3.8 Msol: Che et al. 2011

→ Due to the centrifugal force, a fast spinning star 
is expected to have an elongated shape and an 
enhanced wind mass-loss rate.

Deformation
Mass-loss rate enhancements

Chemical mixing due to  
rotation induced instabilities

Obs.: 

-surface N enhancement 
-the size of a H burning convective core
→ Several instabilities, such as Eddington-Sweet circulation Goldreich-Schubert-Fricke instability and 
shear instability, are proposed, which account for the additional chemical mixing.

○Stars rotate.
-varying evolution?

-SN mechanism?

-WD/NS/BH rotation rates?
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Stellar rotation

○1D description of a rotating stellar structure

∂p
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= −
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4πr4

+
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4πr2
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4aT4 /3
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-Deformation factors are incorporated.

-Mass loss rate is enhanced.

D = Dcv

-Mixing coefficient is modified.

·M(vrot) = ·M(0) × f ·Mrot

+DES + DGSF + DSH + DSS + DDS + . . .

→ the estimates of Ds are extremely uncertain!
 (semi-)empirical way of the estimate

   -construct a phenomenological model

   -calibration with observation assuming N enhancement is due to rot. mixing.

Streamline of the Eddington-Sweet circulation 
Maynet & Maeder 2002

(Endal & Sofia 1976, Pinsonneault et al. 1989, Zahn 1992, Maeder & Zahn 1998)
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Stellar rotation

○Chemically homogeneous evolution
Fast enough rotation may allow the star to evolve chemically homogeneously.

-retaining angular momentum

 → GRB/SN Ibc progenitors

(Yoon & Langer 2005, Woosley & Heger 2005,

 Aguilera-Dena et al. 2018)

-restrained radius → Binary BH progenitors
(Mandel & de Mink 2016, Marchant et al. 2016)

A&A 588, A50 (2016)

Fig. 2. Illustration of the binary stellar evolution leading to a BH+BH
merger with a high chirp mass. The initial metallicity is Z�/50, the
masses of the stars in solar masses are indicated with red numbers, and
the orbital periods in days are given as black numbers. A phase of con-
tact near the ZAMS causes mass exchange. Acronyms used in the fig-
ure: ZAMS: zero-age main sequence; TAMS: termination of hydrogen
burning; He-star: helium star; SN: supernova; GRB: gamma-ray burst;
BH: black hole.

their evolution. But even in this mass regime, most systems un-
dergo at least one contact phase.

We stopped all but three (see Sect. 3.8) of our binary-
evolution models at a time when the stars ended core helium
burning since their fate is settled at that time, and the binary
orbit will essentially not change any more until the first stellar
collapse occurs (third stage in Fig. 2).

3.3. Final binary configurations

Figure 4 summarizes the distribution of the final total system
masses as a function of their final orbital period for those models
in our grid that succeeded in producing close pairs of helium
stars. Since the initial binary periods have to be very short to
enforce the rapid rotation required for homogeneous evolution,
the final properties lie in a narrow strip for each metallicity, but
these are distinctly di↵erent for di↵erent metallicities. For the
highest considered masses, this is mainly due to the metallicity
dependence of the stellar wind mass loss, which has the e↵ect
of widening the systems and reducing the mass of the stars, thus
producing systems with longer orbital periods and lower masses
at higher metallicity.

Figure 4 also indicates the merger times for these systems,
assuming that the masses and periods do not change in the black
hole formation process (cf. Sect. 3.9). All models with Z�/4 and
all but the lowest mass models with Z�/10 produce binaries that

1.4 1.6 1.8 2.0 2.2 2.4 2.6

log M1 [MØ]

0.5

1.0

1.5

2.0

2.5

3.0

P
i
[d

]

Z = ZØ/50

qi = 1.0

ZAMS L2OF

OÆ CHE

ZAMS RLOF

L2 overflow

contact MS

Double he star

Fig. 3. Example of a grid of binary systems (initial orbital period ver-
sus initial primary mass) with Z = Z�/50 and qi = 1. Models that
reached a point at which the di↵erence between the surface and central
helium abundance in one of the stars exceeds 0.2 are considered not to
be evolving chemically homogeneously and their calculation is stopped
(pink). The region in which the initial orbital period is small enough
as to have L2 overflow at the ZAMS is marked in black, while those
systems that reach L2 overflow during the main sequence are marked in
green. Systems marked in blue successfully form double helium stars.
Single hatching marks systems that experience contact during the main
sequence, while doubly hatched systems are in an overcontact phase at
the ZAMS.

are too wide to lead to black hole mergers within a Hubble time.
The more metal-poor models, on the other hand, produce very
tight He-star binaries below as well as above the mass regime
where pair-instability supernovae (PISNe) are expected to lead
to the complete disruption of the stars and not to the formation of
black holes (Heger & Woosley 2002; Chatzopoulos & Wheeler
2012).

The trend of shorter merger times for lower metallicities is
expected to continue towards the lowest metallicities found in
the Universe. As stellar wind mass loss becomes increasingly
negligible, the initial stellar radii determine the shortest possible
orbital periods. As an example, stars of 60 M� have ZAMS radii
of 12 R�, 10.5 R�, 10 R�, and 3.5 R�, at Z = Z�, Z�/10, Z�/50,
and Z = 0, respectively. This implies that the merger times for
the lowest metallicities, in particular for Population III stars, be-
come extremely short. While the expected number of such ob-
jects is small, this opens the exciting possibility of eventually
observing primordial black hole mergers at high redshift.

A50, page 4 of 13

○Changing nucleosynthesis in the early universe
Nucleosynthesis at the H & He burning shells is boosted to yield C, N, O, 
Na, Mg, Al, as well as s-process elements.
(Meynet et al. 2010, KT+14, Frischknecht et al. 2016, Choplin et al. 2016, 2017)
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Stellar rotation

○Rotation induced mixing, or not.
N enhancement vs v sini compared with theoretical models for LMC B/O 
type stars: Brott et al. 2011, Rivero González et al. 2012

Meanwhile, there are other populations.

  -slowly rotating N enhanced stars (2) 

  -fast rotating N normal stars (1).
→ In addition to rotational mixing, other 
enrichment processes will be decisive.

