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.. Introduction

(E ,F) : strongly local Dirichlet form on L2(E ;m), (E = R2)
M = (Xt ,Px): associated diffusion process

M is transient ⇒ Px(σB < ∞) = RµB , ∃µB(B) = Cap(B)
µB :equilibrium measure
([M.Fukushima, Y.Oshima and M.Takeda; de Gruyter, 2010])
µB = µB/Cap(B): normalized equilibrium measure
RµB = 1

Cap(B) = f (B) q.e. on B: Robin constant

M is the 2-dimensional Brownian motion, B = B(x, r) ⇒
Uνx,r (y) =

1

π

∫
log

1

|y − z|
νx,r (dz) =

1

π
log

1

|x− y| ∨ r
(= 1

π log 1
r on B(x, r))

νx,r : uniform probability measure on ∂B(x, r): equilibrium measure
1
π log 1

r : Robin constant relative to logarithmic potential
([S.C.Port and C.J.Stone, Academic Press, 1978])
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.. Purpose of this talk

E = R2 or bounded domain of R2

m: Lebesgue measure on E
(E ,F): strongly local Dirichlet form on L2(E ;m) defined by

E(u, v) =
2∑

i ,j=1

∫
E
aij(x)

∂u

∂xi

∂v

∂xj
dx u, v ∈ F = H1

0 (E )

(aij(x)): uniformly elliptic family of bounded symmetric measurable
functions.
M = (Xt ,Px): associated diffusion process
.

.

. ..

.

.

Purpose of this talk:
• To give the equilibrium measures with explicit expression
• Use it to construct the Liouville random measures.
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.. Properties of M

Assume that E = R2

Then the following result holds:

• The transition function pt(x , y) has (t, x , y)-continuous version
satisfying Gaussian estimate.
• The Harnack inequality holds: If u(x) is harmonic on a domain D, then
for any disk with B ⊂ D, there exists a constant C such that

max{u(x) : x ∈ B(x0, r)} ≤ C min{u(x) : x ∈ B(x0, r)}

Since the resolvent density rα(x, y) is bounded from below by a positive
constant on any compact set, any compact set of positive m-measure is an
admissible set.
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.. Potential of perturbed process

Take F = B(S + 1) \ B(S) as an admissible set and put g(x) = 1F (x)
Mg is the diffusion process corresponding to
Eg (u, v) = E(u, v) + (u, v)L2(g ·m)

Rg be the potential of Mg :

Rg f (x) = Ex

(∫ ∞

0
e−At f (Xt)dt

)
, At =

∫ t

0
g(Xs)ds.

∃rg (x, y): (x, y)-continuous (on B(S)× B(S) \ d) density of
Rg (x, dy)

Sg ,(0)
0 : family of measures with finite 0-order energy integral

M0 = {µ = µ1 − µ2 : µi ∈ Sg ,(0)
0 , µi (E ) < ∞}.

Řα: resolvent of the time changed process of M by At

Ř(x,B) =
∑∞

n=1((Ř
n
1 (x,B)− m̃F (B)), m̃F (B) = m(B ∩ F )/m(F )
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.. Recurrent potential

Let us define the recurrent potential by

Rµ(x) = HF ŘFR
gµ+ Rgµ(x)− 1

m(F )
⟨µ, 1⟩, µ ∈ M0

Then it satisfies the modified Poisson equation

E(Rµ, u) = ⟨µ, ũ− < m̃F , u⟩⟩ , ∀u ∈ Fe .

Further Rµ(x) is expressed as

Rµ(x) =

∫
r(x, y)µ(dy), r(x, y) = Rg ŘF r

g (x, y) + rg (x, y)− 1

m(F )
.

It is a bounded linear operator on L1(mF ) and L∞(mF ).
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.. Equilibrium measure

• µB is the equilibrium measure of a Borel set B
if µB is a probability measure on B such that RµB = c(B) on B

• c(B) is called the Robin’s constant.

They are characterized by

c(B) = min{E(Rµ,Rµ) : µ is a probability measure on B}

µB the unique measure attaining the minimum

Explicit expressions of µB and c(B):

µB(A) = Pm̃F
(XσB

∈ A), c(B) =
1

m(F )
Em̃F

(∫ σB

0
1F (Xt)dt

)
.

In particular, put µx,r ≡ µB(x,r), f (x, r) = c(B(x, r)).

Then f (x, r): strictly increases to ∞ as r ↓ 0
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.. Brownian motion case

M: 2-dimensional Brownian motion, then

E(u, v) = 1

2

∫
∇u · ∇vdx, u, v ∈ F = H1

0 (E ),

νx,r : uniform probability measure on ∂B(x, r)
The logarithmic potential of νx,r is

Uνx,r (y) =
1

π
log

1

|x− y| ∨ r
.

Hence νx,r : equilibrium measure,
fU(x, r) =

1
π log 1

r : Robin constant of B(x, r) relative to U.

By modified Poisson equation, Rνx,r − Uνx,r=constant on B(S).
Hence νx,r becomes the equilibrium measure relative to R,
f (x, r) = fU(x, r)− 2⟨m̃F ,Uνx,r⟩ + ⟨m̃F ,Um̃F ⟩: Robin constant
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.. Gaussian field indexed by Fe

{Xu : u ∈ Fe}: centered Gaussian field with covariance
E(XuXv ) = E(u, v).

