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Introduction

(€, F) : strongly local Dirichlet form on L2(E; m), (E = R?)
M = (X;,Px): associated diffusion process

M is transient = Py(0g < 00) = Rug, Jug(B) = Cap(B)
pa:equilibrium measure
([M.Fukushima, Y.Oshima and M.Takeda; de Gruyter, 2010])
1B = pug/Cap(B): normalized equilibrium measure
Ruf = ﬁ(B) = f(B) q.e. on B: Robin constant

M is the 2-dimensional Brownian motion, B = B(x,r) =
1

x—ylvr

X,r 1 1 X,r 1
UV’(y)zﬂ/log|y_z|u’(dz):ﬂlog

(=Llogl on B(x,r))
V%" uniform probability measure on 9B(x, r): equilibrium measure
%Iog %: Robin constant relative to logarithmic potential
([S.C.Port and C.J.Stone, Academic Press, 1978])
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Purpose of this talk

E = R? or bounded domain of R?
m: Lebesgue measure on E
(€,F): strongly local Dirichlet form on L?(E; m) defined by

ou Ov
E(u,v) = Z/Eau( )ax, axjdx u,v e F = H}E)

ij=1

(ajj(x)): uniformly elliptic family of bounded symmetric measurable
functions.
M = (X;,Px): associated diffusion process

Purpose of this talk:
e To give the equilibrium measures with explicit expression
e Use it to construct the Liouville random measures.
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Properties of M

Assume that E = R?
Then the following result holds:

e The transition function p:(x,y) has (t, x, y)-continuous version
satisfying Gaussian estimate.

e The Harnack inequality holds: If u(x) is harmonic on a domain D, then
for any disk with B C D, there exists a constant C such that

max{u(x) : x € B(xg, r)} < Cmin{u(x):x € B(xo,r)}

Since the resolvent density r,(x,y) is bounded from below by a positive
constant on any compact set, any compact set of positive m-measure is an
admissible set.
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Potential of perturbed process

Take F = B(S 4+ 1)\ B(S) as an admissible set and put g(x) = 1£(x)
MS is the diffusion process corresponding to
Sg(uv V) = g(u, V) + (U, V)L2(g~m)

R& be the potential of MS5:

REf(x) = Ey ( /0 h eAtf(Xt)dt> , A= /0 tg(Xs)ds.

3r&(x,y): (x,y)-continuous (on B(S) x B(S) \ d) density of
RE(x, dy)

Sg’(o): family of measures with finite 0-order energy integral

Mo={p=p1—p2:pi€ 55’(0),%(5) < oo}

v

R,: resolvent of the time changed process of M by A;
R(x,B) = > 721 ((R{(x, B) — me(B)), mge(B) = m(B N F)/m(F)
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Recurrent potential

Let us define the recurrent potential by

v 1
Ru(x) = HERERE 1 + R8 u(x) — m(u, 1), e My

Then it satisfies the modified Poisson equation
E(Rp,u) = (u,u— < mg, u)), Yu € Fe.

Further Ryu(x) is expressed as

Rulx) = /r(x’Y)M(dY)’ r(x,y) = RERFré(x,y) + ré(x,y) — m(lF)

It is a bounded linear operator on L!(mg) and L°°(mg).
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Equilibrium measure

e 118 is the equilibrium measure of a Borel set B
if 4B is a probability measure on B such that Ru® = ¢(B) on B

e ¢(B) is called the Robin’s constant.
They are characterized by
c(B) = min{&(Ru, Ry) : p is a probability measure on B}

1B the unique measure attaining the minimum

Explicit expressions of & and c(B):
B 1 78
p=(A) = Pr.(Xo5 € A),  c(B) = —=Ex, (/ lp(Xt)dt> .
0

In particular, put p*" = pB&) f(x,r) = c(B(x,r)).

Then f(x, r): strictly increases to oo as r | 0
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Brownian motion case

M: 2-dimensional Brownian motion, then
E(u,v) /Vu Vvdx, u,vEF = H}(E),

v*": uniform probability measure on 0B(x, r)
The logarithmic potential of v*" is

1

UVx’r(y) |Og m

Hence v*": equilibrium measure,
fu(x,r) = %Iog %: Robin constant of B(x, r) relative to U.