-[N/H] correlates with v sin i (3).
+ N enhancement is stronger for more 
massive stars  
→ comparable with theoretical prediction

-However, a star can be represented by numbers of parameters… (e.g., Aerts et al. 2014)
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Stellar rotation

-RG cores spin up (Beck+12, Mosser+14)

-The rotation periods are far less than predictions (>~100). 
-Efficient AM transfer is required. (Cantiello et al. 2014, Eggenberger et al. 2017)

○Spin rate of red giant cores

→ Possibly the magnetic stress? 
        Or internal gravity wave?

Deheuvels et al. 2014: RG core/surface rotationsS. Deheuvels et al.: Constraints on the internal rotation profiles of six Kepler red giants

of the error bars of the observed splittings. We computed a cor-
recting factor to the errors that would bring the reduced χ2 to
1 and repeated the inversions performed in Sect. 6.3. We found
that a discontinuous rotation profile still reproduces the observed
splittings significantly better than a smooth profile for both stars.

For stars A, B, C, and E, no evidence for a discontinuous
rotation profile was found in the observations. However, this
does not mean that the profile is smooth because our simula-
tions showed that it is impossible to distinguish between the two
types of profiles. This raises the question of why stars D and
F are bette suited for detecting discontinuities in the rotation
profiles. Answering this question is beyond the scope of this
paper; but several possible explanations can be offered at this
point. First of all, stars D and F have the fastest core-rotation
(see Table 13). By performing statistical tests similar to those
presented in Appendix C for input profiles with increasing core
rotations, we indeed found that the probability of detecting a dis-
continuity increases with the core rotation. Yet, this does not ex-
plain why discontinuities cannot be detected for star E, which
has a core rotation that is similar to those of stars D and F. This
could come from the precision of the splitting estimates. Indeed,
we saw from Fig. C.3 that the splittings of several modes are cru-
cial for distinguishing between smooth and discontinuous pro-
files. The precision with which the splittings of these modes can
be determined from the observations is therefore decisive.

7. Discussion and conclusion

We selected a subsample of six subgiants or early red giants
observed with Kepler with the objective to obtain constraints
on the radial dependence of their rotation profile. For this pur-
pose, spectroscopic estimates of their surface parameters were
obtained, either from the literature or by performing ground-
based observations. The Kepler light curves of the six stars were
analyzed, enabling us to determine the frequencies and rota-
tional splittings of 12 to 18 mixed modes of degree l = 1 or 2
with a very high level of precision (uncertainties on the order
of 10 nHz). We then performed a seismic modeling of the six
targets and obtained stellar models that reproduce well both the
observed atmospheric parameters and the frequencies of the ob-
served modes. By using these models along with our estimates
of the rotational splittings, we performed inversions to probe the
rotation profiles of the selected targets.

By using the OLA (optimally localized average) method, we
were able to obtain estimates of the average rotation in the g-
mode cavity (which roughly corresponds to the innermost 2% of
the stellar radius) for the six stars of our sample (Sect. 6.2.1).
It is interesting that the mean core rotation rate appears to be
correlated with the evolutionary status. The two stars that are the
least evolved and were identified as subgiants on their way to the
RGB (stars A and B) have the slowest cores. To further illustrate
this point, we plot in Fig. 13 the estimated core rotation rates as a
function of the surface gravities that were obtained from seismic
global parameters in Sect. 2. There is a clear trend, which sug-
gests that the core spins up as the star evolves. At first glance,
this result seems at odds with the conclusions of Mosser et al.
(2012b), who reported that the core of red giant stars spins down
as they climb the RGB. However, the authors studied stars that
are more evolved than those in our sample. Figure 14 reproduces
Fig. 9 of Mosser et al. (2012b), where we added the core rotation
rates of the stars that were studied here (filled circles in the plot),
as well as the rotation rate of KIC 7341231 obtained by D12
(cross). Our results suggest that the core of subgiant stars spins
up until the base of the RGB and subsequently spins down due to

Fig. 13. Core (red symbols) and envelope (blue symbols) rotation rates
obtained with the OLA method (see Sects. 6.2.1 and 6.2.2) plotted as a
function of the surface gravity. The letter corresponding to each star is
specified. The dashed gray lines correspond to the range of surface ro-
tation rates predicted by van Saders & Pinsonneault (2013) for the stars
that lie in the range of parameters that they considered. The horizontal
and vertical lines indicate 1σ error-bars.

Fig. 14. Core rotation rate as a function of the stellar radius. The open
symbols correspond to the stars studied by Mosser et al. (2012b, circles:
RGB stars, squares: clump stars). The filled symbols indicate the stars
that were studied in this paper, and the cross corresponds to the young
giant KIC 7341231 studied by D12.

an efficient transport of AM from the core to the envelope whose
origin is still unknown. This suggests that during the subgiant
phase, the AM transport from the core to the envelope is not
efficient enough to counterbalance the core contraction, which
results in a spin-up of the core in this phase. This result, if con-
firmed, can be used to place constraints on the mechanisms of
AM transport that operate in this phase. The confirmation of this
result will require measuring the core rotation for more subgiant
stars, which is difficult since Kepler observed fewer of these tar-
gets4, and moreover, their modes are wider, which makes it more
difficult to estimate the rotational splittings.

We were also able to build averaging kernels that almost
erase the contribution from the core, and thus obtained estimates
of the rotation rate in the convective envelope for the stars of the
sample (see Sect. 6.2.2). We showed that except for star F, these
estimates are nearly insensitive to the core rotation. However,
if the radiative layers below the envelope spin much faster than

4 Subgiants are intrinsically less bright than red giants. Moreover,
short-cadence data are required to perform a seismic study of these
stars, which limits the number of targets.

A27, page 17 of 24

For a model rotating rigidly, the reverse behaviour is expected (Fig. 1c).
Because the prediction for the rigidly rotating model is incompatible
with the observed trends of the splittings (Fig. 1b) but can be well
reproduced qualitatively under the assumption of non-rigid rotation
(Fig. 1c), we conclude that the three stars investigated here (see Table 1,
last column) rotate non-rigidly, with the central region rotating much
faster than the surface.

