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(€, F): a regluar Dirichlet form on L?(E;m)
(Fe, E): its extended Dirichlet space
There are two stochastic objects associated with the form £

One is an m-symmetric Hunt process M = ({ X, }1>0, {Ps}zcE) on E
whose transition function {P;;¢ > 0} generates the strongly continuous
contraction semigroup on L?(E;m) associated with &.

Another is the centered Gaussian field G(&) = {X,;u € F.}
indexed by F. with covariance E[X, X,] = E(u,v), u,v € Fe.

In this talk, | shall consider an intrinsic concept pseudo-Markov property
for the Gaussian field G(E):

| like to explain how this concept can be understood by means of the
probabilistic potential theory for the regular Dirichlet form £ formulated
in terms of the Hunt process M.
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A pseudo Markov property of G(E)

According to the books by J.L.Doob (1953) and K. It6 (1953, in Japanese),
we have the following:

Given a linear space A equipped with C'(\, ) € R, A\, u € A, such that
C(\ 1) = C(p, A) and {C(A;, A;)} is non-negative definite for any finite
{Al} - Aa

there exists uniquely Gaussian distributed random variables

G(A) = {X; A € A} defined on a probability space (£2, B,P) with

E[X)- X, =C\p), E[X)]=0, VA pu€A,

G(A) is called the Gaussian system with index set A.

When A is an Euclidean space R? (resp. a function space),
we may call G(A) a Gaussian process (resp. Gaussian field).
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We recall that, in the study of the Markov property of Gaussian
processes, the following notion and criterion were presented
in H.P. McKean (1963) and L.D. Pitt (1971), respectively:

For sub o-algebras F, G, 3 of BB, 3 is said to be
a splitting o-algebra for F and G if

P(T, NTo|E) = P(D4|D) - P(IL|E), VI, €F, WLh,eg. (L1)

If 7= O'(X)\,/\ S Al) and G = O'(X,\,)\ S Az) for A1, Ay C A
and if ¥ C F, then (1.1) is equivalent to the condition that

O‘{E[X)\ | .7:], A E A2} c . (12)

We may think of F (resp. G) as the future (resp. past) events.

As is well known, (1.1) is also equivalent to the condition that

P |G)=P|X), forany I € F.
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Given a regular Dirichlet form (€, F) on L?(E;m),
let G(€) = {X, : u € F.) be the centered Gaussain field defined on a
probability space (€2, B,P) with covariance

E[X.,X,] = &E(u,v), u,v € Fe.

A function u € F, is called £-harmonic on an open set G C F if
E(u,v) =0 for any v € F N C.(E) with supp[v] C G, where C.(E) is
the family of continuous functions on E with compact support.
Following

[BD] A.Beurling and J.Deny, Dirichlet spaces, Proc.Nat.Acad.U.S.A. 45(1959),
208-215

the complement of the largest open set where w is harmonic will be
called the spectrum of u  and denoted by s(u).

For any set A C E, we define the sub o-algebra o(A) of B by

o(A)=0{X,: ueF., s(u)C A} (1.3)
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When (€, F) is transient, it is known that

s(Up) = supply] for any p € S5,

where Uy denotes the 0-order potential of p.

A similar identity holds in the irreducible recurrent case under the
condition (AC) stated later.

For any closed set B C E, let F, g\ p be a linear subspace of F. defined
by
Fep\B ={u € F.:u=0q.e. on B}, (1.4)

where u denotes a quasi-continuous version of u.

It can be verified that s(u) C B if and only if

E(u,v) =0, Vv € Fe p\B- (1.5)
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Let M = (X;,P,) be the Hunt process on E associated with the regular
Dirichlet form (&, F).
B(E) will denote the totality of Borel subsets of E.

For any B € B(E), the hitting distribution Hp(z,-) of M = (X, P,) for
B is defined by
HBf(m) = EI[f(XO'B)]7 rek,

for any bounded Borel function f on E where op = inf{t > 0: X, € B}.

Generally it holds for a closed set B and u € F, that Hplu|(z) < oo for
g.e. z € E and Hpu is a quasi-continuous element of F, satisfying (1.5).

Hence

s(Hpw) C B, for any closed set B C E and for any u € F.. (1.6)
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Lemma 1 (Fundamental identity for G(£))

The Gaussian field G(E) = {X, : u € F.} enjoys the following property:
For any closed set B C E and any u € Fg,

Xy — Xp,w s independent of o (B) (1.7)

and, equivalently

E[X, | o(B)] = Xapa- (18)

Proof. Take any v € F. with s(v) C B.