By modified Poisson equation, Rv*" — Uv*"=constant on B(S).
Hence v*" becomes the equilibrium measure relative to R,
f(x,r) = fy(x, r) — 2(mg, Uv*" + (mg, Umg): Robin constant
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Gaussian field indexed by F.

{Xu: u € Fe}: centered Gaussian field with covariance

E(XuX,) = E(u,v).
We shall show the existence of Liouville random measure by using the
method given by [N. Berestycki, Electro. Commun. Probab. 2017]

N 2
Y = Xpyxe, YOO =4 YO — %f(x, £).
For o(dx) = o(x)m(dx) with 0 < o(x) < ||o]|sc < 00 and Borel set A,
L(w) = / 7 o (dx)
A

For 0 < a,0 < € < g9 < 1/2 and 7 satisfying f(x,7) = [f(x, r)],

Ger® = {Y*" < af(x,7),Vr € (¢,20)}

) = [ & g0l
[
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L2(P)-convergence of J.

To prove the existence of the Liouville random measure

(A w) = Iim0 I (w) weakly in probability,
e—

prove the uniform integrability of I.(w) and L!(IP)-convergence.

For this, prove the L?(IP) convergence of J.(w). To show
E[(J. — J5)*] = E[J2 — 2J.J5 + J3] — 0 (£,6 — 0), by the
Cameron-Martin formula,

2
E[J.Js] = /A/AE [eXp (W(Y“+ Y”‘S—Vz(f(x,e)ﬂ(yv@))
1geso 1G:50] o(dx)o(dy)
2Cov(Y*e,YY:d ~a, ~a,
_ /A /A &2 Cor( IP(GL N GO50)o(dx)o(dy)-

G = {Y*T < af(x,7) — yCov(Y*€ + YY9 YXF) Vr € (¢,0)}.
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Used properties

To estimate it, we use the relation
Cov(Y*<, YY) < kf(y,(Ix —y| = (e +8)) V) + C (1)
for some constants k > 1 and C > 0.

In the case of Brownian motion,
fe(x,r) = Uv®" +£(S) = Llog 1 + ¢(S):

Robin constant w.r.t. Brownian motion
<o, U0y = [ Liog mux’s + bounded function.
Hence (1) holds with x = 1.

The Robin constant f(x, r) of uniformly elliptic form is estimated by
fe(x,r) as

21/\ (1 log ~ + E(S)> < f(x,r) < % <71r '°g% * E(S)>

™ r
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Liouville random measure: Recurrent case

2
o) = [ exp (277 = Trx2)) o)
A
p(u,v): a metric inducing the weak convergence of measures on B(S — 1).

Theorem
2T AN

If 2 m——
0<7< (26N — X)

then there exists a finite measure fi(-,w) such that, for any § > 0,

lim P(p(pe, p) > ) = 0.
e—0

If (a;) C C?(E), then we can take as x = A/\. Then the condition of the
theorem holds if v € (0,2+/27)\2A/(2A2 — X2). In particular, for the
Brownian motion, this condition becomes A € (0,2/7).
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Transient case

For D = B(S), let MP be the part of M on D
PP(op < x0) = RD,uB(X,,): KB(x,r): €quilibrium measure,
puPxr(A) = 1B(x,r)(A)/Cap(B(x, r)): normalized equilibrium measure.

1

D, Dx,r _ ¢D —
R w (X) f (X,I’) Cap(B(x,r)

: Robin constant q.e. on B(x, r)

Relation between Ry and RPp: If supp[u] € D
Ru— HeypRu = RPpu.

In particular,
f(X, r) - <M)Bra HE\DRIU’XJ> = fD(X¢ r)

Further, if u € FP is MP-harmonic on B(x, r) C D, then it is M-harmonic
Hence, k can be taken commonly with the case of E.
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Liouville random measure: Transient case

As the recurrent case, put YP*& = Xgppxe and

2
uP (A, w) = / exp (’y\/D”"‘E - éfD(x,5)> o(dx).
A
Then, similarly to the recurrent case, we have the following result.

Theorem
For ~ satisfying the condition of Theorem 1, there exists a finite measure
7P (-,w) such that, for any § > 0,

: D D — _
!I_%P (p(lua au) > 5) =0.
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Thank You !l
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