The above interpretation is consistent with the correlation between
the mode lifetime and the corresponding rotational splitting that has
been observed in our data. Mixed modes in the wings of the dipole
forest are predicted to have large amplitudes in the central regions of
the star and, therefore, larger values of inertia and lifetime. These
modes have narrower mode profiles in the frequency spectrum than
have the centre modes that are predominantly trapped in the outer
cavity11. This behaviour of the mode profiles (Supplementary Fig. 1)

a

b

c

100

80

60

40

20

0
0.3
0.2

0.1

0.3

0.2
0.1

160 170 180

Frequency (μHz)

R
ot

at
io

na
l s

pl
itt

in
g 

(μ
H

z)
 

m
od

el
ob

se
rv

ed
P

ow
er

 (p
pm

2 /
bi

n)

190 200

Figure 1 | Oscillation spectrum of KIC 8366239. a, Grey squares, radial
modes; grey triangles, l 5 2 modes; black circles, l 5 1 rotational multiplets. A
zoom on the region of 185–195mHz and the analysis of the comb-like structure
of the oscillation spectrum in an échelle diagram are shown in the online
material (Supplementary Figs 1 and 2). The spectral window of the Fourier
analysis can be found in the online material (Supplementary Fig. 11). The y-axis
indicates the flux variation power in parts-per-million squared for each
frequency bin. b, The observed rotational splitting for individual l 5 1 modes.
Error bars, standard deviation of the measured rotational splitting of dipole
modes. Similar analyses of the stars KIC 5356201 (Supplementary Figs 3 and 4)
and KIC 12008916 (Supplementary Figs 5 and 6) are discussed in the online
material. c, Theoretically predicted rotational splitting assuming two different

rotation laws. The values are calculated for a representative model of KIC
8366239 as defined in the Supplementary Information. Solid circles, splitting
for non-rigid rotation for the case of a core rotation ten times faster than the
surface rotation of 2.5 km s21 resembles the observations qualitatively well.
Open circles, theoretical splittings for rigid rotation and an equatorial surface
rotation velocity of 3 km s21 show a trend opposite to the observed one, with
the largest splitting in the centre of the dipole forest and lower splitting in
gravity-dominated modes. In the case of rigid rotation, the variable splitting is
governed purely by the variation of the Ledoux24 constant across the dipole
forest (Supplementary Fig. 8). Because the representative model (c) has not
been corrected for surface effects, there is a slight offset to the observations (b).
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Figure 2 | Contributions to the total rotational splitting. Partial integrals of
normalized rotation kernels, illustrating the contribution from different regions
to the rotational splitting for pressure-dominated modes (n4, n5; solid lines) and
gravity-dominated modes (n1, n2, n3; dashed lines) of degree l 5 1 and l 5 2, as a
function of the stellar mass-fraction, m/M. The kernels have been calculated for
modes from a representative model of KIC 8366239, as defined in the
Supplementary Information, with oscillation frequencies given. Vertical dotted
lines, left to right: boundary of the helium core, the hydrogen-burning shell and
the bottom of the convective envelope.

0.25

0.20

0.15

0.10

R
ot

at
io

na
l s

pi
tt

in
g 

(μ
H

z)
 

0.05

0.00

0.00 0.05 0.10

Mode width (μHz)

0.15 0.20

Figure 3 | Rotational splitting versus mode linewidth for KIC 8366239. The
lifetime is inversely proportional to the mode linewidth. Black circles, l 5 1
modes. Grey squares, linewidth of the pure acoustic radial modes (l 5 0), for
comparison. Dotted vertical line, formal frequency resolution. Error bars,
standard deviation of the measured rotational splitting and mode width of
dipole modes. Similar diagrams for the two other stars from Table 1 are shown
in Supplementary Figs 9 and 10, respectively.

RESEARCH LETTER

5 6 | N A T U R E | V O L 4 8 1 | 5 J A N U A R Y 2 0 1 2

Macmillan Publishers Limited. All rights reserved©2012

Beck et al. 2012: rot splitting in oscillation spec.
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Convection

○Summary

Rotation induced mixing is crucial, if exists.
Additional mixing due to other mechanisms would be decisive as well.
Efficient mechanism(s) of angular momentum transfer exists.

-1D treatment (MLT) is not so bad.

-CBM is significant, but highly uncertain.

-3D convection may have a key importance for the CCSN explosion.

-Multi-D hydro calc is powerful and indispensable. 

 Furthermore, interplay among rotation, B field, and convection would be important.
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Stellar magnetism

○magnetic field of Ap/Bp stars

-Chemically peculiar A/B type stars

  with enhancements in Sr, Cr, Eu, etc.

-~10% of all A/B type stars
-Strong surface magnetic fields are detected 

  from nearly all of the Ap stars.

  (Badcock 1947,58; Landstreet 1992)

Field geometry of the B0 star τ Sco

(Donati et al. 2006)

642 J.-F. Donati et al.

Figure 11. Closed magnetic field lines of the extended magnetic configuration of τ Sco, extrapolated from the photospheric map of Fig. 8. The star is shown
at phases 0.25 (left-hand panel) and 0.83 (right-hand panel). Note the warp of the magnetic equator and the additional networks of closed loops around phase
0.65 (mostly visible on the right-hand side of the right-hand panel).

Figure 12. Open-field lines of the extrapolated extended magnetic config-
uration. The star is shown at phase 0.83 only.

(e.g. one around phase 0.65, left-hand panel of Fig. 11, in conjunc-
tion with the equatorial region of positive radial field reconstructed
at this phase, another one around phase 0.4). Most closed loops typ-
ically extend to a distance of up to 2R", in reasonable agreement
with constraints derived from Chandra data.

Note that these small networks of closed loops (at phases 0.40
and 0.65) both coincide with local maxima of the reconstructed
toroidal field component (see top right-hand panel of Fig. 9); from
this apparent spatial correlation, we speculate that the toroidal field
component we detect may be produced through an interaction of
the stellar wind and the magnetic field right at the photospheric
level. We also note that these loops roughly coincide with the rota-
tion phase at which the unpolarized line profile of τ Sco is slightly
narrower than average; again, this may reflect the particular wind
configuration that results from this specific field configuration at the

stellar surface. Magnetohydrodynamic simulations are, of course,
needed to confirm whether this idea is realistic or not.

7.3 Observational implications

7.3.1 Optical and UV diagnostics

This model implies that excess absorption in UV lines should occur
when the magnetospheric equatorial plane crosses the line of sight,
as in all similar hot magnetic stars (e.g. Donati et al. 2001, 2002,
2006; Neiner et al. 2003), that is, at phases 0.3 and 0.8 – in excellent
agreement with observations (see Fig. 5). In particular, the fact that
the two UV absorption events we detect are largely similar in shape,
and separated by 0.5 rotation cycles, provides independent confir-
mation that either the angle i of the rotation axis to the line of sight
(which we found to be !70◦), or the global tilt of the large-scale
magnetic structure to the rotation axis (for which we derived an
estimate of ∼ 90◦), or both, is/are large. As mentioned previously,
the relative phasing between our new spectropolarimetric data and
the old archival IUE spectra is accurate enough (of the order of 1
per cent; Section 3.2) to ensure that this match is not a coincidence;
it thus provides a strong argument in favour of the present model.