We shall show the existence of Liouville random measure by using the
method given by [N. Berestycki, Electro. Commun. Probab. 2017]

Y x,ε = XRµx,ε , Ỹ x,ε,γ = γY x,r − γ2

2
f (x, ε).

For σ(dx) = σ(x)m(dx) with 0 < σ(x) ≤ ∥σ∥∞ < ∞ and Borel set A,

Iε(ω) =

∫
A
eỸ

x,ε,γ
σ(dx)

For 0 < α, 0 < ε < ε0 < 1/2 and r satisfying f (x, r) = [f (x, r)],

Gα,ε0
x,ε = {Y x,r ≤ αf (x, r), ∀r ∈ (ε, ε0)}

Jε(ω) =

∫
A
eỸ

x,ε,γ
1Gα,ε0

x,ε
σ(dx)
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.. L2(P)-convergence of Jε

To prove the existence of the Liouville random measure

µ(A, ω) = lim
ε→0

Iε(ω) weakly in probability,

prove the uniform integrability of Iε(ω) and L1(P)-convergence.

For this, prove the L2(P) convergence of Jε(ω). To show
E[(Jε − Jδ)

2] = E[J2ε − 2JεJδ + J2δ ] → 0 (ε, δ → 0), by the
Cameron-Martin formula,

E[JεJδ] =

∫
A

∫
A
E
[
exp

(
γ(Y x,ε + Y y,δ − γ2

2
(f (x, ε) + f (y, δ)

)
1Gα,ε0

x,ε
1Gα,ε0

x,ε

]
σ(dx)σ(dy)

=

∫
A

∫
A
eγ

2Cov(Y x,ε,Y y,δ)P(G̃α,ε0
x,ε ∩ G̃α,ε0

y,δ )σ(dx)σ(dy).

G̃α,ε0
x,ε = {Y x,r ≤ αf (x, r)− γCov(Y x,ε + Y y,δ,Y x,r ), ∀r ∈ (ε, ε0)}.
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.. Used properties

To estimate it, we use the relation

Cov(Y x,ε,Y y,δ) ≤ κf (y, (|x− y| − (ε+ δ)) ∨ δ) + C (1)

for some constants κ ≥ 1 and C ≥ 0.

In the case of Brownian motion,
fB(x, r) = Uνx,r + ℓ(S) = 1

π log 1
r + ℓ(S):

Robin constant w.r.t. Brownian motion
< µx,ε,Uµy,δ⟩ =

∫
1
π log 1

|y−z|∨δµ
x,ε + bounded function.

Hence (1) holds with κ = 1.

The Robin constant f (x, r) of uniformly elliptic form is estimated by
fB(x, r) as

1

2Λ

(
1

π
log

1

r
+ ℓ(S)

)
≤ f (x, r) ≤ 1

2λ

(
1

π
log

1

r
+ ℓ(S)

)
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.. Liouville random measure: Recurrent case

µε(A) =

∫
A
exp

(
γY x,ε − γ2

2
f (x, ε)

)
σ(dx)

ρ(µ, ν): a metric inducing the weak convergence of measures on B(S − 1).
.

.

. ..

.

.

Theorem

If 0 < γ < 2

√
2πλΛ

(2κΛ− λ)

then there exists a finite measure µ(·, ω) such that, for any δ > 0,

lim
ε→0

P(ρ(µε, µ) > δ) = 0.

If (aij) ⊂ C2(E ), then we can take as κ = Λ/λ. Then the condition of the

theorem holds if γ ∈ (0, 2
√

2πλ2Λ/(2Λ2 − λ2). In particular, for the
Brownian motion, this condition becomes λ ∈ (0, 2

√
π).
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.. Transient case

For D = B(S), let MD be the part of M on D
PD
x (σB < ∞) = RDµB(x,r): µB(x,r): equilibrium measure,

µD,x,r (A) = µB(x,r)(A)/Cap(B(x, r)): normalized equilibrium measure.

RDµD,x,r (x) = f D(x, r) =
1

Cap(B(x, r)
: Robin constant q.e. on B(x, r)

Relation between Rµ and RDµ: If supp[µ] ⊂ D

Rµ− HE\DRµ = RDµ.

In particular,
f (x, r)− ⟨µx,r

D ,HE\DRµ
x,r ⟩ = fD(x, r)

Further, if u ∈ FD is MD-harmonic on B(x, r) ⊂ D, then it is M-harmonic
Hence, κ can be taken commonly with the case of E .
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.. Liouville random measure: Transient case

As the recurrent case, put Y D,x,ε = XRDµD,x,ε and

µD
ε (A, ω) =

∫
A
exp

(
γY D,x,ε − γ2

2
f D(x, ε)

)
σ(dx).

Then, similarly to the recurrent case, we have the following result.
.

.

. ..

.

.

Theorem
For γ satisfying the condition of Theorem 1, there exists a finite measure
µD(·, ω) such that, for any δ > 0,

lim
ε→0

PD(ρ(µD
ε , µ) > δ) = 0.
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Thank You !!
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