Since u — Hpti € F p\p, £(u — Hpt,v) =0 by (1.5).

Hence E [(X,, — Xp,4)X,] = 0 so that (1.7) holds as all random
variables involved are centered Gaussian.

Consequently

E [Xu — XHBg|O'(B)] =E[X, — Xnupa] =0,

and so (1.8) is valid by (1.6). O
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(1.7) or (1.8) has been noticed by

[Dy] E.B. Dynkin, Markov proceses and random fields, Bull. Amer.Math.Soc.
3(1980),957-999

[R] M. Réckner, Generalized Markov fields and Dirichlet forms, Acta.Appl.Math.
3(1985), 285-311

[Sh] S.Sheffield, Gaussian free fields for mathematicians, Probab.Theory Related
Fields 139(2007), 521-541

[Sz] A.S. Sznitman, Topics in Occupation Times and Gaussian Free Fields, European
Mathematical Society 2012

[Dy] and [R] consider the subfamily of G(£) indexed by
measures (i € Séo) - Séo) for a transient £.

[Sh] and [Sz] treat the cases where E is discrete.

[Sh] called (1.7) a '"Markov property’ of GFF.
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Fix a closed subset B of E,
For a positive Radon measure p, the measure g defined by

15(C) = /E p(da)Hp(x,C).  C e B(E),

is called the swept measure of x (balayage).  supp[ug] C B.
When (€, F) is transient, it holds that

Hp(Up) =Upp, peSY.

An analogous identity is also valid in the irreducible recurent case under
the condition (AC) stated later.

For u € F,, the function Hpu € F, is called the reduced function of w.
For a subfamily # of F., define o(H) :=o{X, :u € H}.

Lemma 1 and Pitt’s criterion (1.2) then imply
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Proposition 1.1 (pseudo-Markov property of G(&))
(i) For any open set A C E and any H C F., any o-algebra 3 such that

oc{Hzu:u€H} C X Co(A) (1.9)

is a splitting o-algebra for o(H) and o(A).
(ii) For any open set A C E, any o-algebra ¥ such that

o{Hzu:u€ F,, s(u) € E\ A} CX Co(A) (1.10)

is a splitting o-algebra for o(E \ A) and o(A).

(i) is just a special case of (i) for H = {u € F.: s(u) C E\ A.}

We call o{H su: u € H} in (i) the reduced o-algebra of o(H).
Sometimes, for a special choice of H, its swept o-algebra becomes trivial

yielding the independence of o(#) and o(A); see for instance

X.Hu, J.Millar and Y. Peres, Thick points of the Gaussian free field, Ann.Probab.
38(2010), 896-920



A pseudo Markov property of G(E) Support of jumping measure and splitting o-algebra

The Gaussian field G(&) is said to possess the Markov property with
respect to a set A C E if

o(0A) is a splitting o-algebra for o(E \ A) and o(A). (1.11)

This property was studied by

S. Albeverio-R. Hoegh-Krohn, Uniqueness and the global Markov property for
Euclidean Fields, The case of trigonometric interactions, Commun. Math. Phys
68(1979), 95-128,

E.B. Dynkin([Dy] 1980) and M. Réckner([R] 1985).

When the Dirichlet form (&, F) is transient, M. Réckner([R]) established
that G(€) enjoys the Markov property for any A C E
if and only if £ is local.

The 'if" part can be derived by the above Proposition 1.2(ii) combined
with the celebrated spectral synthesis theorem:

(SS) For any u € F,, there exists a sequence p, € My = Séo) — S(go)

such that suppl[|un|] C s(u) and Up, € F. is E-convergent to w.
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(SS) was announced by A.Beurling-J.Deny in 1959. Its potential theoretic
proof was given by J.Deny in 1970 for a transient regular Dirichlet form.
Its a-order version for a general regular Dirichlet form was adopted by [F]
in 1980 (a > 0),

which was then shown in [CF] (2012) only by using the associated Hunt
process and the notion of £-nest due to [MR] (1992).