Photometric measurements secured by Hipparcos indicate a con-
stant flux level (to within 10 mmag), showing that the column den-
sity of the wind material trapped within the magnetospheric equator
of τ Sco is not high enough to produce detectable light variations
through scattering, even when the disc is seen edge-on. This sit-
uation is similar to that found for β Cep and θ Ori C (for which
no photometric variations are detected; Donati et al. 2001, 2002),
but differs from HD 191612 and σ Ori E (for which eclipses of the
continuum radiation by the magnetospheric plasma are observed,
at levels of 0.04 and 0.15 mag, respectively; Walborn et al. 2004;
Townsend & Owocki 2005; Donati et al. 2006).

In our data, we detect no rotational modulation of the Hα flux
from τ Sco, mimicking what is observed in β Cep (which shows
only long-term Hα variations), but very different to θ Ori C, σ

Ori E and HD 191612 (all of which exhibit strong Hα modulation;
Stahl et al. 1996; Townsend & Owocki 2005; Walborn et al. 2003).
More modelling is required to check whether these observations are
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Obs: The surface magnetic field in a radiative star is in a stable structure.

  -large scale structure ~dipole, quadrupole

  -stability with a long timescale ~10 yr

  -Massive O type stars also show similar field properties.

→ progenitor of magnetars/magnetized WDs ?
→ origin of slowly-rotating N-enhanced stars/efficient AM transport ?
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○Observations indicating magnetic field evolution

Stellar magnetism

A&A 592, A84 (2016)

Fr
ac

tio
n

Fractional main-sequence age

(c) Fraction of magnetic stars

±1� estimate

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

P
ro

ba
bi

lit
y 

de
ns

ity

(b) All stars

Pop.-syn. model

0.0

0.5

1.0

1.5

2.0

2.5

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

P
ro

ba
bi

lit
y 

de
ns

ity

(a) Magnetic stars

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 3. Fractional MS ⌧-distributions of a) the magnetic stars and b) all
stars in our sample. Panel c) shows the fraction of magnetic stars as
a function of fractional MS age, normalised such that the incidence
of magnetic stars is 7% (Wade et al. 2014; Fossati et al. 2015b). The
shaded regions indicate bootstrapped 1� estimates to give an indication
of the statistical significance of the variability in the ⌧-distributions. The
solid line in the middle panel shows the ⌧-distribution of our synthetic
population of a magnitude-limited sample of massive stars (see text).

if present, are probably very complex. Since we considered all
known magnetic stars, this sample is as complete as it can pos-
sibly be to the best of our current knowledge.

The ⌧-distribution of all stars increases with fractional
MS age and reveals that our sample is dominated by relatively
old stars. About 70% of the stars are in the second half of their
MS evolution. The drop in ⌧-distribution around ⌧= 1.0 arises
because we did not consider any star beyond the terminal-age
main sequence (TAMS) as predicted by Brott et al. (2011). This
means that some stars that overlap the MS within their error bars
are missing in the ⌧-distribution because their best-fitting age is
beyond the TAMS.

To understand the characteristics of the ⌧-distribution of all
stars, we computed a synthetic population of massive stars, as-
suming continuous star formation, the Salpeter initial mass func-
tion (Salpeter 1955), and a uniform distribution of heliocentric
distances. We then set the magnitude cut at V = 9 mag and de-
rived the ⌧-distribution of the synthetic stars, which shows a be-
haviour similar to the observed one (Fig. 3b). The increase in
⌧-distribution with increasing fractional MS age is a bias caused
by the fact that stars become more luminous as they age: a
magnitude-limited sample of MS stars contains a larger portion
of old stars than a similar volume-limited sample (cf. Malmquist
bias; Malmquist 1922). Because of the same magnitude cut, the
⌧-distribution of magnetic stars is also a↵ected in the same way
by this bias.

Some di↵erences between the observed and synthetic
⌧-distributions of all stars are present. These are probably caused
by biases in the sample selection. For instance, the IACOB sam-
ple of B-type stars is slightly biased towards older stars for the
study of macroturbulence, while for the O-type stars in the north-
ern hemisphere it is complete up to V = 9 mag. Simplifying as-
sumptions in the population synthesis model (e.g., uniform dis-
tance distribution across the whole sky) may also contribute. In
addition, Fig. 2 shows that for masses higher than 30 M� the re-
gion close to the ZAMS is not sampled by the observations, as
previously noted by Castro et al. (2014). The lack of very mas-
sive stars close to the ZAMS slightly a↵ects the ⌧-distribution
of all stars and contributes to the discrepancy with the synthetic
⌧-distribution at ⌧< 0.5. Part of the discrepancy at older ages
(⌧> 0.5) may arise because the models do not consider a mass-
dependent overshooting, while observations suggest that it may
be present (Castro et al. 2014).

The bottom panel of Fig. 3 shows the fraction of magnetic
stars as a function of fractional MS age. Our current samples
are not complete, that is they do not contain all (magnetic)
massive stars brighter than V = 9 mag. In addition, our sample
is biased towards magnetic stars, as indicated by the fact that
the number ratio of magnetic and all stars is 16%, which is
higher than what is found by dedicated surveys (7%; Wade et al.
2014; Fossati et al. 2015b). Therefore, to also facilitate direct
comparisons with future observations, we re-scaled the fraction
of magnetic massive stars in Fig. 3c such that the overall mag-
netic incidence is 7%3 (Wade et al. 2014; Fossati et al. 2015b).
Nevertheless, this is not a problem as long as the samples are
representative, hence leading to ⌧-distributions comparable to
those obtained from complete samples. Assessing how repre-
sentative a sample is for the complete population can only be
done statistically because the complete population will never be
known. In our case, the robustness of the ⌧-distributions is given
by bootstrapped 1�-estimates. These bootstrapped uncertainties
quantify the variations in our ⌧-distributions because of stochas-
tic sampling from a parent distribution and will further decrease
when larger samples become available in the future. The similar
trend in ⌧-distributions of our sample stars and the population
synthesis model (which is by definition complete) also indicates
that our sample of stars can be considered representative of all
stars brighter than V = 9 mag.

