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Uniform Spanning Tree (UST)

2D UST in a fine grid.
Picture credit: Adrien Kassel.
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Uniform Spanning Tree (UST)

Today'’s talk: Existence of the scaling limit of UST in 27"Z3 as
n — oo w.r.t. the Gromov-Hausdorff-Prokhorov topology.
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The Gromov-Hausdorff-Prokhorov convergence

X, X5

s

Two isometric embeddings ¢ : X; — Z (i = 1,2).
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The Gromov-Hausdorff-Prokhorov convergence

» A quadruplet X = (X, dx, px, tx) is called a measured
pointed compact metric space if

» (X, dx) is a compact metric space,
» px € X is a distinguished point,
> nx is a locally finite Borel measure on (X, dx).

» For two measured pointed compact metric spaces
Xi = (Xi, di, pi, pi) (i =1,2), define dgnp (X1, X2) by

dgnp(X1, X2) = inf {dz (wl(/}l),wz(ﬁz))
V s <¢1(X1), ¢2(X2)) V dBokhorov (Ml oyt g o ¢51) }

where the infimum is over all metric spaces (Z, dz) and
isometric embeddings v, : Xi — Z (i = 1,2).
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Suppose that (U, dyy,) is pointed at the origin.

v

v

> i, : counting measure on 27"Z3 (i.e., the measure which
places a unit mass at each vertex of U,).

v

Let LERW,, be the loop-erased random walk from 0 to
dB(2"). Denote the number of steps of LERW,, by [LERW,|.
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SRW and LERW

Erase Loops

SRW (left) and LERW,, (right).
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> Let U, be the UST in 27"Z3 with the graph distance dy, .

» Suppose that (U, dyy,) is pointed at the origin.

> Jiy, : counting measure on 2-"Z3 (i.e., the measure which
places a unit mass at each vertex of U,).

Let LERW,, be the loop-erased random walk from 0 to
dB(2"). Denote the number of steps of LERW,, by |[LERW,|.
(S. '14, Li-S. "18) It is proved that there exists a constant

Be(L3] st

v

v

lim 2797E (|LERW, |) € (0, ).

n—o0
> Typically diy, (o, (1,0,0)) — 2Bn,

Theorem (Angel-Croydon-S.-Hernandez Torres. '19+)

As n — 0o, the measured pointed tree (U,,2~%"dy,,0,273"1y,)
converges weakly w.r.t. the GHP topology.
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the scaling limit of 3D UST!
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» Remark 1: This is the first result to prove the existence of
the scaling limit of 3D UST!

» Remark 2: One of the key ingredient is the convergence of
3D LERW in the natural parametrization established by Li-S.
('18).

» Remark 3: Kozma ('07) proved the existence of weak
convergence limit of 3D LERW w.r.t. the Hausdorff metric.
But the topology he used is weaker than we want.

» Remark 4: We also study the SRW on U, and its scaling
limit in our forthcoming paper.

(Scaling limit of the SRW on 2D UST was studied in
Barlow-Croydon-Kumagai ('17).)
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Some words about the proof

» Let U be the UST in Z3 with the graph distance dy.
» Let By(x,r)={y el | du(x,y) <r}.
» Roughly spaeking, B(0, r) =~ By/(0, r®).

Tightness follows from the following proposition:

Proposition (Angel-Croydon-S.-Hernandez Torres. '19+)
For every €, R > 0, it follows that

- . 3 -y o
(i) )\lL)moollr;j(l)JpP<5 i (Bu(0.6°R)) > )\> =0,

i) lim li P inf &3 ( Bu(x,67" <>:0,
0 0P g, (Bl 710) <

(iii) lim lim supP( inf 6Py (x,y) < 7]) =0,
=0 50 (x,y)eA
where A = {(x,y) ‘ X,y € Bu(O,dfﬁR), ox —y| > e}.
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Black points stand for a e-net {x;};>1.
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Some words about the proof

The subtree U} is drawn by solid curves.
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Some words about the proof

The full tree U, N B(r) is well approximated by U5 N B(r).
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> Let US be the subtree of U, spanned by {x;}, i.e.,

Uy, = U')’n(xi)‘

» Metric structure of U, N B(r) is similar to that of U5 N B(r)
when € is small.

— The problem boils down to the convergence of U, as
n— oo.
17/23



Some words about the proof

V(1)

T

Yn(x1) 2 (infinite LERW starting from xi).
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Some words about the proof

H)

Z1

(The second branch) = LE(R*?),
where R*2 is the SRW starting from x until it hits v,(x1).
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> Let v = LE(5[0,00)) be the infinite LERW on Z3.
» Let 1,(t) = 27"y(25"t), t > 0 be the rescaled infinite LERW.

The convergence of the infinite LERW in the natural
parametrization is proved as follows.

Theorem (Li-S. '18)

As n — oo, n, converges weakly to a random continuous curve
w.r.t. the uniform convergence topology.

— Convergence of the rescaled v,(x1) is OK!

» (Angel-Croydon-S.-Hernandez Torres. '19+)
Proved the convergence in the natural parametrization for
LERW in the complement of LERW's.
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Open Problem

What is the scaling limit of 3D UST?

Can we give a “nice” description of it?
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Thank you for your attention!
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