In recent papers

[F] M. Fukushima, Logarithmic and linear potentials of signed measures and Markov
property of associated Gaussian fields, Potential Anal. 49(2018), 359-379

[FO-1] M. Fukushima and Y. Oshima, Recurrent Dirichlet forms and Markov property
of associated Gaussian fields, Potential Anal. 49(2018), 609-633

[FO-2] M. Fukushima and Y. Oshima, Gaussian fields, equilibrium potentials and
Liouville random measures for Dirichlet forms, Preprint

Rockner's result in [R] has been extended to any irreducible recurrent
Dirichlet form under the condition that the transition function P;(x, dy)
of the associated Hunt process M satisfies

(AC) There exists a certain Borel properly exceptional set N C FE such that P(z,-)

is absolutely continuous with respect to m for each t > 0 and z € E'\ N.
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Support of jumping measure and splitting o-algebra

Let J be the jumping measure in the Beurling-Deny representation of the
regular Dirichlet form £.

J is a symmetric positive Radon measure on E' x E \ d.

Proposition 2.1

Let A be an open subset of E with E\ A # (. Suppose there exists a
closed set Ay with

OAC A CA JE\AA\A)=0. (2.1)

Then o(Ay) is a splitting o-algebra for o(E \ A) and o(A).

If £ is local, then J = 0 and one can take A; = 0A in the above
in getting the Markov property for A.
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Proof. By virtue of the pseudo-Markov property (1.11), it suffices to
show that

for any u € F, with s(u) C E\ A, s(Hju) C A;. (2.2)

It has been shown in [FOT] that,

for any non-negative h vanishing on A and v € F N C.(F) with
supp[v] C A,

Bhn [ 40X ] = [ REVIh(z)o(y)T(dody),
which combined with the assumption (2.1) implies

Hi(z,A\ A1) =0, qe x€FE\A. (2.3)
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Assume the transience of (£, F).

For any u € F, with s(u) C E '\ Aj,
use (SS) to find 11, € Mo = S{” — S\” such that

supp[|un|] € E\ A and Uy, is E-convergent to u. Then, by (2.3)

i A(E\ Ay) = i 4(A\ Ay) = /E |l H, A A1) =0,

and, for any f € FNC.(E\ A),

E(Hu,9), f) = lim E(H3(Upn), f)
= lim EUpy, 4, f) = lim (u, 4, f) = 0.

=1
n—r oo

Hence, H su is E-harmonic on E'\ A; yielding desired s(H su) € A;.
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Finally assume that (€, F) is irreducible recurrent and M satisfies (AC).

Then, the resolvent kernel {R,,a > 0} of M admits

a density function r,(z,y), z,y € E'\ N, with respect to m

such that it is strictly positive, symmetric Borel measurable, a-excessive
relative to M in each variable.

Aset F C E\ N is called an admissible reference set or a reference set if

{F is compact, m(F) >0 and for some ¢>0and § <a <1,

m({y € F:ri(xz,y) >c}) >a-m(F) forevery x¢€F.
(2.4)

For any Borel set B C E'\ N with m(B) > 0,

there exists a reference set F' contained in B.
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For a fixed reference set F', we write mp(C) =m(CNF), C € B(E).

We consider the perturbed form

EMF(u,v) = E(u,v) +/ wvdm, u,v € F™F = F N L*(F;m),
F
which is a regular transient Dirichlet form on L?(E;m).

Its extended Dirichlet space F"F equals F. N L%(F;m).

Let SG"F’(O) be the space of positive Radon measures on E with finite
0-order energy relative to the form £™F.

Define

{MO = {/1, = U1 — M2t [ € SgIF’(O)7MZ(E) < 00,1 = 1,2},

Moo = {p € Mo : p(E) =0}. (2.5)
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The followings have been shown in [FO1]:

There exists for any 1 € My a quasi continuous function Ry € FJ'F
uniquely up to g.e. equivalence such that

1

E(Ru,u) = <u,ﬂ m(F)<mF’u>> Yu € F'F, and (mp, Ry) = 0.

(2.6)
The first equation in the above determines Ry € F."F up to an additive
constant, while the second identity is its normalization.

We call {Ru : p € My}

the family of recurrent potentials relative to a reference set F'.
Contrarily to the transient case,

the class M of measures and potentials Ry, u € Moy,

depend on the choice of a reference set F', making relevent arguments
more involved.
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Now, for an open set A C E with E'\ A # 0,

one can take a referene set F' contained in A and consider

the family {Rv : v € My} of recurrent potentials with reference set F.
Then, for any u € F, with s(u) € E'\ A,

one can find v, € Mg such that

supp[vn] C E'\ A and Ry, is E-convergent to u.

Furthermore
Hj;Rv, = Rv, 5. q.e. modulo an additive constant

So one can prove (2.2) in exactly the same way as in the transient case.
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