3 Let (dp/d⌧)mag and (dp/d⌧)all be the ⌧-distributions of mag-
netic and all stars, respectively. To compute the incidence of
magnetic stars as a function of fractional MS age, fmag(⌧), we
need to compute the ratio of the numbers of magnetic and all
stars for each ⌧-bin: fmag(⌧) = Nmag (dp/d⌧)mag/Nall (dp/d⌧)all =
Nmag/Nall (dp/d⌧)mag/(dp/d⌧)all where Nmag and Nall are the total num-
bers of magnetic and all stars, respectively, such that Nmag/Nall ⇡7% is
the overall incidence of magnetic massive stars.
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Fraction decrease in OB stars: Fossati et al. 2016

→ indication of magnetic dissipation?
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7 7.5 8 8.5
0

2000

4000

0 0.2 0.4 0.6 0.8 1
0

2000

4000

6.5 7 7.5 8 8.5
0

2000

4000

B
rm

s (G
)

0 0.2 0.4 0.6 0.8 1
0

2000

4000

6.5 7 7.5 8
log(age) (yr)

0

2000

4000

0 0.2 0.4 0.6 0.8 1
fractional age

0

2000

4000

Fig. 4. This figure shows the currently estimated values of Brms as functions of logarithmic stellar age (left) and of fractional age (right) for three
mass bins, from top to bottom 2−3 M", 3−4 M", and 4−5 M". Filled symbols are stars for which a field is definitely detected; open symbols
are probable magnetic Ap stars in which no field has yet been detected. The right-hand limit of each of the panels using log (age) as abscissa is
near the main sequence lifetime for stars in that mass range. In the bottom pair of panels, one point (for NGC 2244-334) has such a large field
(Brms = 9.52 kG) that it is off scale (at log t = 6.4 ± 0.10 and τ = 0.02 ± 0.01 respectively).

all our mass bins. The fields decline in all bins, but not to zero in
the main sequence lifetime of the stars considered.

Overall we see that Fig. 5 shows much the same behaviour as
Fig. 4. Near τ = 0 there is a rather large range of estimated nor-
malised emergent magnetic fluxes, and a few stars which exceed
the median normalised flux value by a factor of 10 or more. As
one moves towards larger fractional age, the fluxes converge on
lower values – quickly for the higher mass ranges, more slowly
for the (top) 2–3 M" bin. From the right column of figures, one
plausible hypothesis is that stars with initially low fields, less
than about 1 kG, tend to conserve flux as they evolve across
the main sequence. However, the stars with initially large fields,
those that contribute the large normalised flux values in the fig-
ure, appear to lose much of this flux within a time short com-
pared to the main sequence lifetime. This flux loss is not due to
the geometric expansion of the star, already taken into account in
the method of estimating the normalised magnetic flux. Instead,
it could be some kind of relaxation or redistribution process

We do not find any analogues of the young, high-field (and
high emergent flux) stars among the (now reasonably numerous)
older stars in any of the mass bins considered here. We conclude
that the present data may be consistent with approximate emer-
gent flux conservation in most magnetic Ap stars, but that the
initially high-field stars seem to suffer a real decline in the to-
tal emergent magnetic flux during the main sequence phase of
evolution. Alternatively, the present data may show that typical
emergent magnetic flux declines significantly in most or all stars

(rather than only in the stars with initially large fields and fluxes),
by a factor of two or three, during the main sequence phase.

It appears that our observations are consistent with the fossil
field hypothesis (as we have implicitly assumed in discussing the
possibility of flux conservation above), in that the flux in older
stars are within a factor of two or three of the fluxes in young
stars in each mass bin. As many authors have noted, these fluxes
do not show the expected correlation with rotation that is found
in the presumably dynamo-generated fields of lower main se-
quence stars. In fact, some of the largest fields are found among
stars that rotate very slowly.

Furthermore, one theoretical concern about the fossil field
hypothesis has be the question of whether fossil fields are stable
over long time scales. Tayler (1973), Markey & Tayler (1973,
1974), and Wright (1973) have shown that fields which are
purely poloidal or purely toroidal in the radiative interior of a
star are unstable on time-scales that are short compared to the
main sequence lifetime of an Ap star. The fact that we find fields
with similar fluxes at all ages in each mass bin certainly suggests
that, if these fields are fossils, nature has been able to resolve this
problem.

This problem has recently been clarified on the basis of a
set of important calculations discussed by Braithwaite & Spruit
(2004) and Braithwaite & Nordlund (2006). This study has
been primarily focussed on the issue of the long-term stabil-
ity of fossil magnetic fields in Ap stars (and magnetic white
dwarfs). These authors conclude, on the basis of numerical simu-
lations of field evolution in a non-rotating polytropic star, that the
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are probable magnetic Ap stars in which no field has yet been detected. The right-hand limit of each of the panels using log (age) as abscissa is
near the main sequence lifetime for stars in that mass range. In the bottom pair of panels, one point (for NGC 2244-334) has such a large field
(Brms = 9.52 kG) that it is off scale (at log t = 6.4 ± 0.10 and τ = 0.02 ± 0.01 respectively).
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Overall we see that Fig. 5 shows much the same behaviour as
Fig. 4. Near τ = 0 there is a rather large range of estimated nor-
malised emergent magnetic fluxes, and a few stars which exceed
the median normalised flux value by a factor of 10 or more. As
one moves towards larger fractional age, the fluxes converge on
lower values – quickly for the higher mass ranges, more slowly
for the (top) 2–3 M" bin. From the right column of figures, one
plausible hypothesis is that stars with initially low fields, less
than about 1 kG, tend to conserve flux as they evolve across
the main sequence. However, the stars with initially large fields,
those that contribute the large normalised flux values in the fig-
ure, appear to lose much of this flux within a time short com-
pared to the main sequence lifetime. This flux loss is not due to
the geometric expansion of the star, already taken into account in
the method of estimating the normalised magnetic flux. Instead,
it could be some kind of relaxation or redistribution process

We do not find any analogues of the young, high-field (and
high emergent flux) stars among the (now reasonably numerous)
older stars in any of the mass bins considered here. We conclude
that the present data may be consistent with approximate emer-
gent flux conservation in most magnetic Ap stars, but that the
initially high-field stars seem to suffer a real decline in the to-
tal emergent magnetic flux during the main sequence phase of
evolution. Alternatively, the present data may show that typical
emergent magnetic flux declines significantly in most or all stars

(rather than only in the stars with initially large fields and fluxes),
by a factor of two or three, during the main sequence phase.

