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The 1D log gas

� random points x = (x1, . . . , xN ) ∈ RN distributed via Gibbs measure

dPN,β(x) =
1

ZN,β
exp

[
− β

2
HN (x)

]
dx

with β inverse temperature and Hamiltonian

HN (x) = N

N∑
i=1

|xi|2

2
−
∑
i 6=j

log |xi − xj |

� connections to random matrix theory
β = 1, 2, 4: EVs of Gaussian orthogonal, unitary, symplectic ensemble

� Question: Limiting behaviour as N →∞?
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Macroscopic behaviour

� convergence of empirical measure:

PN,β a.s. we have:

µN (x) :=
1

N

N∑
i=1

δxi
N→∞−→ µeq

� µeq minimizes macroscopic energy

I(µ) :=

∫ ∫
− log |x− y|dµ(x)dµ(y) +

∫
|x|2

2
dµ(x)

� large deviation principle: [BEN AROUS –GIONNET ’97]

PN,β
[
µN ≈ µ

]
� exp

(
−N2(I(µ)− I(µeq)

))
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Microscopic behaviour

� blow up configuration around x:

CN,x(x) :=

N∑
i=1

δN(xi−x)

with x ∼ PN,β

� [VALKÒ–VIRÀG ’09]:

law(CN,x)
N→∞−→ sineβ(µeq(x))

sineβ is stationary point process

� dependence on x only through intensity of equilibrium, universal bulk behaviour

� sineβ minimizes free energy Fβ = E + βW with E (specific) entropy,W
renormalized energy

� large deviation principle: [LEBLÉ–SERFATY ’17]

PN,β
[ ∫ 2

−2

CN,xdx ≈ P
]
� exp

(
−N

(
F̄β(P )−min F̄β

))
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Microscopic contribution to the energy

� consider fluctuations fx
N =

∑N
i=1 δxi −Nµeq

HN (x) = N2I(µeq) + 2N

N∑
i=1

ξ(xi)−
∫ ∫

log |x− y|dfx
N (x)dfx

N (y)︸ ︷︷ ︸
FN (x)

with ξ = − log ∗µeq + 1
4
| · |2 + c effective potential

� electric interpretation: R=̂R× {0} ⊂ R2, log | · | Coulomb potential

φx

,η

N (x) = − log ∗
(
Σiδ

η

xi −Nµeq

)
(x) , −∆φx

,η

N = 2π
(
Σiδ

η

xi −Nµeq

)

⇒FN (x) =
1

2π

∫
−φx

,η

N ∆φx

,η

N =
1

2π

∫
|∇φx

,η

N |
2

−N log
η

N
+O(η2)

regularization by smearing out charges: δηx = Unif(∂Bη(x))
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The renormalized free energy

renormalized interaction energy

� for a point configuration C on R set

W(C) = inf
E

lim
η→0

lim sup
R→∞

1

R

1

2π

∫

ΛR×R

|E

η

|2 + log η

−divE = 2π
(
C − dx

)
,

Eη = truncation

� for a point process P on R (with intensity 1) set

W(P ) = EP
[
W(C)

]

(P stationary) = lim
η→0

EP
[ 1

R

1

2π

∫
ΛR×R

|Eη|2 + log η
]
∀R

� Remark: ifW(C) <∞ we have

W(C) ' Wint(C) := lim
R→∞

1

R
EP
[ ∫ ∫

Λ2
R
\diag

− log |x− y|(dC − dx)(dC − dy)
]
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The renormalized free energy

specific entropy

� for a stationary point process P (with intensity 1) set

E(P ) = lim
R→∞

1

R
Ent

[
P
∣∣
ΛR

∣∣Π1
∣∣
ΛR

]
where Π1 is Poisson point process on R with intensity measure dx

renormalized free energy

� for a stationary point process P (with intensity 1), β ≥ 0 set

Fβ(P ) = E(P ) + βW(P )
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Variational characterization of sineβ

renormalized free energy

� for a stationary point process P (with intensity 1), β ≥ 0 set

Fβ(P ) = E(P ) + βW(P )

� Fβ is l.s.c., with compact sublevels, hence compact set of minimizers

� [LEBLÉ–SERFATY ’17] sineβ minimizes Fβ

Theorem ([E.–HUESMANN–LEBLÉ 18+])

Sineβ is the unique minimizer of Fβ .