It appears that our observations are consistent with the fossil
field hypothesis (as we have implicitly assumed in discussing the
possibility of flux conservation above), in that the flux in older
stars are within a factor of two or three of the fluxes in young
stars in each mass bin. As many authors have noted, these fluxes
do not show the expected correlation with rotation that is found
in the presumably dynamo-generated fields of lower main se-
quence stars. In fact, some of the largest fields are found among
stars that rotate very slowly.

Furthermore, one theoretical concern about the fossil field
hypothesis has be the question of whether fossil fields are stable
over long time scales. Tayler (1973), Markey & Tayler (1973,
1974), and Wright (1973) have shown that fields which are
purely poloidal or purely toroidal in the radiative interior of a
star are unstable on time-scales that are short compared to the
main sequence lifetime of an Ap star. The fact that we find fields
with similar fluxes at all ages in each mass bin certainly suggests
that, if these fields are fossils, nature has been able to resolve this
problem.

This problem has recently been clarified on the basis of a
set of important calculations discussed by Braithwaite & Spruit
(2004) and Braithwaite & Nordlund (2006). This study has
been primarily focussed on the issue of the long-term stabil-
ity of fossil magnetic fields in Ap stars (and magnetic white
dwarfs). These authors conclude, on the basis of numerical simu-
lations of field evolution in a non-rotating polytropic star, that the

3-4 Msol

Rapid decline in the early MS phase?: Landstreet+08

○Expected effects of stellar magnetism

Wind-magnetic field interaction 
  -wind confinement leading to form 

    a rigidly rotating magnetosphere

  -magnetic breaking

Internal AM transfer 
by the magnetic stress

Magnetic stress is one of the leading idea

to explain the slow RG core rotation.
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Stellar magnetism

→ Global & time-dependent prescription is demanded 
    for progenitor evolution calculation.

cf. Potter et al. 2012

○Requirement for the global theory

Most ‘magnetic’ stellar evolution calculations so far apply local & 
time-independent theories for the description of the magnetic fields.

Tayler-Spruit dynamo:

-Maeder & Meynet 2003,04,05

-Heger et al. 2005

-Denissenkov & Pinsoneault 2007

-Fuller et al. 2019

Magnetic breaking:

-Meynet et al. 2011

Convection inhibition:

-Petermann et al. 2015

Wind confinement:

-Petit et al. 2017

-Georgy et al. 2017

-Keszthelyi et al. 2019
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○Field evolution obtained by our code

Reconstructed 2D field evolution of a 1.5 Msol main sequence star 
no dissipation, no mass loss

Stellar magnetism
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Field configuration:

A&A proofs: manuscript no. draft

1. Introduction

2. Methods

2.1. Simplification on the magnetic field

We approximate that the mean component of the stellar magnetic field is axially symmetric and the magnetic axis is in common
with the rotation axis. The magnetic field is divided into the poloidal and the toroidal components:

B(r, θ) ≡ Bpol(r, θ) + Btor(r, θ) (1)
Bpol = Br(r, θ)er + Bθ(r, θ)eθ (2)
Btor = Bφ(r, θ)eφ, (3)

where Br, Bθ, and Bφ are the r, θ, and φ components of the magnetic fields, respectively, and they are functions of the radius, r, and
the latitude, θ. Because the magnetic field satisfies the solenoidal (the divergence free) condition, one can find a vector potential A
that satisfies

B = ∇ × A. (4)

We utilize the toroidal component of the vector field, Ator = Aφeφ, to express the poloidal magnetic field,

Bpol = ∇ × Ator, (5)

so that not only Btor but also Bpol naturally satisfies the solenoidal condition. Because of the axial symmetry, the poloidal magnetic
field components can be related to Aφ as

Br(r, θ) =
1

r sin θ
∂

∂θ
(Aφ sin θ) (6)

Bθ(r, θ) = −1
r
∂

∂r
(Aφr). (7)

In order to handle the magnetic field evolution by a one-dimensional method, the latitudinal dependence of the magnetic field
somehow has to be determined, As for the simplest case, we approximate that the poloidal field has the same latitudinal dependence
as a dipolar field, thus

Aφ(r, θ) ≡ A(r) sin θ, (8)

which results in

Br(r, θ) =
2A
r

cos θ (9)

Bθ(r, θ) = − sin θ
r
∂(Ar)
∂r
. (10)

Similarly, the toroidal component is approximated to have a sin 2θ dependence, which is also one of the simplest latitudinal depen-
dence to have an even parity, in order to ensure that the toroidal magnetic field is a pseudo (or, axial) vector. Therefore,

Bφ(r, θ) = B(r) sin 2θ. (11)

In summary, the stellar magnetic field in this work is fully described by the two radial functions of A(r) and B(r) under the approxi-
mations of the axial symmetry and of the latitudinal dependences.

2.2. Evolution equations of the magnetic field

The macroscopic evolution of the magnetic field may be described by the MHD-dynamo equation:

∂B
∂t
= ∇ × (v × B + αB) − ∇ × ((η + ηt)∇ × B) , (12)

where v is the fluid velocity, η is the magnetic diffusivity, and α and ηt are the pseudo-scalar * and the turbulent magnetic diffusivity.
We rename the total magnetic diffusivity as η + ηt → η.

The enclosed mass, m, is defined here as

m(t; r) ≡
∫ r

0
4πr2ρdr, (13)
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The macroscopic evolution of the magnetic field may be described by the MHD-dynamo equation:

∂B
∂t
= ∇ × (v × B + αB) − ∇ × ((η + ηt)∇ × B) , (12)

where v is the fluid velocity, η is the magnetic diffusivity, and α and ηt are the pseudo-scalar * and the turbulent magnetic diffusivity.
We rename the total magnetic diffusivity as η + ηt → η.

The enclosed mass, m, is defined here as

m(t; r) ≡
∫ r

0
4πr2ρdr, (13)
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3.3 Magnetic flux ਐԽํఔࣜͨ͠٭ཱʹ

͋Δۂ໘ C ʹରͦ͠ΕΛԣ੾Δ magnetic flux Λ ΦC ͱఆΊΔɿ

ΦC ≡
∫

C
B · dS. (100)

໘ۂਐԽʹΑΓؒ࣌ C ͸଎౓ V Λͯͬ࣋ C ′ ʹྲྀΕΔͱ͢ΔɻΦC ͷؒ࣌ਐԽ͸ҎԼͷΑ͏ʹॻ͚Δɿ

dΦC =

∫

C′
B(t+ dt) · dS −

∫

C
B(t) · dS (101)

=

(∫

C′
B(t+ dt) · dS −

∫

C′
B(t) · dS

)
+

(∫

C′
B(t) · dS −

∫

C
B(t) · dS

)
. (102)

͜͜ͰɺӈลୈҰ߲Λ࣓৔ͷؒ࣌ඍ෼ʹॻ͖͑׵Δɻ·ͨӈลୈೋ߲Λ Gauss’ theorem Λ༻͍ͯม͢ܗΔɿ
∫

D
(∇ ·B)dV =

∫

C′
B · dS −

∫

C
B · dS +

∫

∂D
B · dS (103)

=

∫

C′
B · dS −

∫

C
B · dS +

∫

∂C
B · (dl× V dt) (104)

=

∫

C′
B · dS −

∫

C
B · dS + dt

∫

∂C
dl · (V ×B) (105)

=

∫

C′
B · dS −

∫

C
B · dS + dt

∫

C
(∇× (V ×B)) · dS. (106)

͜͜ͰྖҬ D͸ C → C ′ ͕૟͍ͨྖҬɺྖ Ҭ ∂D͸ྖҬ Dͷଆ໘ɺ·ͨྖҬ ∂C ͸ۂ໘ C ͷԑɻsolenoidal

condition ΑΓ ∇ ·B = 0 ͳͷͰɺ݁ہ
∫

C′
B · dS −

∫

C
B · dS = −dt

∫

C
(∇× (V ×B)) · dS (107)

͕੒ཱɻdt → 0 ͱͯ͠

dΦC

dt
=

∫

C

(
∂B

∂t
−∇× (V ×B)

)
· dS (108)

ΛಘΔɻ͜Εʹ͞Βʹ༠ಋํఔࣜΛ୅ೖͯ͠ɺ࠷ऴతʹ

dΦC

dt
=

∫

C
(∇× (U ×B)−∇× (η∇×B) +∇× (αB)) · dS (109)

͕੒ཱɻ͜͜Ͱ U ≡ v − V ͱͨ͠ɻ

3.3.1 AͷਐԽํఔࣜ

C ͱͯ͠൒ܘ rͷٿ໘ͷ্൒໘ΛͱΓɺͦ ΕΛԣ੾Δ magnetic fluxΛ Φr ͱఆΊΔɻΦr ͸Kelvin-Stokes’

theorem ʹΑΓҎԼͷΑ͏ʹࢉܭͰ͖Δɿ

Φr =

∫

C
B · dS (110)

=

∫

C
(∇×A) · dS (111)

=

∫

∂C
A · dl (112)

= 2πrAφ(θ = π/2) (113)

= 2πAr. (114)
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is obtained. Using ∆rm = ∆m/4πρr2
m and the fact that d/dt and ∆m are commutative, the evolution equation of B,

d
dt

(
Br
r2ρ

)
=

1
r2ρ

(
Ar
∂Ω

∂r
+ ηr

∂

∂r

(
1
r2
∂

∂r
(Br2)

)
+ r
∂η

∂r
∂Br
∂r
− αr

∂

∂r

(
1
r2
∂

∂r
(Ar2)

)
− r
∂α

∂r
∂Ar
∂r

)
(29)

is obtained.
Tentatively, we neglect the advection terms which include derivatives of η and α, assuming that it is the ...

2.3. Azimuthal equation of motion of the fluid

3. Conclusions
Acknowledgements. K.T. was supported by the Japan Society for the Promotion of Science (JSPS) Overseas Research Fellowships.
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where ρ is the density. Then the radius of the surface, in which the enclosed mass m is contained, can be defined as rm(t; m). This rm
moves with the velocity

vm ≡ ∂rm

∂t

∣∣∣∣∣
m

(14)

= −
(
∂m
∂r

∣∣∣∣∣
t

)−1
∂m
∂t

∣∣∣∣∣
r

(15)

=

∫
ρv · dS
4πr2ρ

. (16)

The vm, the Lagrangian expansion/contraction velocity, can thus be regarded as the averaged fluid velocity (so that the enclosed
mass is referred to as "Lagrangian").

In order to follow a long-timescale stellar evolution, it is desired to formulate an evolution equation to have a "Lagrangian"
form, in which the time derivative is defined not with a constant radius coordinate but with a constant enclosed mass coordinate. To
achieve this, we utilize the evolution equations of magnetic fluxes to describe the magnetic field evolution. For an arbitrary surface
S , the magnetic flux ΦS can be defined as ΦS ≡

∫
S B · dS. The boundary of the surface S , a circuit C, moves with a velocity V(r),

r ∈ C. Then the total time derivative of the magnetic flux becomes

dΦS

dt
=

∫

S

(
∂B
∂t
− ∇ × (V × B)

)
· dS. (17)

Substituting eq.(12), the evolution equation for the magnetic flux,

dΦS

dt
=

∫

S
{∇ × (U × B + αB) − ∇ × (ηt∇ × B)} · dS (18)

=

∫

C
(U × B + αB − ηt∇ × B) · dl (19)

where U ≡ v − V, is obtained.
The radial magnetic flux is defined as

Φr(m) ≡
∫

S 1

B · dS (20)

= 2πAr, (21)

where S 1 is taken as the upper-half surface of a sphere, with which the enclosed mass m is defined, and C1 is its boundary cir-
cuit, which are shown in Fig.??. Now we apply eq.(19) to Φr. Because the velocity of the circuit C1 coincides with the expan-
sion/contraction velocity, vm, the vector field U ≡ v − V now means a flow other than the expansion and contraction due to the
structure evolution. For the sake of the simplicity, we consider that only rotation flow contributes to U, in other words, we does not
consider the meridional circulation for U in this work. Then the evolution equation of A(r) is obtained as

d(Ar)
dt

=
1

2π

∫

C1

(U × B + αB − η∇ × B) · dl (22)

= ηr
∂

∂r

(
1
r2
∂

∂r
(Ar2)

)
+ r(αB)φ(θ = π/2). (23)

Similarly, the azimuthal magnetic flux and its differential are defined as

Φφ(m) ≡
∫

S 2

B · dS (24)

and

∆Φφ(m) ≡ ∂Φφ
∂m

∣∣∣∣∣∣
t
∆m (25)