Problem: P 7→ Fβ(P ) is affine w.r.t. linear interpolation

Idea: use displacement interpolation from optimal transport
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Recap on optimal transport

� Monge problem: µ0, µ1 ∈ P(Rn),
find optimal transport map T , i.e.

minimize
∫
c(x, T (x))dµ(x)

over all T : Rn → Rn s.t. T#µ0 = µ1

� Brenier’s theorem: If µ0 absolutely continuous w.r.t. Lebesgue there exists an
optimal map T and T = ∇φ for some φ : Rn → Rn convex

� McCann’s displacement interpolation:
Set µt :=

[
(1− t)id + tT

]
#
µ0, t ∈ [0, 1]

Convexity of potential energies: For V(µ) =
∫
V dµ with V convex

V(µt) =

∫
V
(
(1− t)x+ tT (x)

)
dµ0(x) ≤ (1− t)V(µ0) + tV(µ1)

Convexity of internal energies: For e.g. Ent(µ) =
∫

log dµ
dLeb

dµ

Ent(µt) ≤ (1− t)Ent(µ0) + tEnt(µ1)

T

n .

Mr. an
I Tix ,
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Recap on optimal transport

� Monge problem: µ0, µ1 ∈ P(Rn),
find optimal transport map T , i.e.

minimize
∫
c(x, T (x))dµ(x)

over all T : Rn → Rn s.t. T#µ0 = µ1

� Brenier’s theorem: If µ0 absolutely continuous w.r.t. Lebesgue there exists an
optimal map T and T = ∇φ for some φ : Rn → Rn convex

� McCann’s displacement interpolation:
Set µt :=
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]
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Ideas of the proof for uniqueness

Let P 0, P 1 stationary point processes minimizing Fβ

Step 1: Large box approximation

� let P i|ΛR restriction of P i to ΛR = [−R,R], i = 0, 1

� screening procedure yields pp’s P iR on ΛR s.t.

(1)a.s. 2R points in ΛR

(2)
1

R
Ent

[
P iR|Π1

ΛR

]
≤ E(P i) + ε

(3)
1

R
Wint

(
P iR
)
≤ W(P i) + ε

G- SIR Cr - SIR
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Ideas of the proof for uniqueness

Step 2: displacement interpolation

� identify P iR with µi ∈ P(R2R) via labeling

� displacement interpolant µh :=
(

1
2
id + 1

2
∇φ
)

#
µ0

yields new point process PhR on ΛR

� convexity of entropy

Ent
[
PhR|Π1

ΛR

]
= Ent

[
µh|Leb

]
+ cR

(McCann) ≤ 1

2
Ent

[
µ0|Leb

]
+

1

2
Ent

[
µ1|Leb

]
+ cR

≤ R

2
·
(
E(P 0) + E(P 1)

)
+ ε

kr : → I

c- → - . a
• • • Ooo Bo • Bo Ba Box Bo Bo •

- R XiXii ,
R

C 0=1×9
,
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Ideas of the proof for uniqueness

� establish strict convexity of interaction energy with gain or order R

� use estimate

− log
(x+ y

2

)
≤ −1

2

(
log x+ log y

)
− 1

8

(x− y)2

x2 + y2

� estimate interaction of interpolated points

Wint(Ch) =
∑
i<j

− log
[x0

i + x1
i

2
−
x0
j + x1

j

2

]
≤ 1

2

∑
i<j

− log
[
x0
i − x0

j

]
− log

[
x1
i − x1

j

]
− 1

8

∑
i

|Γ0
i − Γ1

i |2

|Γ0
i |2 + |Γ1

i |2

=
1

2
Wint(C0) +

1

2
Wint(C1)−GainR(C0, C1)

� stationarity yields: Ecoupl(P0
R
,P1

R
)

[
GainR(·, ·)

]
≥ g ·R

� obtain
Wint(P

h
R) ≤ R

2

(
W(P 0) +W(P 1)

)
− g ·R
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Ideas of the proof for uniqueness

Step 3: build global competitor

� partition R in boxes of size 2R, place iid copies of PhR, randomize origin
⇒ obtain stationary point process Ph on R

� check that copies on different boxes do not interact too much

W(Ph) ≤ 1

R
Wint(P

h
R) + error

� conclude contradiction

Fβ(Ph) ≤ 1

2
Fβ(P 0) +

1

2
Fβ(P 1) + error− g < Fmin

�
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Questions

� Can one identify suitable notion of optimal transport / displacement interpolation
directly on the level of stationary point processes?

� Can one gain strict displacement convexity along this interpolation?

� Can this be exploited e.g. towards functional inequalities for point processes?

Thank you for your attention!
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