= Brm∆rm, (26)

where S 2 is a sectoral surface with a radius rm on the meridional plane. Applying eq.(18) to ∆Φφ,

d
dt

(∆Φφ) =

∫

∆S 2

{∇ × (U × B + αB) − ∇ × (ηt∇ × B)} · dS (27)

= (rm∆rm)
(
A
∂Ω

∂r
+ η
∂

∂r

(
1
r2
∂

∂r
(Br2)

)
+
∂η

∂r
∂Br
∂r
− α ∂
∂r

(
1
r2
∂

∂r
(Ar2)

)
− ∂α
∂r
∂Ar
∂r

)
(28)
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For the poloidal component,

For the toroidal component,

Flux eq. + induction eq.:

dl

Vdt

B(t+dt)
B(t)

C(t)

C(t+dt)
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Fig. 3. Wave propagation illustrated by 10 di↵erent time snapshots. The logarithmic of ⌦ or B� is shown by either red or blue line. (see the text
for the detailed definitions.) The horizontal axis for the left panels, in which waves before 8 ⇥ 108 s are shown, is the enclosed mass. For the right
panels, in which waves after 1 ⇥ 109 s are shown, the radius is taken as the horizontal axis. The black dashed and black dotted lines show the
estimated positions of the wave fronts, r f , and arrows indicate directions of the propagation. The critical values of ⌦min = 1 ⇥ 10�6 rad s�1 and
B�,min = 1 ⇥ 103 G are used.

⌦-e↵ect and the magnetic stress are resolved by a set of linear di↵erential equations of

@(Br3)
@t

=
Brr4

2
@⌦

@r
@⌦

@t
=

Br

10⇡⇢r4
@(Br3)
@r
,

in which we have neglected the e↵ects of magnetic di↵usion and viscous angular momentum transport, we have assumed that the
rates of change of Ar, radius, density, and specific moment of inertia are small, and the relations i ⇠ 2r2/3 and A ⇠ rBr/2 are used.

The system equation may be analyzed similar to the fluid dynamics. By diagonalizing the matrix
 

0 Brr4/2
Br/10⇡⇢r4 0

!
,

one may obtain two sets of eigenvalue and eigenvector of ±c ⌘ 1p
5
vA and r± = (1

p
5⇡⇢r4)t. The corresponding invariant dw± =

d⌦ ⌥ d(Brr3)/
p

5⇡⇢r4 becomes constant along the characteristic dr/dt = ±c. Here, vA ⌘ Br/
p

4⇡⇢ is the Alfvén velocity of the
radial magnetic field. Therefore, we expect that a wave that propagates with the speed of about the Alfvén velocity is formed in this
hyperbolic system.

Taking the 1.5 M� main-sequence stellar structure as the background, which has a radius of ⇠ 1.5 R�, we have calculated the
coupling evolution of the toroidal field and the rotation frequency, taking the e↵ects of the ⌦-e↵ect and the magnetic stress into
account but turning the viscosity and the magnetic di↵usivity o↵. A uniform Br = 500 G is applied, so that the wave velocity
becomes c ⇠ 80 cm s�1, and correspondingly, the estimated wave-crossing time from the center to the surface becomes ⇠ 1.3 ⇥ 109

s. A step-function distribution of ⌦ = 10�4 rad s�1 for M  1 M�, or ⌦ = �10�4 rad s�1 otherwise, is applied for the initial ⌦
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panels, in which waves after 1 ⇥ 109 s are shown, the radius is taken as the horizontal axis. The black dashed and black dotted lines show the
estimated positions of the wave fronts, r f , and arrows indicate directions of the propagation. The critical values of ⌦min = 1 ⇥ 10�6 rad s�1 and
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Fig. 3. Wave propagation illustrated by 10 di↵erent time snapshots. The logarithmic of ⌦ or B� is shown by either red or blue line. (see the text
for the detailed definitions.) The horizontal axis for the left panels, in which waves before 8 ⇥ 108 s are shown, is the enclosed mass. For the right
panels, in which waves after 1 ⇥ 109 s are shown, the radius is taken as the horizontal axis. The black dashed and black dotted lines show the
estimated positions of the wave fronts, r f , and arrows indicate directions of the propagation. The critical values of ⌦min = 1 ⇥ 10�6 rad s�1 and
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: Ω effect

: Magnetic stress

Stellar magnetism

○wave solution

→ Dissipating Alfvén’s wave transfers angular momentum efficiently.
This phenomena can only be acquired by the global & time-dependent modeling of 
the magneto-rotating star.
⇆ Tayler-Spruit dynamo (Spruit 1998, 2002, Fuller et al. 2019)

KT & Langer, in prep
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convective AM transport 
   ncv = 0: rigid body rotation 
          = 2: iso-j

Evolution of surface/core rotation periods
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The surface magnetic dissipation rate 
correlates with the rotation rate. 
 →  Magnetic dissipation due to 
       rotation induced turbulence

Surface B field evolution
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The rotation period correlates with the 
surface magnetic field strength. 
 →  Magnetic breaking is also important.

Stellar magnetism

○Observables
First theoretical model comparable to surface magnetic field observations

KT & Langer, in prep
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Stellar magnetism

○Observables KT & Langer, in prep
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→ Magneto-rotating model expects divergent evolution even  
     with a given single initial mass!
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○Summary

Magnetic effects can be influential for the evolution as well.
Global & time-dependent theory is demanded.
Our new model yields results comparable to many observations.

Stellar magnetism

Soon be applied for massive star evolution.

-1D treatment (MLT) is not so bad.

-CBM is significant, but highly uncertain.

-3D convection may have a key importance for the CCSN explosion.

-Multi-D hydro calc is powerful and indispensable. 

 Furthermore, interplay among rotation, B field, and convection would be important.


-Rotation induced mixing is crucial, if exists.

-Additional mixing due to other mechanisms would be decisive as well.

-Efficient mechanism(s) of angular momentum transfer exists.



and don’t forget about stellar wind & binary

Wind Binarity
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Conclusion

○All at once

Stellar evolution simulation needs to be complex 

to account for complicated observations.

-convective boundary mixing … wide MS width, late time activities

-rotation induced mixing         … N enhancement

-magnetic field                        … rigidly rotating magnetosphere, internal AM transfer

→ Fit all the data at once to disentangle the complex causality  
    relations! Evolution simulations including everything is required, and it’s coming!

Convection, rotation, and magnetic field affect and depend on each other.

Convection

Rotation
Magnetic field


